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This paper is concerned with the robust stability for a class of switched discrete-time systems
with state parameter uncertainty. Firstly, a new matrix inequality considering uncertainties is
introduced and proved. By means of it, a novel sufficient condition for robust stability of a class of
uncertain switched discrete-time systems is presented. Furthermore, based on the result obtained,
the switching law is designed and has been performed well, and some sufficient conditions
of robust stability have been derived for the uncertain switched discrete-time systems using
the Lyapunov stability theorem, block matrix method and inequality technology. Finally, some
examples are exploited to illustrate the effectiveness of the proposed schemes.

1. Introduction

A switched system is a hybrid dynamical system consisting of a finite number of subsystems
and a logical rule that manages switching between these subsystems. Switched systems
have drawn a great deal of attention in recent years, see [1-24] and references therein.
The motivation for studying switched systems comes partly from the fact that switched
systems and switched multi-controller systems have numerous applications in control of
mechanical systems, process control, automotive industry, power systems, aircraft and traffic
control, and many other fields. An important qualitative property of switched system is
stability [1-3]. The challenge of analyzing the stability of switched system lies partly in the
fact that, even if the individual systems are stable, the switched system might be unstable.
Using a common quadratic Lyapunov function on all subsystems, the quadratic Lyapunov
stability facilitates the analysis and synthesis of switched systems. However, the obtained
results within this framework have been recognized to be conservative. In [10], various
algorithms both for stability and performance analysis of discretetime piece-wise affine
systems were presented. Different classes of Lyapunov functions were considered, and how
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to compute them through linear matrix inequalities was also shown. Moreover, the tradeoff
between the degree of conservativeness and computational requirements was discussed. The
problem of stability analysis and control synthesis of switched systems in the discrete-time
domain was addressed in [11]. The approach followed in [11] looked at the existence of a
switched quadratic Lyapunov function to check asymptotic stability of the switched system
under consideration. Two different linear matrix inequality-based conditions allow to check
the existence of such a Lyapunov function. These two conditions have been proved to be
equivalent for stability analysis.

There are many methodologies and approaches developed in the switched systems
theory: approaches of looking for an appropriate switching strategy to stabilize the system
[4], dwell-time and average dwell-time approaches for stability analysis and stabilization
problems [5], approaches of studying stability and control problems under a specific class of
switching laws [1] or under arbitrary switching sequences [6-9]. Reference [19] investigated
the quadratic stability and linear state feedback and output feedback stabilization of switched
delayed linear dynamic systems with, in general, a finite number of non-commensurate
constant internal point delays. The results were obtained based on Lyapunov’s stability
analysis via appropriate Krasovskii-Lyapunov’s functionals, and the related stability study
was performed to obtain both delay-independent and delay-dependent results. The problem
of fault estimation for a class of switched nonlinear systems of neutral type was considered
in [20]. Sufficient delay-dependent existence conditions of the H, fault estimator were
given in terms of certain matrix inequalities based on the average dwell-time approach. The
problem of robust reliable control for a class of uncertain switched neutral systems under
asynchronous switching was investigated in [21]. A state feedback controller was proposed
to guarantee exponential stability and reliability for switched neutral systems, and the dwell-
time approach was utilized for the stability analysis and controller design. The exponential
stability for a class of nonlinear hybrid time-delay systems was addressed in [24]. The delay-
dependent stability conditions were presented in terms of the solution of algebraic Riccati
equations, which allows computing simultaneously the two bounds that characterize the
stability rate of the solution.

On another research front line, it has been recognized that parameter uncertainties,
which often occur in many physical processes, are main sources of instability and poor
performance. Therefore, much attention has been devoted to the study of various systems
with uncertainties, and a great number of useful results have been reported in the literature
on the issues of robust stability, robust H,, control, robust H, filtering, and so on, by
considering different classes of parameter uncertainties [12-14].

Recently, some stability condition and stabilization approaches have been proposed
for the switched discrete-time system [15-18]. In [15], the quadratic stabilization of discrete-
time switched linear systems was studied, and quadratic stabilization of switched systems
with norm bounded time varying uncertainties was investigated. In [16], the stability
property for the switched systems which were composed of a continuous-time LTI subsystem
and a discretetime LTI subsystem was studied. There existed a switched quadratic Lyapunov
function to check asymptotic stability of the switched discrete-time system in [17].

The objective of this paper is to present novel approaches for the asymptotical stability
of switched discrete-time system with parametric uncertainties. The parameter uncertainties
are time-varying but norm-bounded. Firstly, a new inequality is given. Using the new result,
a new sufficient condition for robust stability of a class of uncertain switched discrete-time
systems is proposed. Furthermore, using the block matrix method, inequality technology,
and the Lyapunov stability theorem, some sufficient conditions for robust stability have been
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presented for the uncertain switched discrete-time systems, and the switched law design has
been performed. Comparing with [22, 23], the uncertainty in system was not considered in
[22, 23], but we consider the uncertainty in systems and the design switching law is simple
and easy for application.

The rest of this paper is organized as follows. The problem is formulated in Section 2.
Section 3 deals with robust stability criteria for a class of discrete-time switched system with
uncertainty. Numerical examples are provided to illustrate the theoretical results in Section 4,
and the conclusions are drawn in Section 5.

Notation 1. The notation used in this paper is fairly standard. The superscript “T” stands
for matrix transposition; R* denotes the n-dimensional Euclidean space. diag{---} stands
for a block-diagonal matrix. Matrices, if their dimensions are not explicitly stated, are
assumed to be compatible for algebraic operations. A symmetric matrix P > 0 (>0) means
P is positive (semipositive) definite. || - || stands for the Euclidean vector norm of the
vector. L(A) stands for the eigenvalues of matrix A. ||A|| denotes the norm of matrix A,
that is, ||A|| = Max[A(ATA)]"2. I and 0 represent, respectively, identity matrix and zero
matrix.

2. Systems Description and Problem Statement

Consider a class of uncertain switched discrete-time systems given by

x(k +1) = (Ao(x(k)) + AAoy)x(k),  x(0) = xo, (2.1)

where x(k) € R"is the state, Asxk) € R", x¢is the initial state, o(x(k)) : R* —
{1,2,...,N},N > 2, is a piecewise constant scalar function, called a switch signal, and N is
the number of the individual systems, that is, the matrix Ay(x(x)) switched between matrices
A1, A, ..., AN belonging to the set A = {Aj, Ay, ..., An}. AAsx(k)) denotes the parameter
uncertainty and is assumed to be in the following form:

AAs(x(k)) = Fo(xk)) (k) Eo(x(k)), (2.2)

where E;(y(x)) is real constant matrices of appropriate dimensions and Fyx(k)) is unknown
matrix, satisfying Fg(x(k))l-"g(x(k)) < I. The switched discrete-time system (2.1) can be described
as follows:

x(k+1) = (A; + AA)x(k), i=12,...,N, (2.3)

where AA; = Fi(k)E; with FTF; < 1.
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For the stability of switched discrete-time system (2.3), some helpful lemmas are given
in the following.

Lemma 2.1. For any matrices A1, Az, ..., AN with the same dimensions and AA;,i =1,2,...,N,
which are given by (2.3), the following inequality holds for any positive constant c:

<I§V](Ai + AA,-)> <§:(A +AA )>

i=1 i=1

<1 +c >i A A } + (1 + c’l)N_lzNZTN

-1

N-1

<(1+ c){
i (2.4)

z

<(1+ c)z{ (1 + c‘1>i1AiTAi} + <1 + c_1>N71(1 +c) AT Ax

(1+ c‘1>iEiTE,»} +(1+ c-1)NETNEN,

IR
—_

i

N-1

+(1+c){

i=1

where A; = A; + AA;, i € {1,2,...,N}.

Proof. For a positive constant ¢, A and B with the same dimensions, it is an obvious fact that

(A+B)T(A+B)=ATA+B"B+ ATB+BTA
<A'TA+B'B+cA"A+c'B'B (2.5)

=(1+qaTA+(1+c")BB.

So, we have

")
7
(2.6)
")E
)
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Using (2.5) and (2.6), we have

N T /N
(Z(Ai + AA») <Z<A,- + AA»)

i=1 i=1

-(37) (37)
_ <zl ; gziy(zl N iz) <+ A+ (1467) (iz,.>T<izi>
<A+ (1467) { 1+ 0AAL + (1467 <§;zi>T< Ngz,.> }

<(1+ C)Z1Zf + (1 + c_1> 1+ C)ZZZ§ + <1 + c‘1>2

— —T N __ T
x { (1+c)A3A; + (1 + c*1> <ZA1~>
i=4

- PR 2
<(1+0)AA + (1+ct)a+ ) Ar Ay + (1+ct) @+ ) As Ay

voor (1) A A + (140) T ANAY

=(1+c¢) { E@ " c-l)i‘lz?zi} +(1+c") " AnAy
i=1

N-1

<(l+c¢) { > <1 + c‘1>i71 ((1 +c)AT A; + (1 + c‘1>EiTE,-> }
=

# (147 m (a+e)AlAn + (1+c)ELEN)

N-1

:(1+c)2{ <1+c‘1>i ATA} <1+c‘1>N71(1+c)ATNAN

<1+c )ET l}+<1+c ) ELE.

i=1

N-1

+(1+c){

i=1

This completes the proof of Lemma 2.1. O

Set

(2.8)

i=1,2,...,N-1, fn =

g™ ey
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We have
& S 1 1
i = — +
f ;(nc)(uc—l)” (1+c )N
(2.9)
1/(+e) -1/(A+e)(1+cH™) .
1-1/(1+c™) ’ (1+cH)N! -
Considering the following system (2.10):
N
x(k+1) = D i(A; + AA)x(k), (2.10)

i=1
where f;,i =1,2,..., N, is given by (2.8), we have the following result.

Lemma 2.2. If there exist ¢ > 0 and a symmetric matrix P > O such that the following inequality
holds:

iﬁi[(l +0)ATPA; + (1+c™)|PIETE; - P| <0, (2.11)
i=1

then system (2.10) is asymptotically stable, and there exists a switching law for the uncertain switched
discrete-time system (2.3) such that the system (2.3) is asymptotically stable.

Proof. We choose the Lyapunov function candidate as
V (k) = xT (k) Px(k). (2.12)

Since P is a symmetric positive-definite matrix, there exists a matrix Q such that P = QTQ.
We have

AV(K)l@10 = V(k+1) = V(k)

xT(k +1)Px(k + 1) — xT (k) Px (k)

T
<§:ﬁi(Ai + AAi)x(k)> P<§:ﬂi(Ai + AAi)x(k)> - x" (k) Px(k)
i=1 i=1

T
xT (k) <ipi(A,- + AAi)> P(iﬂi(Ai + AAi)>x(k) - xT (k) Px(k)
i=1

i=1
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T
= x" (k) <iﬂiQ(Ai + AAi)> <iﬂiQ(Ai + AA,»)>x(k> - x" (k) Px(k)
i=1

i=1

N-1 N-1

<x" (k) { (1+c) 3 (1+ c-l)H (BQAi + AA)) (BQ(Ai + AAY) + (1+c7)

i=1
x(BNQ(AN + AAN))T (BNQ(AN + AAN)) }x(k) - x" (k) Px(k)
ng(1<){(1 +c)NZ_1<1 +c_1>i_1[(1 +o)pATP A+ (1 +c-1) ﬂizAAiTPAA,] + (1+ c-l)N_1
i=1
x|+ B ALPAN + (1+ )R AAL PAAN| }x(k) — x" (k) Px(k)

N-1 N-1
< xT (k) { (1+c) Y BATPA; + Y (1 + c_1> BiAATPAA; + (1 +c)pnALPAN;

i=1 i=
+(1 + c‘1>ﬂNAATNPAA}x(k) — xT (k) Px(k)

N-1 N-1
< x" (k) { (1+0) X, BATPA + 3, (1+ ™ )BIPIETE + (1 + ©)pn AL PAN
i=1 i

i= i=

+(1 + c‘1>ﬁN||P||ETNEN}x(k) — xT (k) Px(k)
= xT (k) { (1+¢) iﬂiAiTPAi + i <1 + c’1>ﬁi||P||El.TE,~ - P}x(k)
i=1 i=1

= %7 (k) {iﬁi[(l +0)ATPA; + (1+c7)|PI|ETE; - p] }x(k) <0, x(k)#0.

i=1
(2.13)

Equation (2.11) implies that AV (k)| 51y < 0,x(k) #0. Hence the system (2.10) is asymptoti-
cally stable.

For system (2.3), we have

AV (k)3 = x" (k +1)Px(k + 1) = x7 (k) Px (k)
= xT(k)(A; + AA)TP(A; + AA)xT (k) — xT (k) Px (k)

= 2" (k) { 1Q(A: + AN [Q(A; + AA)] - P (k)
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< xT (k) [(1 +c)ATPA; + (1 + c-l) AATPAA, - P] T (k)

< xT (k) [(1 +c)ATPA; + (1 + c-l) |P||ETE; - p]xT(k).
(2.14)

From (2.11), we know that, for any k, at least there exists ani € {1,2,..., N }such that
AV (K)l s <7 (K) [(1 +c)ATPA; + (1 + c_1> |P||ETE; - P] xT(k) <0, x(k)#0. (2.15)

The switching signal is given as follows.

(1) If the following inequality holds:
xT (k) [(1 +c)ATPA; + (1 + c_1> IPIEE; - P] xT(k) <0, (2.16)

then

o(x(k)) =1. (2.17)

(2) If x(k) =0, then

ox(k)=y, yei{l2,...,N}. (2.18)

Thus, the switched discrete-time system (2.3) is asymptotically stable. This completes
the proof of Lemma 2.2. O

3. Stability Analysis of Uncertain Switched Discrete-Time System

Consider the asymptotical stability of the following system:

x(k+1) = (Ai+ AA)x(k), i=1,2, (3.1)
where
Amn A
= [ i ”Z] € R™, Ay € R™™, Ay, € R, (3.2)
A1 A

Remark 3.1. The motivation of considering (3.1) is that when the diagonal blocks satisfy
Lyapunov matrix inequalities (3.9), system (3.1) has some good property.
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According to Lemma 2.2, the study of asymptotical stability for (3.1) can be trans-
formed into the study for (3.3):

x(k+1) = [B(A1 + AAy) + (1= B) (A2 + AAY) | x(k), (3.3)

where f=1/(1+c¢).
We choose the Lyapunov function candidate as

V (k) = xT (k) Px(k), (3.4)

where x = [xlT, xg]T,xl € R",x; € R®, and P = diag{P, P,}, P, € R"™,P, € R™, are
real symmetric positive-definite matrices.
Computing the product, we have

ATDA; - —Ain A§21:| [Pl 0] [Aill AilZ]
[ Aiy Aol L0 P2 A Az
(3.5)

- (Al PLAin + AL P Ay Al P Ao + AiT21P2Ai22]

| AL P A + AL, Py Ay AlLPiAns + AL, P Ain

So,

TATP A = [xT xT] I:AiT11P1Ai11 + AL P A Al P A + AiTmpzAizz] [xl]
i PAX =[x X

AL PiAjm + AL Py Ay AL PiAns + AL Py Aiy

i12 i12 X2

22 22
= [xlT <A£1P1Ai11 + A£1P2Ai21> + x; <A£2P1Ai11 + AgzpzAQl)] X1

T T T T T T (36)

+ [xl (Ai11P1Ai12 + Ai21P2A,'22> + X5 <Ai12P1A,'12 + AszAm)]xz
=x! <AiT11P1Ai11 + AiTzleAm)xl +x] <A,-T12P1Ai11 + AiTzszAm)xl
+ x{ <A£1P1Ai12 + Azgl PzA,Qz)xZ + x% <A£2P1Ai12 + A£2P2Ai22>X2.

Using the properties of matrix norm, we have
x"ATPA;x

T AT 2 2
< x A PrAinxa + |lall” | A 1P P2l + 21| ([ [e2 [ ([ Aa [P Adzll + | A P2l Ai2])

+ %2l P I Pl Anal|* + x5 AL, Pr Ao
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< x{Al?;lPlAillxl + ngZ;szAmxz + <||X1||2 + ||.7C2||2>

< (1 Ama P Anzll + | At 1P A2l + 1 1P| Az [P Pal + |22l * 1Pyl Az |1
_ LT AT 2 2
= <] AL P Am s + 2 (| At [P Al + [ A P2 Aol + 1A PP ] )

+x] Al P Aoz + 2l (A P Auall + [ Azt I Pal [ Azzll + PN Aaz] )

It will be convenient throughout this section to use the following notations:
e1 = APl Azl + [ A2 I Pall[| Asaz | + | Aszn [P P2l
e = | At |1 PrlIl A2z |l + [| Azt | Palll| A2z || + [ A2zt [PP| P2l
di = [[An[[I P Azl + 1Az I Pl A2zl + 1Pyl Ava 1,

da = || Ao ||| Pull | Aziz || + [|A21 [[[| Pal | Azza | + | Po Il Aziz |-

(3.7)

(3.8)

Theorem 3.2. There exists a switched law such that the discrete-time system (3.1) is asymptotically
stable, if there exist symmetric positive-definite matrices Py, P, > 0 and positive constants c, Aij,i,j =

1,2, such that the following inequalities hold:

AL P Ay - P < -\l i,j=1,2,

i
1+ cey = i1 = chay + Chmax(P1) + < PII|| ETEx || + 1PN || EZ E: | <0,
di +cdy = L1z = A + Chmax(P2) + < IPY| ETEx | + IPI|| EZE2 | < 0.
Proof. By Lemma 2.1, the difference of the Lyapunov function (3.4) is as following
AV (k) < xT (k) {p[(1 +Q)ATPA + (1+c7) ||P||E1TE1]
+(1-p) [(1 +OATPA; + (1+c7) ||P||E2TE2] - p}x(k)
= xT(k){ [ﬁ(l +0)ATPA; + p(l + c-l) ||P||E1TE1]

+(1-B)a+ ) AIPAs + (1= B) (1+ ) IPIELE,| - Pac(k)

= xT(k){ [A{PA1 + c’1||P||E{E1] + [CA§PA2 + ||P||E§E2] - P}x(k).

(3.9)

(3.10)

(3.11)



Journal of Applied Mathematics 11

Using (3.7), it follows

AV (k) <

<

IN

IN

xlTAfHPlAlnxl + XgA{22P2A122x2
+ a2 (A P Aol + 1A TPl Avzall + 1Az [P Po])
+ Il (JAm P Aol + | As |1 Pall A | + 1P Aol )
+ c{xlTAgHPlAZHxl + x§A§22P2A222x2
+ el (A 1Py Azioll + 1| Aot |1 Pall| A | + | Aot PP )
el (I Az P Aoz | + 1| Az [P Az | + 1P| Azrol ) }
+ %P (T IPI||ETE: | + 1P| EFE2|) = (%] Prxs + < Poxcy)
—A [l |1* = Azllxca | + exT (=Aar I + Py + exd (<Aool + P)xa
+ [ (LA NP Anll + | A I Pl A2l + | Ast PP ] )
+e(lAznlll P Azizll + | Az 1 Pa) | Azzall + | Azt [P1P21)
2 2
+ 1ol [ (A NP Azl + | A P2l Avaall + 1Pyl A1)
se(lAanllPr | Aziall + A1 [1Ps | Azzall + 1Pl A )]
+ 1l (< IPH||ETE | + 1PN || E2 - )
et 1P [ (1A NP Aviall + Az TPl Avaall + Azt P Pol)
+c(ll Ao 1Pyl Azsall + | Az [Pl Aozl + [ Azst [P Pall)
~ i1 = cAay + Chman (P) + < IPY|| ETE: | + 1P| EZ o]
2 2
+ |2l [<||A111||||P1||||A112|| + [[Ar21 || P2 ([ Ar22 | + [Py [ Azl )
+c(l Ao lIP [ Aziall + | Azan [ Pall| Azzall + [P Aol )
~hiz2 = cAz2 + Chmax(P2) + 7 IPI||ETEr | + 1PI || EZ Ex
1l [er + ez = a1 = e + edmax(P1) + ¢ IPY|| ETEx | + 1P| EZ Ez

|22 [d1 +edy — A2 — Ao + Chmax (P) + Y|P ||151T151 || 1P| nEgEz”].
(3.12)
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From (3.10), we get that

AV(k) <0, x(k)#0. (3.13)

According to Lemma 2.2, the discrete-time system (3.1) is asymptotically stable. Proof of
Theorem 3.2 is completed. O

Consider the system (2.3) with

i=

- [Aill Ain
Ap1 A

] (S Rnxn, Aill € Rn1><n1, Ai12 € R™ ™2, (314)

According to Lemma 2.2, we have the following theorem for the asymptotically stability of
(2.3).

Theorem 3.3. There exists a switched law such that the discrete-time system (2.3) is asymptotically
stable, if there exist symmetric positive-definite matrices P1, P, > 0,P; € R*"*™, P, € R™"™, and
positive constants c, Aij, i,j = 1,2, satisfying the follow inequalities:

1
PAjj - ——P <-\jI, i=1,2,...N, j=1,2, (3.15)

AT DA, —
ijj= 17 71] 1+c

N
Zﬁi(HAmHHPlH||Ai12|| + APl Azl + | Aiza [P Pa ]l = Air + C_1||P||||EiTEi”> <0,
i=1

N
>4 (1At lIP I Al + | Ao [IPsll Asall + [Pl Aol = Xia + 7P| EFES]|) <0,
i=1

(3.16)
where P = diag{ Py, P,}, and
1 . 1
pi = Gro0 +c‘1)i71’ i=1,2,...,N-1, fn= (lT_l)]\H (3.17)
Proof. We choose the Lyapunov function candidate as
V (k) = xT (k)Px(k), (3.18)

where x = [xlT, sz]T,xl € R",x, € R and P = diag{P;, P,} are real symmetric positive-

definite matrices.
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Using Lemma 2.1 and (3.15), we get
N
AV (K)| 210 < X" (k) {Zﬁi[u +Q)ATPA; + (1+c)|IPIETE; - P| }x(k)
i=1
N
< Zﬁl(l + C) [foiTHPlAmxl + ngZ;zPZAiZZxZ
i=1
+ a2 (J At NP Asall + A I P2 Aol + 1Az PP ] )
2 2
el (lAn P An] + 1A [P Azl + 1P AR
N
+ SB[l (1+ ) IPI|| BT E| - <7 (o) P k)|
i=1
< iﬁl(l + C) [x? <A~T11P1Ai11 - ;P1>X1 + xg <A22P2A1‘22 - ;P2>XZ
= ! 1+¢) ! 1+c¢)
+ a2 (LAt NP Al + [ A P2 Aol + 1A PP ] )

+ )2 (1Am P Al + [ Aea [Pl Azall + 1P| Al )

HIPEE ||E?Ei||]

N
<> Bi(l+c) [||x1||2<||Ai11”|lpl||||Ai12” + At |IPalll| Aizall + [ Az [Pl P2l = Aia
i=1

Ly e E,-||>

1+c

2
+ |2 (”AillH”Pl””AilZ” + [ A ||| P2 || Aizz |

AP Azl = A + c‘lllPllllEiTEill)]

N
= bl Y i1 + ) (| Am P Adall + | Ai NP2l Al + | Aiot [P Pl
i=1

=Aip + Cil||P|||

£re|)

N
+ ||x2||22ﬁi(1 + C)<||Ai11||||P1||||Ai12|| + | At |l[IPa|[[| A2 || + | Py ||| Ainl®
in1

ko + 7 PI|[[ETE]).
(3.19)

From (3.16), we have AV (k) <0, x(k)#0.
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Switching Law. The switching law is given by (2.17) and (2.18). In the light of
Lemma 2.2, the discrete-time system (2.3) is asymptotically stable. Proof of Theorem 3.3 is
completed. O

Remark 3.4. Conditions (3.15) and (3.16) in Theorem 3.3 are nonlinear with respect to
unknown ¢ > 0. If ¢ is a given positive constant, then (3.15) is a linear matrix inequality.
In order to find the solution for (3.15) and (3.16), ¢ > 0 is given in advance, then we solve
(3.15) and (3.16).

Consider the system (2.3) with

A Az Az
Ai= |Ai1 A Apz| €R™", Aj € R, Ay € R™™, Ajzz € R, (3.20)
Az Az Aizs

According to Lemma 2.2, we have the following theorem for the asymptotical stability
of (2.3).

Theorem 3.5. There exists a switched law such that the discrete-time system (2.3) is asymptotically
stable, if there exist positive constants c,n;j,i,j = 1,2, and symmetric positive-definite matri-
ces P1,P5,P3 >0,P; € R™™ P, € R"™™, Py € R™™™ satisfying the following inequalities:

1
T . .
Al]]PIAU] - 1_+CP] < —1’[,']'1, 1= 1,2,. . .N, ] = 1,2,3, (321)

3 3 3
Z2l||Ai71||2||1°f|| + lelAiﬂll [ A2l | 5]] + lellAm IlAzIIP + e IPH|[EEd| -7 <0,
]= = =

3 3 3
SlaplPIBl+ Al A5 + XlasllAzllIp ]+ 1P| EFE] - 52 <o,
3 j=1 j=1
2 3 3
A%+ A AP+ 1Al AP - WP ETE s <0,

j=1 =1

(3.22)
where P = diag{P;, P2, P}, and
Bi = ! —, i=12,...,N-1, ﬁN:;N_l. (3.23)
(1+c)(1+c) (1+c)
Proof. We choose the Lyapunov function candidate as
V (k) = xT (k)Px(k), (3.24)

where x = [xlT, xg, xg] and P = diag{ Py, P, P;} are real symmetric positive-definite matrices.
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Computing the product, we have

[Al, AL, ALT[P 0 0] [Am Aae Ans
AlPA; = |AL, AL, AL, 10 P 0| |An1 A Ans
(AT, AL, AL 1 L0 0 P |Am A Ass

- ; \
T T T
ZAijlpiAiﬂ ZAijlpiAijZ ZAijlijij3

j=1 j=1 =1

3 3 3
E T E T E T
AijZPinjl Al]ZP]AUZ Al]ZP]A1]3 .
=1 =1 =1

3 3 3
DALP A D ALP AR D AL Ay
| j=1 j=1 j=1

So, we get

-

[ 3 3

3
ZAz;lI)]Alll ZAz;lijI]Z ZAlj;lp]Alﬂ
j=1 j=1 j=1

3 3 3
T T T
x"AJPAix = [x] x] xi] ZAijzijiﬂ ZAijZPinf2 ZAijZPinf3

p=1 i=1 =1

3 3 3
T T T
ZAi;'apfAiJ'l 2 AijsPiAij > AP Aij

/=1 j=1 j=1 |
3 3 3
_ T T DAL T T AL T T AL
=\ x ZAijlp]A’ﬂ X ZAijzpfAlJl + X3 ZAij3PJA111 X1
j:l j:l j:]

15

(3.25)

X1
X2

X3

3 3 3
T T T T T T
+ <x1 ZAijlijijz + X, ZAijZPinﬁ + X3 ZAijSPinfz X2
j=1 j=1 j=1

3 3 3
+ <x1TZA£1P]A1,3 + x;ZAz;ZP]Al]:” + ngAlT,aij113> X3

=) j=1 j=1

3 3
< x;T AL P Ajyxg + ”xl”zZ”Aijl”z”Pj" + 2||351||||952||Z||Aij1|| | Aijz ||| 2|

= =1

3 3
+ 20l Sl A Al 1P + x5 A PrAaea + llx2l* X [ Ase 1| P

=1

j=1
j#2

3 3
+2lsllleall 3l sl Az 1P+ laesll® X A || + x5 Al Ps Avsaes

j=1 j=1

j#3

T AT
< X1 AinPlAillxl
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N 5 3 3
Hlall | 20 A PP+ 2l A Azl + 20 A Ass TP
i=2 j=1 j=1

T AT
+ X, AszAizzxz

3 3 3
2
+ el | 20 A 1P+ 2l A Az P+ 2l Ass Az 1P
j=1 j=1 j=1

j#2

T AT
+ X3 Ai33P3A,'33X3

2 3 3
+ [l 1 Zl||Aii3”2”Pf” + ZlnAiil””Aiﬁ””Pj” + le||Aijs|| Al 251 |-
7= = 1=

(3.26)

Using the properties of matrix norm, (3.24), and Lemma 2.2, we have

i=1

N
AV (K)| g0y < X7 (K) {Z[ii [0+ 0)A PA;+ (14 )IPIETE; - P| }x(k)
N
<> Bil+ C){xlTAiTnHAmxl + loer ||
i=1
3 5 3
x z;”Aijl IFIP 0+ 25l As T Ase 1121
= i1
3
+ 2l Al A I
j=1
+ 2T AL, Py Ao xs + |32

3 3 3
2
< | 2 1A I+ 2 Al T AP I+ 2l Ags T Az TP
=1 j=1 j=1

42

+ 3T Al Ps Aissxs + [l
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3 3
x [leAiﬁIIZIIPjII + Al A || IPl
= =1
3
+Zl||Aif3||||Aif2||||Pj||] }
<
N
+xT (k) S pi [(1 + c-l) |P||IEE; - P]x(k)
i=1
N 3 3
2
<> pil+c) { B [ZIIAiﬂII 15511+ Xl A Al 2]
i1 =2 j=1

3
s Al Al B+ < PN || E7E| 11]
j=1

3 3
+lhal? [ S AnlFlIB -+ Xl Al Azl
j=1 j=1

j#2

3
+ X Agsll Al Bl + e IPH|| ETE:| - e
j=1
) 2 5 3
+ Nl { 2N AuslIP 1P+ DM Al Ass I ]
j=1 =1

3
= Al Aill|Bi ]+ IPI| E7E:| - 11] }

j=1
(3.27)

From (3.22), we have AV (k) <0, x(k) #0.

Switching Law. The switching law is given by (2.17) and (2.18). In the light of
Lemma 2.2, the discrete-time system (2.3) is asymptotically stable. Proof of Theorem 3.5 is
completed. O

Remark 3.6. According to the system matrix that is divided into block matrices of the different
dimension, Theorems 3.3 and 3.5 are obtained, respectively. When the system matrix is
divided into 2 x 2 block matrix, Theorem 3.3 can be used. When the system matrix is divided
into 3 x 3 block matrix, Theorem 3.5 can be used.

4. Numerical Examples

Example 4.1. Consider the switched discrete-time system composed of two individual
systems given as follows.
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04 0.1
Mode 1:  x(k +1) = (A1 + AA)x(k), A = [0 : ] AA; = Fi(k)E1, E; =[0,0.1],

-0.2 0.1
Mode 2: x(k + 1) = (A2 + AAz)x(k), Az = [ 1 0 3], AA2 = F2(k)E2,E2 = [0, 02]

(4.1)
Set Py = P, = 0.5,c = 1. It is easily obtained that

e =0.02, e> = 0.66, dy = 0.025, d> = 0.165,
(4.2)

A1 =0.84, Ap =0.75, A1 =0.96, Ay» =0.91.

It is validated that
Azj;]P]Al]] - P] < —.)Li]'I, l,] = 1,2,

e1 +cez = iy = Aoy + Chma(P) + P EE | + IPI||E2TE: | <0, @)

di + cda — M2 — A + Chmax(P2) + ¢ Y|P ||E1TE1 || +P| ||E2TE2|| <0.

According to Theorem 3.2, the switched discrete-time system (4.1) is asymptotically stable by
the following switching law.
Switching Law. o(x(k)) = i, if the following inequality holds:

T (k) [2A1T PA; +2||P||ETE; - P] X (k) <0. (4.4)

If x(k) =0, then

ox(®) =y, yel12). (4.5)

Example 4.2. Consider the switched discrete-time system composed of three individual
systems given as follows.

Mode 1 : x(k + 1) = (A1 + AAl)x(k), AAl = Fl(k)El, E1 = [0,0,0l]
Mode 2:  x(k+1) = (A2 + AAs)x(k), AA; = F>(k)Es, E» = [0,0,0.2]. (4.6)
Mode 3: x(k +1) = (As + AAs)x(k), AA;=Fs(k)Es, E;s = [0,0.1,0],

where

02 0 0.1 -02 01 O -01 01 O
A;=101 03 04], Ay=1 0 0301}, A3=1 0 04 03]. 4.7)
0 0 07 01 0 01 0 0102
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Taking c =1, P; = 0.35, P, = 0.45, P; = 0.7, it is easily obtained that

i1 = 0.8691, N2 = 0.8190, Mz = 0.4191, M21 = 0.8691, M2 = 0.8191, (4 8)
23 = 0.8991, M31 = 0.8991, 32 = 0.7491, N33 = 0.8691. .

It is validated that (3.21) and (3.22) hold. According to Theorem 3.5, the switched discrete-
time system (4.6) is asymptotically stable by the following switching law.
Switching Law. o(x(k)) = i, if the following inequality holds:

T (k) [ZAiT PA; +2||P||ETE; - P] X (k) <0. (4.9)

If x(k) =0, then

o(x(k))=y, ye{1,23}. (4.10)

5. Conclusion

The robust stability is investigated for a class of switched discrete-time system with state
parameter uncertainty. The switched law design method is proposed. By a simple switching
law, some sufficient conditions for robust stability have been derived for the uncertain
switched discrete-time systems and are presented in terms of inequalities. The present results
are straightforward. Two examples are given to show the effectiveness of our approach.
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