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1 Introduction and results

Let R and R, be the set of all real numbers and the set of all positive real numbers, re-
spectively. We denote by R” (1 > 2) the n-dimensional Euclidean space. A point in R” is
denoted by P = (X, x,), X = (x1,%2,...,%,-1). The Euclidean distance between two points P
and Q in R” is denoted by |P — Q|. Also |P — O] with the origin O of R” is simply denoted
by |P|. The boundary and the closure of a set S in R” are denoted by 8S and S, respectively.

We introduce a system of spherical coordinates (r,®), ® = (61,05,...,6,.1), in R” which
are related to Cartesian coordinates (x1, %3, .. .,%,_1,%,) by x, = rcos 6;.

The unit sphere and the upper half-unit sphere in R” are denoted by $” and S"!,
respectively. For simplicity, a point (1, ®) on S"! and the set {®;(1,®) € Q} for a set €,
Q C S"71, are often identified with ® and €, respectively. For two sets E C R, and Q C
S"71, the set {(r,®) € R%;r € E, (1,8) € Q} in R” is simply denoted by E x . In particular,
the half-space R, x S"! = {(X,x,) € R";x, > 0} will be denoted by T,,.

For P e R" and r > 0, let B(P, r) denote the open ball with center at P and radius r in R".
S, = dB(0,r). By C,(2), we denote the set R, x Q in R” with the domain £ on S"!, We
call it a cone. Then T, is a special cone obtained by putting 2 = $”!. We denote the sets
I x Q and I x 92 with an interval on R by C,(£2;1) and S,(£2;1). By S,(€2;r) we denote
C.(2) N S,. By S,(£2) we denote S, (€2; (0, +00)) which is 4C,(2) — {O}.

We use the standard notations u* = max{u, 0} and ¥~ = —min{, 0}. Further, we denote
by w, the surface area 27"/2{I"(n/2)}~! of $"~1, by 3/3n, the differentiation at Q along the
inward normal into C,(£2), by dS, the (n —1)-dimensional volume elements induced by the
Euclidean metric on S, and by dw the elements of the Euclidean volume in R”.

Let Q be a domain on §"! with smooth boundary. Consider the Dirichlet problem

(Ap+X)e=0 ong,
¢=0 onoas,
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where A, is the spherical part of the Laplace operator

A _nmld 9 A,

—t —+ —.
n
r or 0r: r?

We denote the least positive eigenvalue of this boundary value problem by X and the nor-
malized positive eigenfunction corresponding to A by ¢(®),

/ P*(©)dS; = 1.
Q

In order to ensure the existence of A and smooth ¢(®), we put a rather strong assumption
on Q:if n > 3,then Qis a C>**-domain (0 < « < 1) on §”! surrounded by a finite number of
mutually disjoint closed hypersurfaces for the definition of C>*-domain. Then ¢ € C*(R)
and dp/dn > 0 on 92 (here and below, d/dn denotes differentiation along the interior
normal).

We note that each function rﬁiq)(®) is harmonic in C,(2), belongs to the class
C%(C,(2)\{0}) and vanishes on S,(R2), where

R =+ 24/ (n—2)% + 4.

In the sequel, for the sake of brevity, we shall write x instead of 8" — X~. If = §”71, then
R*=1,R" =1-nand p(®) = 2nw; )2 cos ;.

Let Go(P,Q) (P = (r,0),Q = (¢, ®) € C,(£2)) be the Green function of C,($2). Then the
ordinary Poisson kernel relative to C,(2) is defined by

1 0
PIQ(P! Q) = C_%GQ(P’ Q):

where Q€ S,(RQ), ¢, =2n ifn=2and ¢, = (n-2)w, if n > 3.

The estimate we deal with has a long history which can be traced back to Levin’s
type boundary behaviors for functions harmonic from below (see, for example, Levin [1],
p-209).

Theorem A Let A be a constant, u(z) (|z| = R) be harmonic on Ty and continuous on 3T ,.
Suppose that

u(z) <AR°, zeTyR>1,p>1
and

lu(@)| <A, R<lzeT,.
Then

u(z) > —A1A, (1 + Rp) sinla,

where z = Re™® € Ty and A, is a constant independent of A1, R, o and the function u(z).
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Recently, Pan et al. [2] considered Theorem A in the n-dimensional case and obtained
the following result.

Theorem B Let A3 be a constant, u(P) (|P| = R) be harmonic on T, and continuous on T,,.

If

u(P)<As3R’, PeT,R>1,p>n-1 (1.1)
and

u(P)| <A;, R<LPeT, (1.2)
then

u(P) > —A3A4(1 + R”) cos' ™" 0,
where P € T,, and A4 is a constant independent of As, R, 6, and the function u(P).
Now we have the following.

Theorem 1 Let K be a constant, u(P) (P = (R, ®)) be harmonic on C,(Q) and continuous

on C,(Q). If

u(P) <KR"®, P =(R,0)e C,((1,00)),p(R) > R* (1.3)
and

u(P)>-K, R<1,P=(R,0)eC,Q), (1.4)
then

u(P) = —-KM(1 + p(R)R"®) 0,

where P € C,(2), p(R) is nondecreasing in [1,+00) and M is a constant independent of K,
R, ¢(0) and the function u(P).

By taking p(R) = p, we obtain the following corollary, which generalizes Theorem B to
the conical case.

Corollary Let K be a constant, u(P) (P = (R, ®)) be harmonic on C,(2) and continuous on
Cu(). If

u(P) <KR’, P=(R,0)eC, (Q; @, oo)), o> R*
and

M(P) Z _1<1 R = 11P = (R: ®) € C}’I(Q)r
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then
u(P) = —-KM(1 + R")¢' ™0,

where P € C,(2), M is a constant independent of K, R, ¢(0) and the function u(P).

Remark (see [2]) From corollary, we know that conditions (1.1) and (1.2) may be replaced
with weaker conditions

u(P) <As3R’, PeT,R>1,p>1
and

u(P)>-As, R<LPeT,
respectively.

2 Lemma
Throughout this paper, let M denote various constants independent of the variables in
question, which may be different from line to line.

Lemma 1 (see [3-5])

PILo(P,Q) < Mr*"t**-lgo(@)%@) (2.1)
[

forany P = (r,0) € C,(Q2) and any Q = (¢, P) € S,,(Q) satisfying 0 < f < %;

¢(0) 0p(P) ro(®) 9¢(P)

Ta(P, M 2.2
PLa(P,Q < MEP 0 =2 Mo (2.2)
forany P = (r,0) € C,(Q2) and any Q = (¢, P) € S,,(2; (%r, %r)).
Let Gor(P, Q) be the Green function of C,(£2,(0,R)). Then
0 P, .
0GB D ¥ R (01 (@), 23)

where P = (r,®) € C,(R2) and Q = (R, ®) € S,,( R).

3 Proof of theorem
Applied Carleman’s formula (see [6—8]) to u = u* — u~ gives

* 1 M\3a d
X/ %dSR+/ u+<T—_)_¢dUQ+dl+_2
Sa(r) R sa@@r) N\ RX ) n Rx

u 1 £\ 9
- X/ =2 asp +/ u-(—R - —) 2 doq. CRY
SuR) R~ Su@R)  \I Rx ) on

It immediately follows from (1.3) that

X / 28 dsp < MKRAON' (32)
suisur) K
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and

1 M\9
(5
Su@R)  \I7 Rx ) dn

R (-8—-1
[ (e e,
1

< MKR'®™",
Notice that
ds R+
di + — < MKR’ .
Rx
Hence from (3.1), (3.2), (3.3) and (3.4) we have

M_(p (R)-R*
suxm) RS

and

1 &\9 .
/ u (—N — —) —(p dO’Q < M](RP(R)_& .
Sa@r) \f  RX ) dn
And (3.6) gives

i
/ w it 2 dog
Sn((LR) an

p(R)+1 +
(p(R) + 1)* (,o(R) +1 )p( p® RN

MK R )
MR D — R\ p®

Thus

P .
/ w2 dog < MK p(R)RPP".
Su((LR) on

(3.3)

(3.4)

(3.5)

(3.7)

By the Riesz decomposition theorem (see [7]), for any P = (r, ®) € C,($2; (0, R)), we have

—u(P) = / PLaoP, Q) —u(Q)dog
Sn($25(0,R))

0 P,
+/ 7GQ’R( Q — u(Q) dSg.
Su(QR) dR

Now we distinguish three cases.
Casel.P=(r,0) € C,(%; (%, o0)) and R = %r.
Since —u(x) < u~(x), we obtain

(3.8)

Page 50of 8
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from (3.8), where
we- | o PTalP.Q) - u(Qdrg
P [ PP - ulQdag,
Sn(Q(1,21])
WO [ PLae.Q) - uQdee,
Su(S3(£7,R)
WP)- [ PIa(P,Q)-u(Qdoo
Sn(R)
Then from (2.1) and (3.7) we have
L(P) < MK¢(®) (3.10)
and
L(P) < MKp(R)R"P (). (311)
By (2.2), we consider the inequality
L(P) < I51(P) + I (P), (312)
where
Ly(P) = M —u(Q{qf(®) dp(®) dog
Su(@(drr) 1" Ine
and
we=mp© [ D D) e
We first have
Iy (P) < MKp(R)R"® g (©) (313)

from (3.7). Next, we shall estimate I35 (P). Take a sufficiently small positive number & such
that

4 1
Sy (SZ; <—r,R)> C B(P, —r)
5 2
for any P = (r, ®) € I1(k), where

() = {P=(,0) € (@5 inf [(1,0)-(1,2)| <k,0<r<ool,
(L,z)€ed2

and divide C,,(£2) into two sets IT(k) and C,,(2) — TT(k).

Page 6 of 8
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If P = (r,®) € C,(2) — T1(k), then there exists a positive kK’ such that |P — Q| > k'r for any

Q € S,(R2), and hence
I(P) < MK p(R)R*®(©),

which is similar to the estimate of I3;(P).
We shall consider the case P = (r, ©) € I[1(k). Now put

H(P) = {QESn (sz; (gr,ze));zi-la(z)) <1P-qQ| <2"5(P)},
where

8(P) = Qeggf(m [P -Ql.
Since

S(QN{QeR":IP-Q|<3(P)} =2,

we have

i(P)
) ~u(Q)re(®) dg(P)
I (P) = MXI: /Hm P_OF one dog,

where i(P) is a positive integer satisfying 2/")-1§(P) < £ < 2/P)5(P).

(3.14)

Since ro(®) < MS(P) (P = (r, ®) € C,(S2)), similar to the estimate of I3;(P) we obtain

[ O8O ity
H;(P)

P-Q*  dne

fori=0,1,2,...,i(P).
So

Isn(P) < MKp(R)R*®¢'"(O).

From (3.12), (3.13), (3.14) and (3.15) we see that
I3(P) < MK p(RIR*® '™ (©).

On the other hand, we have from (2.3) and (3.5) that
1,(P) < MKR"® ().

We thus obtain from (3.10), (3.11), (3.16) and (3.17) that
~u(P) < MK(1+ p(R)R*®)p'(®).

Case2.P=(r,®) e C,,(Q;(%, %]) and R = %r.

(3.15)

(3.16)

(3.17)

(3.18)

Page 7 of 8
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Equation (3.8) gives that —u(P) = [,(P) + I5(P) + 14(P), where I;(P) and I4(P) are defined
in Case 1 and

I5(P) = f PLa(P, Q) - u(Q)dog.
Su((LR))
Similar to the estimate of I3(P) in Case 1 we have
Is(P) < MK p(R)R"® '™ (0), (3.19)

which together with (3.10) and (3.17) gives (3.18).
Case3.P=(r,0) € C,(2; (0, % ).
It is evident from (1.4) that we have —u < K, which also gives (3.18).
From (3.18) we finally have

u(P) > —-KM(1 + p(R)R"®) 0,

which is the conclusion of Theorem 1.
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