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1 Introduction
The quantum calculus is known as the calculus without limits. It substitutes the classical
derivative by a quantum difference operator which allows to deal with sets of nondiffer-
entiable functions. Quantum difference operators have an interesting role due to their
applications in several mathematical areas such as orthogonal polynomials, basic hyper-
geometric functions, combinatorics, the calculus of variations and the theory of relativity.
New results in quantum calculus can be found in [1-8] and the references cited therein.
One type of quantum calculus is the Hahn quantum calculus. In [9], Hahn introduced his
difference operator, as a tool for constructing families of orthogonal polynomials, which
is defined by

Dt © =TT, 1)
where g € (0,1), w > 0 are fixed and w, = ﬁ. The derivative at ¢ = wy is defined to be the
usual derivative f'(wo) whenever it exists. In [2, 10], the inverse operator was constructed
and a rigorous analysis of the calculus associated with D, , was given. Hamza and Ahmed,
in [4], studied the existence and uniqueness of solutions of the Hahn difference equations.
Also, in [5], they established the theory of linear Hahn difference equations. Hahn quan-
tum difference operator unifies two important difference operators. The first is the Jackson
q-difference operator which is defined by

_fa)-f©

D) tq-1)

, t#0, (1.2)
and D,f(0) = f'(0), where g is a fixed number, g € (0,1). The function f is defined on a
q-geometric set A C R (or C) such that whenever ¢ € A, gt € A. See [3, 11]. The second is
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the forward difference operator D,, which is defined by

f—(t i aZ —f® , tekR, (1.3)

Dwf(t) =

where w is a fixed number and w > 0. We refer the reader also to the interesting book [12]
by Kac and Cheung who presented the g-calculus and the w-calculus in details, associated
with the difference operators D, and D,,, respectively.

Auch in his PhD thesis [13] in 2013 (supervised by Lynn Erbe and Allan Peterson) intro-
duced the forward difference operator

NV} ”

where o (t) =at + bwitha>1,b>0and a + b > 1, and its inverse p(¢) = %. He defined f
on a mixed time scale T, := {...., p*(), p(@), &, 0 (), 0 (@0), ...}, & > 12, which is a discrete
subset of R.

In this paper, we introduce a general quantum difference operator defined by

F(B@) - f(0)

PO =g =

(1.5)
for every t with B(£) # ¢t and Dgf(t) = f'(t) when B(t) = t provided that f'(£) exists in the
usual sense. Here, 8 : I — I is a strictly increasing continuous function, and f is an arbi-
trary function defined, in general, on a subset I € R with B(¢) € [ for any ¢ € I.
Throughout this paper X is a Banach space with norm || - ||, and we denote by

BY(t):=Bopo---0f(t) and BN(&):=p"opo---0p7(1),

—

k times k times

k € Ny = NU {0}, where N is the set of natural numbers. For convenience 8°(¢) = ¢ for all
tel

The general function 8 may be linear or nonlinear. Then 8 has many types according to
the number of its fixed points in I. Two classes of B can be considered. The first class is
the family of all 8 that has a unique fixed point sy € I and satisfies the following inequality:

(t—so)(ﬁ(t) - t) <0 foralltel.

The second class is the family of all 8 that has a unique fixed point sy € I and satisfies the
following inequality:

(t—so)(ﬁ(t) - t) >0 forallzel.

Hahn and Jackson difference operators are special linear forms of the general difference
operator Dg when B(f) = gt +wand B(¢) = gt, q € (0,1), w > 0, respectively. These functions
belong to the first class. Furthermore, the function (¢) = gt + w, g > 1, ® > 0 belongs to the
second class. The forward difference operator D,, is a type of § which has no fixed points.
Also, B(¢) = at + b, a > 1, b > 0 belongs to the second class.
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In the whole paper, we consider all functions 8 that belong to the first class, and give a
rigorous analysis of the calculus based on Dg. In this class, the movement of the sequence
{8k (£)}ken, is towards so. Every choice of the function S gives a new difference operator.
Thus, we can obtain a wide class of quantum difference operators with the corresponding
quantum calculi.

The advantage of this study is that it helps and allows us to avoid repetition in proving
results once for the Jackson g-difference operator, once for the Hahn difference operator
and once for any difference operator on the form Dg with § in that class.

We organize this paper as follows. In Section 2, we introduce the definition of g-deriv-
ative and prove its main properties. For instance, we deduce the chain rule, Leibniz’ for-
mula and the mean value theorem. In Section 3, we introduce the S-integral and we es-
tablish the fundamental theorem of -calculus.

2 B-differentiation
Assume that the function g has only one fixed point s, € I and satisfies the following

condition:
(t - so)(ﬂ(t) - t) <0 foralltel, (2.1)

where the equality holds only if £ = s9. Here, I is supposed to be an interval of the real line.
In the following, we introduce two important lemmas in proving our main results.

Lemma 2.1 The following statements are true.
(i) The sequence of functions {B¥(t)}xen, converges uniformly to the constant function
/§ (¢) := so om every compact interval ] C I containing s.
(ii) The series Zzolﬁk(t) — BX*(t)| is uniformly convergent to |t — so| on every compact
interval ] C I containing s.

Proof (i) Let ] = [a,b), s €J. If t € [so, b], then condition (2.1) implies g¥*1(t) < pX(¢) for
all k € Ny. So, the sequence {8* (£)}keny, is decreasing to the constant function ,3 (t) = so. By
Dini’s theorem {8* (£)}ken, is uniformly convergent to the constant function B(¢) on the
interval [so, b]. Similarly, we can prove its uniform convergence on [, so]. Consequently,
the sequence {8* (£)}ken, is uniformly convergent on the interval J = [a, b].

(ii) We apply Dini’s theorem to S,(t) = Zzzo(ﬂk(t) - B¥(¢)), n=1,2,... on both [so, ]
and [a, so] to get the desired result. O

The proof of the following lemma is straightforward and will be omitted.

Lemma 2.2 Iff : I — X is continuous at s, then the sequence {f(B*(t))}xen, converges
uniformly to f(so) on every compact interval ] C I containing s,.

Theorem 2.3 If f : I — X is continuous at sy, then the series ZZ’;OH(,Bk(t) -
BX ) (BX(2))|| is uniformly convergent on every compact interval ] C I containing s.

Proof Let ] C I be a compact interval containing so. By Lemma 2.2, there exists kg € N
such that

IF(B5@®) —f(s0)|| <1 Vte] k> k.
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Then [|f(B%(£))]| <1+ ||f(s0)|| for k > ko and ¢ € J, which in turn implies that

|(BX@®) - B @) [[F(B*®) | < [(B®) - B @) | (1 + [ f(s0)||) Vel k>ko (22)

Consider the two sequences

n

D) =) | (B0 - B @) (B* ) (2.3)
k=0
and
Cult) = Y| (B*®) - B 0) | (1 + £ (s0) ])- (2.4)
k=0

By Lemma 2.1(ii), C,(¢) is uniformly convergent to |£ —so|(1 + ||f(so)]|) on J.
By the Cauchy criterion, given € > 0, there exists ny € N such that

1Ca(®) = Cu(®)| <€ Vi€ ],n=m=>ny. (2.5)
By using (2.2) and (2.5), we have

|Du(®) = Du(®)|| < | Cu(®) = Cu(®)| <€ V> m > max{no, ko}.
Therefore, Y ro, I(BX(t) — BX1(£))F (BX(£))|l is uniformly convergent on /. O

In the following, we present some examples of special forms of 8 which has one fixed
point sy € I and satisfies condition (2.1).

Examples 2.4 1. 8(¢) := gt F o for fixed @ > 0 and g € (0,1) is defined on I = R. In this
case, sg = =2

1-¢q’°
t+ wlk
B -drTolkl, and B0 - %
where [k], = %.We have
lim g*(t)=s, and lim p*@=]°" 7%
k—00 k—o00 —-00, [<$p

for the iteration of B(£) = gt + w see Figure 1.

This case represents both of the forward and backward Hahn difference operators, re-
spectively. Also, the Jackson g-difference operator when w = 0, see [2—4, 11, 12].

2. B(¢) := gt" for fixed g € (0,1) and fixed » € 2N + 1, and B is defined on [ = (—qﬁ , qﬁ ).
Then B is a strictly increasing function from I onto / and has a unique fixed point sy = 0,
and B7(¢t) = é. Moreover,

K - —nik%b1 nk
B () = q" ", O &,
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Y y=t y=p(t)
SO -
t—t /‘4 } } t t
b B(b~ B4{b)so  B2(a) Bla)

Figure 1 The iteration of B(t)=qt+won/=R.

Yy y=qt? y=t
0 .
b BA(b) |4 ; ¢
—0 J 5'5(@) a 0
....................... —0

1
Figure 2 The iteration of B(t) =qt" on /= (-6,0), where § =qT-n.

and for ¢t €,

lim B%(¢) = 0,
k—o00

qﬁ, 0<t,
lim B7*(@) =1 o, t=0,
k—o00 1

—qTn, t<0.

In Figure 2, we illustrate the behavior of X(¢) for ¢ € I. This case yields the power quantum
difference operator

fah~w 40,

Dudf =1 00, i=0,

which was introduced by Aldwoah et al. in [1].
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3.Fixn € 2N +1, B(t):=t" fort € I = (—1,1). B : I —> I is strictly increasing, B7(¢) = /¢,
the unique fixed point is so = 0, B(¢) = t”k, B = t‘”k, limg_, o0 BX(t) = 0 for t € I, and

1, te(0,1),
lim B*@®)={0, ¢=0,
k—o00

-1, te(-1,0).

This case represents the n-power difference operator [10]

HG0, ¢4,
Dyf(t) = {f,(o), o (2.6)

4. B(¢) := Int + 1 which is a strictly increasing and continuous nonlinear function defined
on [ = [1,00). The only fixed point is sy = 1. We can see that

B &) =g ) +1, BT =€,
and for ¢t € I,
fim PO=1 fim p = e
Now, we introduce the S-difference operator as follows.

Definition 2.5 For a function f : I — X, we define the §-difference operator of f as

[EO)-F0)
Dufe) =] poe > 7S
S'(s0), t=so,

provided that the ordinary derivative f” exists at ¢ = s¢. In this case, we say that Dgf(z) is
the B-derivative of f at ¢£. We say that f is 8-differentiable on [ if f'(sy) exists.

In the following, we state some clear properties of the §-difference operator.
(i) Dg is a linear operator.
(ii) Iff is B-differentiable at ¢, then f(B(t)) = f(¢) + (B(£) — t)Dgf (¢).
(iii) If f is B-differentiable, then f is continuous at s.
Simple calculations show that the following theorem is true. So, its proof will be omitted.

Theorem 2.6 Assume that f : 1 — X and g : I — R are B-differentiable functions at
tel. Then:
(i) The product fg:I — X is B-differentiable at t and
Dy (f)(®) = (Daf (£))g(t) + £ (B(1)) Dpg(t)
= (Daf (0)g(B®) +£()Dg(2).

(ii) f/g is B-differentiable at t and

(Dgf ())g(2) —f (£)Dpg(2)
g()g(B(2))

Dg(flg)(t) = . gg(B®) #0.
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Examples 2.7
L Dgt" = Zzzé(ﬁ(t))”‘k‘ltk tel,n>1.

3. Iff: 1 — R? deﬁned byf( ) (£, 2t) and B(¢) = 3¢+ 1, then

( +t+12—t)
1——L‘

Dyf(t) =

4. If B(t) = st and f : I —> M5 defined by f(¢£) = [t 1] then one can see that

1,
n
21,
Dgf(t) = [ 61 %t] where M is the space of all 2 x 2 matrices.

Lemma 2.8 Letf :1 — X be B-differentiable and Dgf (t) = 0 for all t € I, then f(t) = f(so),
tel

Proof Since Dgf(t) = 0, t € I, then f(t) = f(B(¢)), t € I. Consequently, f(¢) = f(B*(2)), t € I
and k € Ny. Taking kK — oo and using the continuity of f at sy, we obtain f(t) = f(so) for
tel 0

As a direct consequence we obtain the following corollary.

Corollary 2.9 Suppose that f,g : I — X are B-differentiable on I. If Dgf (t) = Dpg(t) for
allt € I, then f(t) — g(t) =f(so) — g(so) forall t € I.

Definition 2.10 Let sy € [a,b] C I. We define the B-interval by
[a,b) = { B (@);k € No} U {BX(b); k € No} U {so},

and the class [c]4 for any point ¢ € I by
[cls = {B*(c);k € No} U {s0}.

Finally, for any set A C R, we define

=A\ {so}.
In the following lemma, [a, b] is a compact subinterval of I and sy € [a, b].

Lemma 2.11 Let f : [a,b] —> R be continuous at sy. The following statements are true:
(i) Dgf(t) >0 for all t € la, by if and only if f is strictly increasing on [a, b]g.
(ii) Dgf(£) <O for all t € [a, by if and only if f is strictly decreasing on [a, b]g.

Proof We prove only the first part and the second one can be shown similarly. For the
proof of (i), suppose Dgf(t) > 0 for all £ € [a, b]}. We may assume that s ¢ {a, b}. We have
a<Bla)<p?a)<---<pXa)<---<sg<---<B"™b)<---<B(b) <b. Then, using the con-
tinuity of f at sy, we conclude that f(a) < f(B(a)) < f(B*(@)) < --- < f(BX(a)) < --- < f(s0) <

<< f(B™(B)) < --- <f(B()) < f(b). Thisimplies that f is strictly increasing on [4, b] 3. Con-
versely, suppose that f is strictly increasing on [a, b]4 for any k € Ny. If BX(t) > BX(¢), then
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LX) > £(BX(2)), and if BFL(£) < BX(2), then f(B5(2)) < f(BX(2)). Therefore, Dgf(t) > 0
forall ¢ € [a, h];. O

The following example shows that the previous lemma may not hold on [a, b] \ [4, b]g.

Example 2.12 Let f: [1, %] —> R defined by f(¢) = 4¢> — 9¢ and let B(¢) = %t + %. One
can see that Dgf(t) <0, t € [1, %) and sg = % Let ; = 1.15 < £, = 1.2, then f(f;) = -5.06 <
f(t,) = —5.04, which means that f is not strictly decreasing on the interval [1, 2]. Note that
ity & [1,3]p.

Simple calculations, using induction on 1, show that the following theorem is true. So
its proof will be omitted.

Theorem 2.13 Let « be a constant and m € N.

(0) Iff(6) = (£ —a)", then

—

m—

Dyf(£) =) (B(&)—a) (- )" 2.7)

r=0

(i) Ifg() =1/(t — )™, then

m-1 1
D8 O=-2 ., GO ey i—ay (28)

provided that (B(¢) — )" " (t —a)*1 #£0,r=0,1,...,m 1.

The following example shows that the ordinary chain rule does not hold in the B-cal-
culus.

Example 2.14 Consider the functions f(¢) = ¢* and g(¢) = 3¢. Then

Dg(f o g)(t) =9(B(2) + 1),

while

Dgf (g(t))Dpg(t) = 3(B(3¢) + 3t). (2.9)
That is,

Dp(f 0 g)(t) # Dpf (¢(£)) Dpg (). (2.10)

The next theorem gives us an analogous formula of the chain rule for g-calculus.

Theorem 2.15 Let g:I —> R be a continuous and B-differentiable function and f : R —
X be continuously differentiable. Then there exists a point ¢ between (t) and t such that

Dg(f 0 g)(2) = f'(g(c)) Dpg(2). (2.11)
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Proof The case ¢ = 59 is the usual chain rule. The case t # sy with g(B(£)) = g(¢) is evident
since both sides of (2.11) are zero. For ¢ # sy with g(8(£)) # g(¢), we have

_(fog)(B() = (fog)t)
Dg(fog)(t) = O

_Sf@(B®) —f(e(t) g(B(®)) - g(t)
g(B(1) —g(2) Bt)—t

By the mean value theorem, there exists a real number 1 between g(8(¢)) and g(¢) such
that

SgB@) —f(g®)
g(B(1)) —g(t)

=f'(n).

Since g is a continuous function, then there exists ¢ between B(t) and ¢ such that g(c) = 7.
Hence

Dg(f 0 2)(t) = f'(g(c)) Dg (g(0)). 0

In the following theorem, we derive the formula for the nth B-derivative of the product
fg, where one of them is a real-valued function and the other is a vector-valued function.

ForneN, let S,((") be the set of all possible strings of length # containing k times 8 and
n—k times Dg. We denote P48 () = (Dgf)(B(¢)) and f#P8 (t) = Dg(f(B(2))), and f" is defined
accordingly for T" € SV

If f is B-differentiable # times over I, then the higher order derivatives of f are defined
by

Dyf =Dy (Dg_lf), n € Ny, where Dgf =f.

Finally, one can see that

(Zrm o m)os( 2 r)o

(n) (n) (n+1)
€Sy reS res;

Theorem 2.16 (Leibniz’ formula) If f and g are n times B-differentiable functions, then
we have

Dj(fR)(e) = Z( > fr>(t)D’,§g(t), t #5s0. (2.12)

k=0 (n)
res;

Proof We prove by induction on n. By Theorem 2.6(i), the statement is true for n = 1.
Suppose that (2.12) is true for n = m. Now, we prove that it is true for n = m + 1. We have

Dy (fo)(®) = Dy [Z( Zfr> )Disg(t }

k=0 FS

- kf:( > Dﬁfr)(t)D g(t)+Z( 3 fr) 0)D5 g (0

=0 “rest k=0 “pesim
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m+1

= i( > Dﬂfr)(t)Dgg(mZ( Z f ) B(0))Dg(0)

k=0 (m) k=1
resy res”

m

= ( 3 Dﬁfr)(t)g(t)+z< > Dyf )(t)D ()

FeSém) k=1 FeS}(m)

* ( 2 fr)(ﬂu))D’”“ + i( Z fr> 0)Dje(®)

T‘ES%") k=1 l"ES]G

( > Dyf )(t)g(t)+ ( > f ) B®) D g(t)

resy™ res?

(5o

(m) (m)
reS; res;

:( > fr)(t)g(t)+< Yoof )(t)D’””g(t)

(m+1) (m+1)
resg restmsb

+ Z( > )fr)(t)D g(®)
k= re Sm+l

m+1

—Z( Yo f >(t)D (o).

k=0 Ny gl

Hence (2.12) holds for all # € N.

Page 10 of 19

O

The following example shows that the function f may be discontinuous but it is S-differ-

entiable.

Example 2.17 Letf:[-1,1] — R be such that

t, te(-1,0),
t, t€(0,1),
) =
J@® 1, t=0,
0, t=1,-1,
and let
1 1
)= —t+—.
B(2) FRA

We see that the function f is discontinuous but it is S-differentiable, where

1: te (_1) 0):
_11 t € (01 1))
PIO=1 5 -0

1, t=1,-1.
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Rolle’s theorem, in general, is not true with respect to the S-derivative. This can be

shown by the following example.

Example 2.18 The function f(¢) = 4¢2 — 9¢, defined in Example 2.12, is ordinary differ-
entiable and hence g-differentiable over R with respect to B(¢) = %t + %. Clearly, f(1) =
f(B@)), but f(t) #f(B(t)) inside the interval [1, 8(1)], i.e., there are no points between 1
and B(1) such that Dgf(t) = 0. In fact, f(¢) = f(B(t)) only at 1 and % This implies the failure
of Rolle’s theorem with respect to the B-derivative.

In the following theorem, we obtain analogues for the classical mean value theorem. We
postpone the proof of this theorem to Section 3.

Theorem 2.19 (Mean value theorem) Suppose f,g:1 — X are B-differentiable functions
onl. Then

Ifo) -fx)] < sup | Daf @) (v - ) (2.13)

forevery x,y € [a,blg, x <so <y, wherea,bel,a <b.

The following example shows that inequality (2.13) does not hold with x, y ¢ [, b]g, x <
so<yanda,bel,a<b.

Example 2.20 Let f,g: 1 = [—%,2] —> R defined by f(¢) = > and g(t) = 4t and B(¢) =
%t + % Then sy = 1 and one can see that [Dgf(t)| < Dpg(t) forallt € I. If we takea = b = -1,
then

n_

2" -1
[l =11, :n=-1,0,1,...1.
Let x,y € [-1]4, x < y. By Theorem 2.19, [y* — x?| < %(y —x) for every x,y € [-1]g, x < ¥,
where sup,., [Dgf (£)| = 2. Now, if we take x,y ¢ [~1]3, where x = 22 and y = 2. One can see
that |y — &% > 2(y — %).

3 B-integration
We say that F is a S-antiderivative of the function f : 1 — X if DgF(t) =f(¢t) for t € I.

Definition 3.1 We denote by 2 the vector space of all functions g : I — X which are
continuous at sy and vanish at sy. Define the operator T : 2 — Q by

Ts(@)(0) =g(B®), tel

Let Y be the range of 7 — Ty, where T is the identity operator. One can check that for
g € Y the series Y 7o g(BX(#)) is uniformly convergent on 1. Clearly, the operator Z — T}

is one-to-one.

We need the following lemma in proving the next theorem. Its proof is straightforward,

so it will be omitted.
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Lemma 3.2 The operator A: Y —> Q2 defined by

AQ)®) =Y g(B*®) 3.1)
k=0

is the inverse of the operator T — Tjg.

Theorem 3.3 Assume f : I — X is continuous at so. Then the function F defined by

o]

F@t)=Y (B0 - @0)f (B*®), tel (3.2)

k=0

is a B-antiderivative of f with F(so) = 0. Conversely, a S-antiderivative F of f vanishing at
So is given by formula (3.2).

Proof Forallt € andt # sy, we have

F(B(2)) - F(¢)

B) -t
_ 20BN — BN (B (0) - 10 (BK () - BN (B4(1)
B) -t

DyE(t) =

=f(®).

To show that DgF(sg) =f(s0), let € > 0. By the continuity of f(¢) at ¢ = s¢, there is § > 0 such
that

|V(ﬂk(50 + h)) —f(So)H <€, k>0,0<h<s.
This implies

1
H ZF(SO +h) —f(s0)

<3 2 (8o 1= B s ) [ (80 + 1) )|
k=0
<€, O0<h<s.

Conversely, assume that F is a -antiderivative of f vanishing at so. This implies that

F(B(t) - F(t)
B -t
Ty(F(£)) - F(£)
Bt) —t
(T - Tp)F(t)
S - B0

S(t)=DgF(t) =

Then f(¢)(t - B(t)) = (Z — Tp)F(t), which implies that F(¢) = (Z — Tp)™ (¢ — B(£))f (¢). The
function G(t) = (¢ — B(¢))f () belongs to  and F(¢) = (Z — Tg)'G(¢). By Lemma 3.2, we
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have

F(r) =) G(£“0) = ) _(B"@®) - B 0)f (B ). (3.3)
k=0 k=0 g

Definition 3.4 Letf:] — X and a,b € I. We define the B-integral of f from a to b by

b b a
f f(t)dgt = / F(O)dst - / f(&)dgt, (3.4)
where
/ FOdst =3 (B - B W) (B ), el (3.5)

k=0

provided that the series converges at x = a and x = b. f is called B-integrable on I if the
series converges at 4, b for all a4, b € I. Clearly, if f is continuous at sy € /, then f is S-inte-
grable on I.

In the integral formulas (3.4) and (3.5), when B(¢) = g, q € (0,1), we obtain Jackson
q-integration

b b a
/ﬂ f()dgt = /o f()d,t - /0 f(t)dgt, (3.6)
where
./o f()dgt:=x(1-¢q) Z qkf(qu), xel, (3.7)
k=0

see [3, 10-12]. If B(¢) = gt + w, g € (0,1), w > 0, then (3.4) and (3.5) reduce to the Hahn

integral
b b a
[ r0dyt= [ syt~ [ rod (38)
where
fOdgot = (x0-q) - )Y qf(xd" + wlkly), xel, (3.9)
@0 k=0

where wg = ﬁ and [k], = %, see [2, 4-6,10, 12].
Lemma3.5 Letf :1 — Xbe B-integrableonl and a, b, c € I, then the following statements
are true:

(i) The B-integral is a linear operator.

(ii) faf(t) dgt =0.

(iii) f f@t)dgt = /b f(t)dgt.

(iv) f f@)dpt = [ f@)dpt + f f(t)dgt.



Hamza et al. Advances in Difference Equations (2015) 2015:182 Page 14 of 19

Proof The proof is straightforward. O

By Theorem 3.3, we obtain the first fundamental theorem of B-calculus which is stated
as follows.

Theorem 3.6 Let f:1 —> X be continuous at sy. Define the function
X
F(x):/ f(t)dgt, =x€l. (3.10)
50

Then F is continuous at sy, DgF(x) exists for all x € I and DgF(x) = f(x).

Corollary 3.7 Iff :1 — X is continuous at sy. Then

B(&)
/ f(x)ds = (B -1)f (1), tel (3.11)

Proof Let F(t) = fsgf(r)dﬁr, t € 1. By Theorem 3.6, F(t) is continuous at so and DgF(t) =
f(¢) forall £ € I. Then

B(®) B(t) t
f f(r)dﬁtzf f(‘l,')dﬂl'-/f(f)dﬁ‘[
=F(B(t)) - F(2).

Since F(B(t)) = F(¢) + (B(t) — t)DgF(t), then

B@)
/ f@)dyT = (BO-Of®), tel 0
t
Now, we state and prove the second fundamental theorem of S-calculus.

Theorem 3.8 Iff :I — X is B-differentiable on I, then

b
f Dyf(t)dpt =f(b) —f(a) foralla,bel (3.12)

Proof We have

[ee]

b
/ Dyf(t)dgt =y (B () - B (6)) (Dgf) (B (1))

50 k=0

= i(f (B“®)) —f (B (1))

= 1im " (/(8(®)) -/ (8 ®))
k=0

=f(b) = f(s0)-
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Similarly,

/ Daf(8)dst = f(a) £ (s0).

Therefore,

b
/ Dgf(t)dgt =f(b) —f(a) foralla,bel. O

As a direct consequence of Theorem 3.6, one can see that the following theorem is true.

Theorem 3.9 Iff :I — X is continuous at sy and ® : 1 — X is a B-antiderivative of f

on I, then for a,b € I, we have

b
/ f(&)dgt = D(b) — P(a).

The following theorem establishes the formula for the B-integral by parts. The proof is

straightforward, so it will be omitted.

Theorem 3.10 Assumef, g are B-differentiable functions on I and Dgf, Dgg both contin-
uous at sg. Then

b b
[ r0Ds0 st =16050) - @g@ - [ D )e(p)duts aber
Here, at least one of the functions f and g is a real-valued function.

The following two lemmas and Definition 3.12 are fundamental in the study of the calcu-
lus of variations. The first is based originally on [14], Lemma 12.1 and the second on [15],
Lemma 2.2. Both are adapted in [6] for the case of Hahn'’s function 8(¢) = gt + w, q € (0,1),
o > 0. Here, following [6], we show that both lemmas are valid for the case of our general
function B(¢).

Let D denote the set of all real-valued functions defined on [c,d]4 and continuous at so,
where ¢,d € I and c < d.

Lemma 3.11 Let f € D. Then fff(t)h(ﬁ(t))dﬁt = 0 for all functions h € D with h(c) =
h(d) =0 ifand only if f(t) = O for all t € [c,d].

Proof 1t is obvious from the definition of B-integration that if f(t) = 0 for all € [c,d],
then [ ff ()h(B(t))dgt = 0. To prove the other implication, assume on the contrary that
there is some [ € [c,d] 4 such that /() # 0. We have the following two cases.

Case I: [ # so. Then either [ = g%(c) or [ = BX(d) for some k € Ny. First, assume that [ =
BX(c) for some k € Ny. Define

SO, t=p0),

0, otherwise.

h(t) =
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Clearly, i € D with h(c) = h(d) = 0. Then

d d c
/ FORBO) dst = f FORBW) dst - f FORB©) dst
=-(Il-BW)r*) #o0.

The case [ = 8¥(d) can be treated similarly.
Case II: [ = s¢. Let f(so) # 0 and without loss of generality assume f(so) > 0.
The continuity of f at sy implies limg_, o f(8%(c)) = limi_, o0 f(BX(d)) = f(s0).
Consequently, there exists ko € N such that f(8%(c)) > 0 and f(8%(d)) > 0 for all k > kq.
If s ¢ {c,d}, we define & by

F(BX()), = pF(c) for all k > ko,
h(t) = { f(BX)), t=p~(d) forall k > ko,
0, otherwise.

Hence,

4 oo
/ f(t)h(ﬂ(t)) dgt = Zk:ko (,Bk(d) _ ﬂkﬂ(d))fz(ﬁk(d))
- szo (B4(c) = B (0)f*(BX(c)) # 0.

For so = ¢, we define / by

k _ pk+
h(t):!f(ﬁ @), t=p1(d) forall k > k,

0, otherwise.

Therefore,

d oo
[ rom(po)dse = Y7, (85 - @) (B ) 0.
The case sg = d can be treated similarly. O

Definition 3.12 ([15]) Let g : [r]lgx] — 6,0 — R. We say that g(¢,-) is continuous in
0o uniformly in ¢ iff for every € > 0, there exists § > 0 such that |0 — 6y| < § implies
lg(z,0) —g(t,00)| < € for all t € [r]g. Furthermore, we say that g(t,-) is differentiable at
0o uniformly in ¢ iff for every € > O there exists § > 0 such that 0 < |# — 6y| < § implies
r%gfffw ~g(t,00) < € forall £ € [r].

Lemma 3.13 Assume g(t,-) is differentiable at 6y, uniformly in t for all t € [r]g and that
G@®) = fsf) g(t,0)dgt for 0 in a neighborhood of 0y and fS:) 80(t,00) dgt exists. Then G(0) is
differentiable at 6y with G'(6y) = /s:, 20(8,00) dpgt.

Proof Since g(¢,-) is differentiable at 6y uniformly in ¢, then for every € > 0, there exists
8 > 0 such that for all £ € [r] and for 0 < |# — 6| < §, the following inequalities hold:

(t,@)— (t,@) €
M_ge(wo) < ,
9—90 r—=So
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G(0) — G(6o) /’ g(t,0) —g(¢,00)
I C < = _gy(t,6p)|dst
060 = a0 & (6:60)] s
r
< dgt = €.
\/S() r—3So 4
Hence, G(-) is differentiable at 6y and G'(0) = fs :) go(t,00) dgt. (]

Following [2], Lemma 4.3, we show that their results hold for our general function B(t).

Lemma 3.14 Letf:1 — X, g: I —> R be B-integrable functions on I. If
|[f(t)|| <g(t) foralltela,blg,a,belanda<b,

then for x,y € [a,blg, x < 5o <y, we have

y y
/ FO)dyt| < f a0 dst, (3.13)
f g(t)dgpt (3.14)
and
y y
M@tffgm@t (3.15)

Consequently, if g(t) > 0 for all t € [a,blg, then the inequalities fsf) g()dgt = 0 and
fxyg(t)d,gt > 0 hold for all x,y € [a,b]g, x < So <.

Proof Since y > 5o, then gX*1(y) < B(y), k € No, y € [a, blg,

oo

[rodse < Y (0~ 500 (800

k=0

f(ﬂ 0) - B 0)g(B0)

y
g(t)dgt.

I
T

S0

Similarly, we can prove equation (3.14). Also, if x, y € [a, b]g and x < s¢ < y, then there exist
ki, k; € N such that x = X2 (a) and y = X1 (b). We conclude that

y
f(t)d,stH _

3 [(80) - B O (B 0)]

- i[(m) —ﬁk*%x))f(ﬁk(x))]H

k=ky

< Z(lgk+kl ()/) _ /Sk+k1+l ()/)) |V(ﬁk+k1 (J/)) ”
k=0
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+ Z(,BIMQH(?C) _ ﬁk+k2 (x)) |lf(,3k+k2 (x)) ”
k=0

Mg

(,Bk+k1 (y) 'Bk+k1+1 (y)) (ﬂk+k1 ()/))

>
Il

0

oo

Z k+k2 k+k2+1(x)) (ﬁk+k2 (x))

_ /yg(t) dyt _/ g(t)dyt - /yg(t) dyt.
50 50 x
Putting f(¢) = 0 in (3.13) and (3.15) we get fy )dgt > 0and [ g(t)dgt > 0.
Lemma 3.15 Letf:I — X and g:I — R be B-differentiable on 1. If
||Dﬂf(t) || <Dgg(t), tela,blg,a,belanda<b,
then
lf o) -f@)] <g») -g)

forevery x,y € [a,blpg, x <so <.
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(3.16)

Proof Assume || Dgf (t)|| < Dpg(t), t € [a,blg, a,b € I, a < b. By Theorem 3.8 and Lem-

ma 3.14 we obtain

y y
/ Dﬂf(t)dﬁtH 5/ Dﬂg(t)dﬁt,
X X
which leads to

lf») -f@)] <g0) - g).

We are now in a position to prove Theorem 2.19.

Proof of Theorem 2.19 Define the function g by g(£) = sup,; [|IDgf()lI(£ — x). We have
Dgg(t) = sup,¢; IDgf (D)l = SUP. [0 b1 IDgf ()l = IIDgf(B)Il, t € [a,b]g. Then, by Lem-

ma 3.15,
lf o) —f@)] <g() - glx) = stg)llDﬂf O~

4 Conclusion and perspectives

In this paper, we presented a general quantum difference operator Dgf(¢) =

SBW))-f@)
-t

where B is a strictly increasing continuous function defined on I € R which has only one

fixed point sy € I. This operator yields the Hahn difference operator when B(t) = gt + w,

w >0, g € (0,1) are fixed real numbers, and the Jackson g-difference operator when

B(t) = qt, q € (0,1). A calculus based on this operator and its inverse was established. For

instance, the chain rule, Leibniz’ formula and the mean value theorem.
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There is still a lot of work ahead of us. In one direction, we should establish existence and
uniqueness results of solutions of difference equations based on Dy (B-difference equa-
tions). Another direction is to establish the theory of linear quantum difference equations
associated with Dg. Finally, we should ask about the stability of such equations. The the-
ory of B-difference equations helps and allows us to avoid proving results more than one
time, once for g-difference equations, once for Hahn difference equations and once for
any choice of B.
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