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1 Introduction

The large-time behavior of global solutions and the associated infinite dimensional dy-
namical systems have become the essential aspects in the field of nonlinear evolutionary
equations such as the existence of global attractors, inertial manifold, uniform attractors,
pullback attractors, and their fractal dimensions for the autonomous and nonautonomous
systems with the unique solution have attracted attention of many mathematicians since
the 1980s.

From the physical viewpoint, Gilver and Altobelli [1] obtained a determination of effec-
tive viscosity for the Brinkman-Forchheimer flow model. Nield [2] dealt with an important
and classical problem (the momentum equation in a porous medium, i.e., the background
of the Brinkman-Forchheimer equation) involving the fluid mechanics of the interface re-
gion between a porous medium and a fluid layer. Vafai and Kim [3, 4] obtained an exact
solution to this problem using a Brinkman-Forchheimer-extended Darcy equation (gen-
eralized momentum equation). Whitaker [5] investigated the theoretical development of
the Forchheimer equation.

In mathematical analysis, for the autonomous Brinkman-Forchheimer equation, using
condition-(C) method, Ugurlu [6] and Ouyang and Yan [7] showed the existence of global
attractor in H}(2). Celebi et al. [8] proved the continuous dependence of solutions of the
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Brinkman-Forchheimer equations on the Brinkman and Forchheimer coefficients v and
y in H'-norm, which reflects the effect of small changes in coefficients of equations on
the solutions. It was shown in [9, 10], and [11] that the Brinkman-Forchheimer equation
has a global solution, which continuously depends on the coefficients. Moreover, they also
derived the convergence of corresponding solutions as coefficients tend to zero. In [6] and
[12], the existence of global attractors of the Brinkman-Forchheimer equation is obtained
by different methods. However, there are fewer results for the nonautonomous case. Re-
cently, in [13], the existence of D-pullback attractors for 3D nonautonomous Brinkman-
Forchheimer equation is deduced by establishing the D-pullback asymptotical compact-
ness of 6-cocycle. More references about the BF equation and relate models, please refer
to [2, 14-17].

In this paper, we consider the large time behavior (i.e., the existence of global and uni-
form attractors for the autonomous and nonautonomous Brinkman-Forchheimer equa-
tions by decomposition method and weak continuous method to establish asymptoti-
cal compactness for the semigroups and processes, respectively) for the 3D Brinkman-
Forchheimer equation that governs the motion of fluid in a saturated porous medium:

u; —vAu+ou+ Blulu+ylulPu+Vp=o(t,x), (1t eQ xR,
divu=0, (1) € xR",

u(t,x)]3o =0, teR",

u(t,x) =u.(x), xe,7>0.

(1.1)

Here Q C R3 is a bounded domain with sufficiently smooth boundary 92, u = u(t,x) =
(¢01(8, %), ua(t, %), us(t, x)) is the velocity vector field, p is the pressure, v > 0 is the Brinkman
kinematic viscosity coefficient, « > 0 is the Darcy coefficient, and 8 > 0 and y > 0 are the
Forchheimer coefficients.

In our paper, we use the composition to prove the existence of attractor for an au-
tonomous system by weak continuous method, which is introduced by Ball to derive the
uniform attractors for a nonautonomous system; this is different from the papers [18] and
[19].

The paper is organized as follows. In Section 2, we establish the existence of global solu-
tions for the 3D Brinkman-Forchheimer equation and introduce some useful preliminar-
ies and notation. Some concepts and theorems on the theory of global attractors for au-
tonomous dynamical systems are stated in Section 3. Some concepts and theorems on the
theory of uniform attractors for nonautonomous dynamical systems are arranged in Sec-
tion 4. Finally, the existence of uniform attractors for the 3D nonautonomous Brinkman-
Forchheimer equation is proved.

2 Global existence of solutions for 3D Brinkman-Forchheimer equations
Throughout this paper, C will stand for a generic positive constant, depending on €2 and
some constants, but independent of the choice of the initial time t € R and ¢.

The Hausdorff semidistance in X from one set B; to another set B, is defined as

disty(By, B3) = sup inf b1 — bs ] x- (2.1)

byeBy P2€b2

We denote by L”(£2) and H™(£2) the general Lebesgue and Sobolev spaces, respectively.
We set E := {u|lu € (C3°(2))%,divu = 0}, H is the closure of the set E in (L*(R2))? topology,
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and V is the closure of the set E in (Hy(R2))® topology, that is, we set V = H N (H}(2))3.
We set & := {ulu € (C*(R))%,divu = 0}, H is the closure of £ in (L*(2))* topology, V is
the closure of £ in (H!(2))? topology, W is the closure of £ in (H?(R2))? topology, and H’
and V’ are dual spaces of H and V, respectively. Clearly, V < H = H' < V’, where the

injection is dense and continuous. By || - || and (-, -) we denote the norm and inner product
of H, that is,
3
Z/ u;(x)v;(x) dx, lull? =, 00), 1, v € (Lz(Q))B, (2.2)
j=1 7
and || - ||y and ((-,-)) denote the norm and inner product in V, that is,
> du; Jv;
j j
) = - d ) yVE V 2.3
(7)) ;/gax Pt (23)
and
llul? = Z 19172y U E V. (2.4)

i=1,=1

Let P be the Helmholtz-Leray orthogonal projection operator from (L2(£2))® onto H. Let
Au = —PAu be the Stokes operator with domain D(A) = (H*(Q))? N (H}(£2))3, and let A be
the first eigenvalue of A; then the operator A : V — V’ has the property (Au,v) = ((&,v))
forall u,ve V.

The family of functions in L10 -(R; H) denotes a local Bochner integration function class,

and L2 »(R; H) denotes all translation bounded functions o (x, ) that satisfy sup, . ft llo (s,

%), ds < +oo for all o € L%OC(]R, H), that is, o is translation bounded in leoc( ; H). Obvi-
ously, L2(R; H) C L} (R; H).
Problem (1.1) can be written in an abstract form
uy + vAu + au + B(u) = o (t,x), (2.5)
divu =0, (2.6)
ulae =0, (2.7)
u(t,%) = U, (2.8)

where the pressure p has disappeared by application of the Leray-Helmholtz projection P,
B(u) = PF(u), F(u) = Blu|u + v |u|?u. Clearly, system (2.5)-(2.8) is equivalent to (1.1).

Similarly to the autonomous case, the existence and uniqueness of a global solution for
(1.1) can be derived by a standard method as in [8, 12], or [10].

Theorem 2.1 Assume that o € L120c

(R,H) and u, € H. Then problem (2.5)-(2.8) possesses

a unique global solution u(t, x), which satisfies

u e C([z,+00); H) N L3 (x, T; V) N L (z, T; (L4(R)°). (2.9)
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Moreover, choosing a nonautonomous fixed external force oo(t,x) € Li(R, H), the global
solution u(t, x) generates a process {U,(t,t)} (t €R, t > 1,0 € X), which is continuous with
respect to u,, where o is a symbol that belongs to the symbol space ¥ = H(op) = [{oo(s +
h)\h e R}]L%OC(R,H)with [-1£ meaning the closure in the topology of E.

Remark 2.1 For the autonomous system, Theorem 2.1 also holds if the external force
satisfies o (x) € H.

3 Existence of global attractors for autonomous system
The autonomous system can be written in the abstract form

Uy + VAU + au + Blulu+ ylulPu=hlx), xe, (3.1)

divu =0, (3.2)
with the slip condition and initial data.

Theorem 3.1 For any h € V' and u, € H, the semigroup {S(t),t > t € R*} generated by
system (3.1)-(3.2) has a global attractor A, which is invariant, compact, and attracts all
bounded subsets of H in the topology of H.

The proof can be divided into two steps. First, we prove the existence of absorbing sets;
next, we shall use the decomposition method to prove the asymptotical smoothness for
the semigroup.

Since the injection H < V' is dense, for any # € V', we can find a function #* € H
depending on / and ¢ such that

|h-h <e. (3.3)

Using a technique similar to that in Zelik [20], we decompose the semigroup into
S®uo = Sy(B)uo + Sw(t)uo with S, (t)up = v(¢) and S, (£)uo = w(¢) that satisfy the following

linear and nonlinear equations respectively:

Ve + VAV +av =h - K,
divv =0, (3.4)

v(x,0) = u (x),
and

Wi + VAW + aw + Blulu + y |ul?u = k°,
divw =0, (3.5)
w(x,0)=0, xe€Q.

Lemma 3.1 Let the external force h € V', and let u, € H. Then the semigroup has a
bounded absorbing set By in H, where

By={ueH:|uly < p}

is a bounded set in H.
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Proof Taking inner product of (3.1) with u and integrating by parts over 2, we have

d
5E|IM|I2 + VI Vull® + aflull® + Bllulys + yllulzs = (Ax), u)

A2
<avu? + —5,
AV

where || - || denotes the H norm, and || V(-)|| is equivalent to the V norm.

The Poincaré inequality || Vu||? > A||u||? implies

2
o+ vl

1d 1
Eallull2 +avllul® + aful? < H||h(x)|

that is,

d 2
Tl + 2elal” < = B

By the Gronwall inequality we have

1
Jute 0> = e P+ — @) .

2

. - 1
Choosing p? = e ||u. ||* + = | h(x)|1},,

ball for the semigroup {S(¢)}:>0 in H.

(3.6)

3.7)

(3.8)

(3.9)

we get that By = {u : ||u||?, < p?} is an absorbing

O

Theorem 3.2 For any h € V', the semigroup {S(t)|t > 0} generated by system (3.1)-(3.2)

with the initial data and boundary value problem in (1.1) is asymptotically smooth in H.

Proof We shall use decomposition method to achieve the result in the following lem-

mas.

O

Lemma 3.2 For system (3.4), there exists a constant ¢ = ¢(h,8) such that the solution of

(3.4) satisfies, for any t > 0,
2 2 2
|Sv@uclyy = [V t) [, < Qlluclim)e > +8,
where Q is a positive increasing function on [0, +00).

Proof Multiplying (3.4) with v(¢) and integrating over 2, we deduce

2
VAV,

1d, 1
—ZvIP +vIVV|? +a|v)|? < —=||h - K®
2dt” [ Vvl lvil” < Y || |

which means that
d 2 a_ 2 &2
VI + 2aivl™ < JHh—h (2
Applying the Gronwall lemma, we have

- 1
W15, < Qluellm)e > + — = k[,

Choosing ¢ < vaA§, we complete the proof.

(3.10)

(3.11)

(3.12)

(3.13)
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Lemma 3.3 For any time T > 0 and any ¢ > 0, there exists a nonnegative constant M >
0 depending on the constants T, h®, ||u. ||y such that the solution to system (3.5) has the

property
ISt = |wee) [}, < 1. (3.14)

Proof Taking inner product of (3.5) with w(t), we obtain

1d

——/ |w|2dx+v/ |Vw|2dx+oz/ \w|* dx + (B(w), w) = (h°,w), (3.15)
Zdt Q Q Q

where B(u) is defined in Section 2.
By the Cauchy inequality and the Sobolev compact embedding V < L%(Q) < L*(R)
we have

2 3
(nf,w) < |k | Ilwll < 3% |7e])? + 7“ /Q IRE (3.16)
and

| (B, w)| = C(llaellza + 1wl + laell s + [ w?])
C
= Cllullgs + — llullzs + Cellwlzs

4 4
< C(llullga + IVII7a)

< C(lluljs +1). (3.17)

Substituting (3.16) and (3.17) into (3.15) and then using Theorem 2.1 and Lemma 3.2, we
derive

%f |w|2dx§c’(/ |w|2dx+1), (3.18)
Q Q

where the constant C' = C'(v,a, B, ¥, A, |15 |1%, |4 ||?) > 0, which yields
/ lw>dx <€, t>0. (3.19)
Q

Since the embedding V < H is compact, we can deduce the asymptotical smoothness
for the semigroup, which completes the proof of the lemma and Theorem 3.1. d

4 Some preliminaries of uniform attractors
For the nonautonomous evolutionary system

81:14 :Ag(t)u, (4.1)

where A, is an operator, we introduce the two-parameter processes U, (¢, 7) : E — E that
describe the solution trajectory, where U, (¢, 7) : E — E satisfies

U, (t,5)Us(s,T) = Us(t,T), t=s>1,T€R, (4.2)
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U,(t,7) =1 (identity operator). (4.3)
The translation semigroup {S(%) : R — R|/# > 0} maps it into itself and satisfies

oo(s + h) = S(h)oo(s), (4.4)
U, (t + hr T+ h) = US(h)a (t) T)’ (45)

forany o € ,¢ > 1, T € R, h > 0, where we choose arbitrary but fixed o € LZ(R; W),
Y =H(og) = [{oo(- + h)|h € R}]le ®W) 18 the symbol space, and the extended phase space
of the nonautonomous system (3.1) is E X H(0p).

Definition 4.1 Denote by B(E) all bounded (in the norm of E) sets in E. Then a set By is
said to be a uniformly (w.r.t. o € H(0y)) absorbing for the family of processes {U, (¢, 7)},
o € H(oy) if for any set B € B(E), there exists some time £, = £o(53,7) >  such that
Uaewao) U,(t,7)B C B, for all t > £,.

Definition 4.2 A closed set A C E is called a uniform (w.r.t. ¢ € H(oy)) attractor of the
processes {U, (¢, 7)}, o € H(oy) if for all B € B(E) and arbitrary fixed t € R, there exists
some time ty = £y(B3, T) > 7 such that

lim  sup distg(U, (6, 7)B,A) =0

t—>+ooa€7_[(60)

for all ¢ > £y, where distg(X, Y) denotes the Hausdorff semidistance between sets X and Y
in the topology space E.

Definition 4.3 The family of processes {U,(¢,7)}, 0 € H(op) is said to be (E x X,E)-
continuous if the map (&, o) — U, (t, 7) is continuous from E x ¥ to E for all fixed t > 7,
teR,o0eX.

Definition 4.4 The family of processes {U, (¢, )}, 0 € H(0p) is said to be uniformly (w.r.t.
o € H(op)) asymptotically compact in E if {U,»(Z,, r)u(T”)} is precompact in E whenever
{u\"} is bounded in E,0" C H(0p), and {t,} C R, t, — +00 as n — +00.

Definition4.5 A closedset A C Eis called a uniform (w.r.t., o € H(oy)) global attractor of
the processes {U, (¢, T)}, o € H(op), acting on E if A is a closed and uniformly attracting set
in E and A satisfies the following minimality property: A belongs to any closed uniformly
attracting set of the processes {U, (¢, 7)|o € H(oy)}.

Theorem 4.1 The (E x X, E)-continuous processes {U,(t,t)}, 0 € H(oy), have a uniform
(w.rt. o € X) compact attractor Ax in E that satisfies

As = w05(Bo) =wrs(Bo) = | ] wex(B) (4.6)
BeB(E)
if
(i) there exists a bounded uniform (w.rt. o € ) absorbing set By of processes {U, (¢, T)},
o €X,and

(ii) the processes {U,(t,7)} (0 € X) are uniformly asymptotically compact.
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Proof See, for example, [21]. O
5 Uniform attractors for 3D nonautonomous Brinkman-Forchheimer equations
inH

Choose an arbitrary nonautonomous force but fixed oy (x, £) € Li (R, H), that is,

t+1 2
sup/ ||ao(s) ||Hds < +00.
teR Jt

Taking ¥ = H(oy) (defined in Theorem 2.1) as the symbol space of problem (2.5)-(2.8),
Yo € X is called the symbol of system (2.5)-(2.8).

Obviously, H(oy) is strictly invariant under the acting of the translation semigroup
{S(n)}n=0, that is, S(h)H(og) = H(oy) for all 1 > 0.

By Theorem 2.1 the global solution generates the process class {U,(¢,7),t > 7,7 € R},
o € H(op), that is, U, (¢, T)u, = u(t), where u(t) is the solution of problem (2.5)-(2.8) with
symbol o € X and initial data u, € H.

Lemma 5.1 Let the external force 0 € ¥ and u, € H. Then the process has a bounded
uniform (w.r.t. o € H(oy)) absorbing set By in H, where

By={ueH:|uly < Cllooll 2w = o}
is a bounded set in H.

Proof Multiplying (1.1) with « and integrating on €2, by the Young inequality we conclude

ld 2 2 2 3 4
5 g 1I” + vIVal® + erllull™ + Bllullys + v llul 4

2 2
=/ o(t,x)udx < g||u||2+ﬂ. (5.1)
Q 2 o

Then integrating over [z, £], we have
L
fluel|* + / uIIVull® + allull® + 2B11ul}s + 2y lullfs) ds
T
4 (! 2 9
<— | oG] ds+llu > (5.2)
o T
Hence,
2 ! 2 4 2 2
I+ | @aav+ llul*ds < = | o ()] ds + llucl?, (53)
T T

where 1; is the first eigenvalue in the Poincaré inequality.
By Gronwall’s inequality we derive

t
”M(t)”z < ||ur|| e—(2A1v+o¢)(t—r)+ g/ e(Z)qux)(s—t)Ha(s)“st
T

4 t
< ”ut” e—(2A1v+a)(t—r) + E(/ e(2k1v+a)(s—t) ”O'(S) ||2dS
t-1
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+ / ! P10 5 () H2 ds+-- )
t-2
< llu |PemGrvedtes ( / o] ds
t-1 t-2
+e—(2xlu+a)f2 ”U(s)szHe—z(z»\wm)/3 ”a(s)szSJr...)
t— t—

4
-QAv+a)(t-1) , T —(2Av+a) —2(2Mv+a) 2
< lucl"e s (1+e te + )||G(S)||Li(R;H)

4 1 2
-Qrpv+a)(t-7) , =~
< llull"e o (1 —87(2)‘1‘”0[)) ||J(S) HL%(]R;H)
4 1 2
—(2Av+a)(t-1)
< ||lu e + =1+ —— )| o(s
< llucll a( 2y +a)> o )HLg(R;H)
4 1
—(2A1v+a)(t-1) 2
< |, ||%e + =1+ —)|lo . 5.4
< el a( oo +w)>|| o2 (5.4)

Now choosing ||, ||?e”®1+)t=) < 2(1 4 , there exists a time t; =

(2A1v+a )” OHLZ RH

tola, Ay, ||00||L2RH) > 0 such that By = {u : |lul> < p?}, where p* =21+ m)
llooll? () that is, By is a uniformly (w.r.t. 0 € X) absorbing ball for the process {U, (¢, 7)}
in H. O

Lemma 5.2 Let {u”} be a sequence converging weakly to some u, in Banach spaces V, H,
and (L*(R))3, and {c"} € H(0y) be a sequence converging weakly to some o € H(oy). Then
Sor any fixed t > v € R, Un(t, T)u? — U, (¢, T)u, weakly in L*(t, T; V), C(t, +o0; H), and
Lz, T;(L*(R))3) for all t > T, respectively.

Proof Noting that {Uy» (¢, T)ul} = {u"(t)}, U, (¢, T)u, = u(t), by Theorem 2.1 we know that
{"(¢)} and u are bounded in L2(z, T; V), C(t, +o0; H), and L*(z, T; (L*(£2))?), and hence

the weak convergence holds. O

Lemma 5.3 Foranyo € ¥ = H(oy), the family of processes {U,(t,T)}, t > © € R, generated
by the global solution of (2.5)-(2.8) are (H x X, H) continuous.

Proof Lettand t be fixed, and forany T > 0,t > 7, £,7 € [0, T, let {(u?,0")} C H x H(0p)
be a sequence that converges to some {(u,,0)} C H x H(0yp), and let " (¢) and u(¢) be the
solutions of problem (2.5)-(2.8) with symbols ¢”, ¢ and initial data #”, u., respectively.

Setting
n(t) I/l(t) un(t) = (t T)M'E ua”(tlt)u;l) n= 1)2)-”,

we can see that w”(t) is a solution of the following problem for each integer n:

ow"
ot

+ VAW + aw” + B(u) —B(u") =0 -0o", (5.5)

Wee =Wl =u, —u?, tv>0. (5.6)

Page 9 0of 18
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Taking the inner product of (5.6) with w” in H, we get

1d
2ai

whw ) + v(Vw", Vw”) + a(w",w”) + (B(u) —B(u"),w”)

= (o —o",W") <a(w",w')+ é”o - U”HZ, (5.7)
where

|(B(u) - B(u"), w")|
< C|(ﬂ|u|u+y|u|2u—ﬁ|u”|u"—y|u”|2u”,w”)|
< C|(,3|u|u—,8|u"|u+ﬂ|u”|u—ﬁ’u”‘u”,w")
+ (y|u|2u—y|u”|2u+y|u”|2u—y|u”|2u”,w”)|
< ClB(ully + |u"],)

+ v (v sl + Nl + | gaays) 1w (5.8)

Hence, from (5.7)-(5.8) it follows that

|| w'(¢) || —(B(u) - B(u"),w") + (o — 0", w")

< 2o o>+ C[B(uly + |],)

o

2dt

v (el Nl + el gaays + 5] o) w7 (5.9)
Applying the Gronwall inequality to (5.9), we obtain

[w'@&)|® = Ut 0)ue - Upn(t, 0l |

< [lw-u+ X [Jowr-o0] ds}exp{c[ (I
y (leellv llally + el sy + 4| o }
< [l [ lo- |ds]
xexp{C/T By + [w],)

y (el sl + el s e + 2" ||(L4(Q))3)]ds}

5o (5.10)

since by Theorem 2.1 the following estimates hold for any fixed t > 7 € R:
T
eXP{C/ (Bl + [[u”]|) + v (laliv el + Nl gy + [ [ oy )]dS}

T
< exp[C(T,y,ﬂ)/r (leeliy + ][5, + ot oo + ||?L4(Q))3)dsi| <+00. (511)
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Therefore, (5.10) implies the (H x H(0o), H) continuity of the processes {U, (¢, 7),t >
Tt € R}, 0 € H(op), defined on H. O

Lemma 5.4 Let {u!} be a sequence in H converging strongly to some u, € H in the norm
of H, and let {c"} be a sequence of H(oo) converging strongly to some o € H(oo). Then for
any fixed v € R, Upn (-, T)u” — U, (-, T)u, strongly in L*(t, T; H) foe all t > .

Proof From (5.10) we can derive that for any ¢ > 7, t,7 € [0, T, the following inequality
holds:

|u(e) - w' )] < ||
= || Uy (8, 7)itr = Upn (8, 0|

< C(T)[||u, —u|+ c/t |o(s) - o™(s)|* ds}. (5.12)

Integrating (5.12) over [t, T] with respect to ¢, we have

T 2
/ ) - ()| di

T
= ” ua(t! t)ut - Ua"(t’T)”;: szt

<C(T)e. (5.13)
The proof of the lemma is thus complete. d

Lemma 5.5 For any o € H(oy) and u, € H, the family of processes {U,(t,t),t > 1 € R},
o € H(ov), defined on H, corresponding to equations (2.1)-(2.4) is uniformly (w.r.t.o € X)
asymptotically compact in H.

Proof Assume that {u!} is a bounded sequence in H, {o"} C H(oy) and {t,} € (7, +00),
t, — +00 as n — +00.

From the proof of the existence of uniformly absorbing sets we can see that for any fixed
7 € R, there exists a time Ty = To(p, 7) depending on the radius p of the absorbing ball
and t such that for all ¢, > T, {Uyn(,, T)u’} C By, where By is defined in Lemma 5.1.

By Lemma 5.2 the sequence {U,»(Z,, T)u’} is weakly precompact in H, and hence we
have

Uyn(ty, T)ut — u  weakly in H as n — +00 (5.14)

for some u € H and some subsequence (still denoted by) Uy (t,, T)u’.
Similarly, foreach T >0 and ¢, > Ty + T,

Wy = Usn(t, — T,7)u = ur weakly in H as n — +00 (5.15)

for some ur € H.
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Noting that the translation semigroup {S(%) : & > 0} satisfies
Ustyo (6, T) =Us(t+ T +h), VYh=>0,t>1eR,0 €H(op), (5.16)
we see that

UU” (tn: T) = ua" (tm Ly — T)ua" (tn - T; f)

= uS(tn—T)a”(T: O)U(T"(tn -7, T)) Ly — T >T. (5'17)
Letting o} = S(¢, — T)o", from (5.17) and (5.16) we derive

Usn (tm ‘L')I/l}; = ua;’w(T1 O)UU" (tn -T, T)u:—l

= Upp(T, 007, ty-T=>7. (5.18)

2
loc

Since {o}} C H(op) and X = H(oyp) is compact in Li (R; H), there exist a subsequence

of {07} (also denoted by {¢}}) and some o7 € H(0p) such that
of — or stronglyin L (R;H) as n — +00,YT > 0. (5.19)
By Lemmas 5.2 and 5.4 and by formulas (5.14)-(5.15) and (5.18) we conclude
u=Us(T,0ur, VT>O0. (5.20)
Next, we want to prove the asymptotic compactness in H, that is,
|| Ua¥(tn, T)ul — uH — 0 asn— +00, (5.21)
that is, it suffices to prove that
I U (b, 7)1} | = lul asn— +o0 (5.22)
and

U[,;(t,,, T)u! ~u inHasn— +o0. (5.23)

However, (5.14) clearly ensures (5.23). Next, we only need to prove (5.22).
To this end, we shall prove that

lim inf|| Uy (8, T)aay || = lim inf|| Upn (T, 0)as’p || > [lull, (5.24)
n—+00 n—+00
limsup” Uon (ty, T)l || = limsup” L[[,¥(T, O)u’}H < |lu]. (5.25)

However, the weak convergence of the corresponding sequences (i.e., (5.14) and (5.15))

and Lemma 5.2 ensure that (5.24) is true, so our aim is only to prove (5.25).
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Taking the inner product with the both sides of equation (2.5) by u, we obtain

%%(u, u) +a(u,u) = (—B(u) - VAu + o, u) = (o(t), u) - G(u(t)), (5.26)
where G(u(t)) = (B(u) + vAu + au, u) = (PF(u) + vAu + au,u) = (P(Blulu + y |ul®u) + vAu +
ou, u).

Integrating (5.26) over [t,t] with respect to the time variable, we derive

t

llull® = (u(t), u(®)) = (u(z), u(r))e ™ +2 / e (5 (s), u(s)) ds

T

-2 /tez"‘(”)G(u(s)) ds. (5.27)

Substituting u(t) in (5.27) by U(,;(T, 0)u’} and changing the integration domain to [0, T,
we deduce

| U (T, 0)et|* = (U (T, 00y, U (T, 0’

T
_ (MV}, Mr%)e—ZaT +92 / e~ 2(T—s) (USH(S): U,n (s, O)u:’) ds
0
T
- 2/ e_Z“(T_S)G(UGSn (S,O)u”) ds
0

s

= 11 + 12 + 13. (528)

Similarly, substituting u(¢) in (5.27) by U, (T, 0)ur and changing the integration domain
to [0, T], we have

|| UGT(T, O)”T ”2 = (UUT(T’ O)MT) U(TT(T) O)MT)

T
= (ur,ur)e™T + 2/ e~ 2(T=5) (05(s), Uy (5, 0)uss) dds

0
T
-2 / e T9G(U,,(s,0)us) ds. (5.29)
0
Next, we shall deal with the right-hand side of (5.28) term by term. From Lemma 5.1 we
derive
limsupf; = limsup(uf, uf)e " < p2e 7. (5.30)

Since L*([z, T); V) << L*([r, T);H), from (5.15), (5.18), and Lemma 5.2 we deduce
that

Uy, (s,0)ull = Uy (s,0)u;  weakly in L*([t, T};H),¥T > 7, (5.31)

whence we can deduce from (5.31) that

T
lim I, = lim 2/ e 2T (0(s), U,z (s, 0)u) ds
0

n—00 n—00

T
= 2/ g2 (T=9) (as(s), Uy, (s, 0)145) ds. (5.32)
0
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Next, we will deal with I35 on the right-hand side of (5.26), which we shall prove in
Lemma 5.6 (to be proved later on), that is, we want to prove

T
limsuplz = limsup(—Z/ e’za(t*S)G(Uas” (s,0)ul) d5>
n n 0
T
= —liminf(2 / e G (Uyn (s, 0)ul) ds)
n 0
T
<-2 / e 2 G(Uy, (s, 0)ug) ds. (5.33)
0

Combining (5.29), (5.30), and (5.32)-(5.33), we obtain

timsup( || oy (T, 0)id2|*) = (Upp (T, 0)itle, Uy (T, )it
T 2
< p?e 2l 4 2/ e 207 (1) (as(s), Uy, (s, O)MS) ds
0

T
-2 / e‘2°‘(t_S)G(LI(,S (5,0)us) ds
0

= || UJT(Tr O)UTH2 - (MT; LtT)e_ZO‘T + p2e—201T

< |Uop (T, 0)ur |* + 202727 (5.34)
Hence, letting T tend to +o0 in (5.34), we derive
lim || Uyn (6, T)ec2]|* = limsup|| Uy (T, 0)utl
n—oQ n,T—)OO
< limsup(| L[(,T(T,O)MTH2 +2p2eT)
n,T— 00
= | o, )ac | = D), (5.35)

which, along with (5.24), gives

limsup | Uy (T, 0)udz || = i [[ Uy (6 )0 I? = |t (& e | = luall®. (5.36)

n,T—00

Combining the norm convergence (5.36) and weak convergence (5.23), we obtain

lim || Uy (b0, T)ut — | = 0. (5.37)
n—00 T
To complete the proof of Lemma 5.5, we need to prove the following lemma. O
Lemma 5.6

T
limsup I3 = lim sup (—2 / e‘za(t_s)G(U,,Sn (s, O)uf) ds>
0

n n

T
- —liminf(Z / e IG(Uyp (s, 0)uy) ds)
0

n

T
<-2 f eI G(U,, (s, 0)us) ds. (5.38)
0
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Proof From (5.15), (5.18), and Lemma 5.2, by the embedding theorem we have:

U(,;(s, 0)u7 — Uy, (s,0)ur weaklyin C(0, T; H), (5.39)
Usn (s, 0)u’y — Uy (s,0)ur  strongly in L*(0, T; H), (5.40)
Uyp (5, 0)0t — Uy, (5, 0)ur  weakly in L*(0, T; (L*())*). (5.41)

To end the proof of (5.38), we should complete the proof of the following formula:

T T
liminf(/ e‘za(“s)G(UGSn (5,0)ul’) ds) > / e‘zo‘(t‘s)G(Uas(s,O)us) ds, (5.42)
0 0

n

where G(u(t)) = (B(«) + vAu, u) = (P(Blulu + y|ul’u) + vAu, u).
Since A : D(A) — H is a linear positive definite operator, from (5.39)-(5.41) it follows
that

T
liminf / e 2 (VAU (s, 0)u, U, (s, 0)u") ds
" 0

T
2/ e’z"‘(t_s)(vALI(,x(s,O)us, Uy, (s,0)uy) ds. (5.43)
0

Next, we want to prove that

T
lim [ e (B(U,n(s,0)u), Uyn(s,0)u) ds

n—+00 Jo
T
- / e 2= (B(U, (s, 0)uts), Uy (5, 0)u) dis. (5.44)
0
Setting

K{'(s) = (B(Usz(s,0)ul)), Upn(s, 0)ul),

I<2(S) = (B(uﬂb (S) O)MS)) L[as (S) O)MS);
we consider

T
I= / e (K3 (s) - Ki'(s)) ds
0

T
< / &2 (B U (s, 0) it | Uy (5, 0) 14 + ¥ | Uy (5, 0) et | Uy (5, 0) 1t
0

-B } UUS” (s, 0)”? | UUS” (s, 0)”? -V | UUS” (s, 0)”? |2UUS” (s, O)M;qy

Us,(s,0)us — Uyn (s, O)Mf) ds

S

T
< C‘ / e 2= (B| Uy, (s, 0)uts | U (5, 0) s — B Uz (5, 0)ua’”| Uy (5, 0) s
0
+ /3|U<,Sn (S,())uﬂl,[as(s, 0)us — ,3|Ugsn (s,O)u;’|LIUSn (s,0)ul,

U, (5, 0)uts = Uz (s, 0)u)

s
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+ (7| Uy (5, 0)ats | Uy (5, 0)at — [ Uyr s, 0)1a? | Uy s, 0ty

+y |Usa(s, O)u:’| Uy, (5,0)uts — y | Upn (s,O)uf|2L[c,sn (s,0)ul,

U, (5,0)us — Usn s, O)us”) ds

s

T
: C./o eI B([Un, s, O | + [[ Lozl 0l ])

+ 7 ([ Un (5, Ouss [ | Uy (5,00 |, + | Ui s 0t 45

| U (5,00 | ) ]| Ui 5 0)ats = Uign(s, 0)ee? | dis

T
<c| [ e (|t s, 0ml, + s 0u})
0

7 ([ Uy (5, 0| | e (5, 00l [, + || Ui 5, 0Dtk | 5

+||U (s,0)u || )3+C)d
x | sup || U, (5, 0ss — (s, 002 || (5.45)
s€(0,T]

By Theorem 2.1, Lemma 5.2, and Lemma 5.4, since

T
[ Bt 5 0l + s 01
0
([ Uo (s, 0t [, | U (s, 00 [, + [ Ui (5, 0t [ 0
+ || U, (s, 0)uy || )P * C) ds

< 400, (5.46)
we conclude

[<C(T) sup |[Uy(s,0)us — Uyn(s,0)u||* — 0 (5.47)
s€[0,T]

as n — 0o, that is,

T
lim = lim e 2= (K3 (s) — KJ'(s)) dis

n—+00 n—+00 0

= nETwe 2o ( (Usy (s, 0)ug), Uy (s, 0)uts )

- (B(L[Usn (s, O)I/l;l), Uy (s, O)u;’)) ds

-0. (5.48)

Combining (5.42)-(5.43) and (5.48), we complete the proof. O
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Remark 5.1 For all bounded sets B € H,

As=one®= | ) U Ytss (5.49)

BeB(H) t=t o €H(og) s=t

Combining the uniformly (w.r.t. o € H(oy)) absorbing property (i.e., Lemma 5.1), the
continuity of the process (i.e., Lemma 5.3), the asymptotic compactness property of the
processes {U, (¢, 7)} (0 € H(op)) in H (i.e., Lemma 5.5), from Theorem 3.1 we deduce the
existence of a uniform attractor in the following theorem.

Theorem 5.1 Assume that u, € H, 0 € £ C L}, (R;H). Then the family of processes
{U,(t,7),t > 1 € R} (0 € H(op)) generated by the global solution of problem (1.1) or (2.5)-
(2.8) possesses a uniform (w.r.t. o € & = H(0y)) attractor Ay sy = As in H.
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