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applied in many remarkably diverse fields of science and engineering. Many authors
have demonstrated the usefulness of fractional calculus in the derivation of particular
solutions of a number of linear ordinary and partial differential equations of the
second and higher orders. The purpose of this paper is to present a certain class of
the explicit particular solutions of the associated Cauchy-Euler fractional partial
differential equation of arbitrary real or complex orders and their applications as

follows:
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where u=ulx,t); A B,C,M, N, o and B are arbitrary constants.
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1 Introduction, definitions and preliminaries
The subject of fractional calculus (that is, derivatives and integrals of any real or com-
plex order) has gained importance and popularity during the past two decades or so, due
mainly to its demonstrated applications in numerous seemingly diverse fields of science
and engineering (cf. [1-15]). By applying the following definition of a fractional differen-
tial (that is, fractional derivative and fractional integral) of order v € R, many authors
have obtained particular solutions of a number of families of homogeneous (as well as
nonhomogeneous) linear fractional differ-integral equations.

In this paper, we present a direct way to obtain explicit solutions of such types of the
associated Cauchy-Euler fractional partial differential equation with initial and boundary

values. The results are a coincidence that the solutions are obtained by the methods apply-
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ing the Laplace transform with the residue theorem. In this paper, we present some useful

definitions and preliminaries for the paper as follows.

Definitions 1.1 (¢f. [6—10]) If the function f(z) is analytic and has no branch point inside

and on C, where

C:=1{C.,C.) (11)

C_ is an integral curve along the cut joining the points z and —0o + i7 (z), C, is an integral

curve along the cut joining the points z and oo + {7 (z),

fi@ = cfl) = r(zvj:i 1) /C (,;(E )Z‘)ZC - (veR/ZSZ ={-1,-2,-3,...) (1.2)
and

fonlz) = vlirgn{fv(z)} (neN:={1,2,3,...}), (1.3)
where ¢ 7z,

- <arg(¢ —-z) <m forC._, (1.4)
and

0<arg({ —z) <2m forC,, (1.5)

then f,(z) (v > 0) is said to be the fractional derivative of f(z) of order v and f,,(z) (v < 0) is
said to be the fractional integral of f(z) of order —v, provided that

@) <o (veR). (1.6)

First of all, we find it is worthwhile to recall here the following useful lemmas and prop-

erties associated with the fractional differ-integration which is defined above.

Lemma 1.1 (Linearity property) If the functions f(z) and g(z) are single-valued and ana-
Iytic in some domain Q2 C C, then

(kf + kg =kify +kogy (VeER,ze Q) (1.7)

for any constants ky and k.

Lemma 1.2 (Index law) If the function f (z) is single-valued and analytic in some domain
Q CC, then

(fM)V :flﬁv = (fv)u (f/t #O’ﬁ 7/01 H,v € R»Z € Q) (1~8)
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Lemma 1.3 (Generalized Leibniz rule) Ifthe functions f(z) and g(z) are single-valued and

analytic in some domain Q C C, then

(ﬁgh=§:(iyawg1(veRzeQL (1.9)
n=0

where g, is the ordinary derivative of g(z) of order n (n € Ny := N U {0}), it being tacitly
assumed (for simplicity) that g(z) is the polynomial part (if any) of the product f (2)g(z).

Lemma 1.4 (Cauchy’s residue theorem) Let Q2 be a simple connected domain, and let C be
a simple closed positively oriented contour that lies in Q. If f is analytic inside C and on C,
expect at the point 21,25, ..., z, that lie inside C, then

ff(z) dz = ZHiZRes[f,zk].
¢ k=1

() Iff has a simple pole at zy, then
Res[f,z0] = lim (z — z0)f (2);
z—>2(

(I1) Iff has a pole of order k at zy, then

k-1

1 d
Res[f,zo] = m Zligt %(z - Zo)kf(Z).

Property 1.1 (¢f [6-10]) For a constant a,
(e“z)v =a'e” (a#0,veR,zeC). (1.10)

Proof The proofs between ‘v is not an integer’ and ‘v is an integer’ are not coincident, so
we mention the proof as follows.
In case of | argal| < /2, we have

v+1) e*

r
(eaz)vzci(eaz)vz el § (;—z)”ld; (put¢ —z=nandan=§,|argn| <m)

Tv+1) (O
_ et D / UV de (¢ =arga)
20 J_soeit

rv+1) [©
2mi S

— aveaz

$*(v+1)e§ de <f0r o] < %) = a'e™

for |argal < /2 since f_(g;) gDt gg = r(zﬂ)'

In case of 7/2 < |arga| < w, we have

o o Lv+1) e”
(e )V—C+(6 )v_ 27ri /C+ (;—_Z)v+l dé’

(put¢ —z=nandan=§,0 <argn <2m)
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r 1 (0+)
=a'e™ v+1) f Vet de (¢ =arga)

2mwi coei®
rv+1) [©%) 1 T
=a’e” - / g0t g (for = <|p| <7
2mi J_s 2
— aveaz
Therefore we have Property 1.1 for arbitrary a # 0. O

Property 1.2 For a constant a,
(%), =e™a'e™ (a#0,veR,zeC). (1.11)

Property 1.3 For a constant a,

rv-a) ,,
T(a) ©

I'v-a)
I'(~a)

(z”)v =¢ Y (ve]R,ze(C,

oo). (1.12)

Property 1.4 (cf [2, 16, 17]) The fractional derivative of a causal function f(t) is defined
by

o £ (e ifa=neN,

_a 1 t f(n)(.[) ,
at Tr—a) omdt ifn-1l<a<n,

(1.13)

where f"(t) denotes the ordinary derivative of order n and T is the gamma function.

The Laplace transform of a function f(t) is denoted as

L{F(0)}s) :/ e f(¢t) dt, (1.14)
0
where s is the Laplace complex parameter. We recall from the fundamental formula
(¢f. [16])
a* -
E{ @f(f)}(S) =s"L{fO)(s) - Y _s**f*D0), n-1<a<mneN (1.15)
k=1

2 Main results
Theorem 2.1 The fractional partial differential equation
02 9 u u

u u
A’ — +Bx— +Cu=M N—, 2.1
o T T T g T @D

with u =u(,t), n-1<ao,B<n neNand A (#0), B, C, M, N are constants, has its
solutions of the form given by
(a)

—B+a/ (A-B)2—4A(C-M)%-NB) A-B-+/ (A-B)2—4A(C-M)%-N.B)

ul,£) = ks 2 + ko 2 @2

when the discriminant (A — B)?> — 4A(C — MAY — NAP) > 0;
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(b)
u(x,t) = e [kix™ + kox™ Inx],
when the discriminant (A — B)*> — 4A(C — MAY — NAP) = 0, and the roots my, m; of
Equation (2.5) are repeated; that is, my = my = m;
(c)

u(x,t) = e”[qu“*bi + kzx”’bi],

when the discriminant (A — B)?> — 4A(C — MAY — NAP) < 0, and a + bi, a — bi are the
conjugate pair roots of Equation (2.5).

Proof Suppose that u(x, ) = x¢*. We have

8_” — mxm—lekt,
ox
9%u
Py m(m —1)x™LeM,
* (2.3)
0“u o, m At
=A%"e*, and
ot
aﬂl = APxmeMt.
oth
So that the given equation (2.1) becomes
Am(m —1)x"e™ + Bmx™ e + Cx"e™ — MA%x™ e — NAPx"e = 0. (2.4)
Equation (2.4) leads to the auxiliary equation
Am(m-1)+Bm+C—-MA*—N)M =0
(or Am® — (A - B)m + (C — MA" —NAP) = 0). (2.5)
That is,
_A-B+./(A-B)> - 4A(C - M)* — N)F)
e 24
and
A—-B-/(A-B)?—4A(C - MA* — NAP)
my =

2A

are the two roots of the auxiliary equation (2.5). Thus, u(x, t) = Zil kx"ieM is a solution
of the fractional partial differential equation (2.1) whenever m; (i = 1,2) is a solution of the
auxiliary equation (2.5).

There are three different cases to be considered, depending on whether the roots of this

quadratic equation (2.5) are distinct real roots, equal real roots (repeated real roots), or
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complex roots (roots appear as a conjugate pair). The three cases are due to the discrimi-
nant of the coefficients /(A — B)2 — 4A(C — MA* — NAP).
« Case I: Distinct real roots (when (A — B)? — 4A(C — MA% — NA#) > 0).
Let m; and m; denote the real roots of Equation (2.5) such that m; # m,. Then the

general solution of Equation (2.1) is
u(x, t) = e (k™ + kox™™),

where k; (i =1,2) are constants.
+ Case II: Repeated real roots (when (4 — B)? — 4A(C — MA* — NA#) = 0).
If the roots of Equation (2.5) are repeated, that is, m; = my = m, then the general
solution of Equation (2.1) is

u(x, t) = e (kix™ + kox'™ Inx),
where k; (i = 1,2) are constants.
« Case III: Conjugate complex roots (when (4 — B)? — 4A(C — MA* — NAP) < 0).
If the roots of Equation (2.5) are the conjugate pair m; = a + bi and my = a — bi, then
a solution of Equation (2.1) is

u(x’ t) _ ekt (klxa+bi + kzxa_bi),

where k; (i = 1,2) are constants.

In general,
v A-B+/ (A-B)2-4A(C-M)%-N1P) A-B-A/ (A-B)2—-4A(C-MA¥ -NB)
ulx,t)=-e [klx 2 + kox 74 ]
forms a fundamental solution, where ki, k; and A are constants. O

Theorem 2.2 The fractional partial differential equation

%u du 9%y Pu
A—+B—+Cu=M—+N—, (2.6)
dx? Ox ot oth

with u = u(x,t), n—-1<a,8 <n,neNand A (#0), B, C, M, N are constants, has its
solutions of the form given by

(@)
—Bta/ B2-4A(C-MA2 -NP) ) ( —B—~/ B2-4A(C-MA% -N2B) '

u(x, t) = e“[kle( 24 ¥+ ko€ 24 ], 2.7)

when the discriminant B> — 4A(C — MA* — NA#) > 0;
(b")

u(x, t) = e [kie™ + kyxe™],

when the discriminant B> — 4A(C — MA% — NAP) = 0, and the roots my, m, of Equa-
tion (2.10) are repeated; that is, my = my = m;
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u(x, t) _ eM [klx(cﬁhi)x + kzx(a—bi)x],

when the discriminant B* — 4A(C — MAY = NAP) < 0, and a + bi, a — bi are the conjugate
pair roots of Equation (2.10).

Proof The similarity between the forms of solutions of Equation (2.1) and solutions of a
linear equation with constant coefficients of Equation (2.6) is not just a coincidence.
Suppose that u(x, t) = e™*e*. We have

u

memxekt
ax ’
82 mZemxeM
ax2 ’
. 28)
o%u =%, and
at¥
aﬁl _ )\/S mx M
oth
So that the given equation (2.6) becomes
AmZ mx kt + Bme™e At + Ce™e AL — MA% ™ At N)Lﬁemx At =0. (29)
If m; and m;, are the two roots of the auxiliary equation
Am® + Bm+ C—=Mr* = NP =0, (2.10)
then
—-B+ /B2 - 4A(C — MA®* — NAF)
m=mj =
2A
and
—B— /B2 —4A(C — M)* — NAF)
m = my = .

24

The analysis of three cases is similar to Theorem 2.1, we can obtain each solution of the
forms as follows:
u(x, t) = e (kie™* + kye™?*) with m, # m,, two distinct real roots,
u(x, t) = e (kye™ + kyxe™) with m = m, = m, repeated real roots, and
u(x, t) = e (ke 4 kyel@=)%) with the conjugate complex roots. O

Remark The constant A in Equations (2.2) and (2.7) can be solved directly by constant
initial value and constant boundary values (or by the numerical methods).

Corollary 2.1 The fractional partial differential equation

, (2.11)
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withu=u(x,t),n—1<a <n,neNand A (#0), B, C, M are constants, has its solutions of

the form given by
@")
v A-B++/ (A-B)2—4A(C-MAY) A-B-A/ (A-B)2-4A(C-MLY)
u(x,t)=e [klx 24 + kox 24 ], (2.12)

when the discriminant (A — B)?> — 4A(C = M)\*) > 0;
(b")

u(x, t) = ' [kix™ + kox™ Inx),

when the discriminant (A — B)?> — 4A(C — M)A%) = 0, and the roots my, my of Equa-
tion (2.5) with N = 0 are repeated; that is, my = my = m;

()
u(x,t) = e[ ke + kpe ™),

when the discriminant (A — B)? — 4A(C — MA%) < 0, and a + bi, a — bi are the conjugate
pair roots of Equation (2.5) with N = 0.

Corollary 2.2 The fractional partial differential equation

%u  _du 9%y
A— +B—+Cu=M
0x2 0x ot

, (2.13)

withu=u(x,t),n—1<a <n,neNand A (#0), B, C, M are constants, has its solutions of

the form given by
(a///)
—B++/ B2-4A(C-MLY) —B-+/ B2-4A(C-M)Y)
u(x, t) = M [kle( 24 oy kze( 24 )X], (2.14)

when the discriminant B> — 4A(C — MA%) > 0;
(b///)

u(x, t) = e“[klemx + kzxem"],
when the discriminant B? — 4A(C — MA%) = 0, and the roots my, m, of Equation (2.10)
with N = 0 are repeated; that is, my = my = m;
(C///)

u(x, t) = e)»t[kle(adai)x + kze(u—bi)x],

when the discriminant B — 4A(C — MA%) < 0, and a + bi, a — bi are the conjugate pair
roots of Equation (2.10) with N = 0.
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3 Examples
Example 3.1 If the two-dimensional harmonic equation Vu = 0 is transformed to plane
polar coordinates r and 6, defined by x = rcos6, y = rsin6, it takes the form

%y 10u 1 9%u

a2 " ror T o002

=0, (3.1)
then it has solutions of the form

u(r,0) = (lqriA + kzr_”)ew,
where ki, k> and A are constants.

Solution Equation (3.1) is coincident to

,%u  du  ’u
r'—+r—+—=0.
or? ar 002

We have the solution
u(r,0) = (lqriA + kzr_”)ew
by taking A=1,B=1,C=0,M =-1, N =0 and « = 2 in Theorem 2.1. O

Example 3.2 The fractional partial differential equation

%u  du  9%u
—_+ — =
oxz  dx Ot

withn—-1<a<mneN.

Solution Putting A =1,B=1,C=0and M =1 in Corollary 2.2, we obtain the solution

(LI ) (S
2

V) )"],

u(x,t) = e[cre +cge

where the discriminant 1 + 4A% > 0.
If1+42%=0,

u(x, t) = e_(%’ﬁﬁt)(cl + o).
The analysis of the case 1 + 4A* < 0 is similar to Theorem 2.2. O

Example 3.3 The fractional partial differential equation

,0%u  du dtu
X — =-2—

2 xa = ") with u(1,£) = u(e, t) = 0.

Solution Putting A=1,B=-1,C=0and M =-2and « = % in Corollary 2.1, we obtain
the solution

y Vax 213 -4 4x233 -4
u(x, t) =xe* |k cosf ‘Inx + ky smf -Inx

=xe“[k1 cosy 207 —1-Inx + ky siny/ 27 1. Inx],

Page 9 of 11
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u(l,t) = ke =0 implies k =0.

Then

u(x, t) = koxe siny/ AT 1. Inx,
u(e, t) = kye*** siny/ 22 -1=0 implies that v A2 1= nw, ne-.

That is, A = W.
(n2112+1)2 .
Thus, u(x,t) = koxe % 'sinum -Inx, neZ.
If the discriminant ZA% —1 =0, the solution is trivial. If the discriminant 2)\% -1<0,
then the solution is

(n2+712)2t . .
ulx, t) =kie 2 (xl””” —xl"””), neN. |

Example 3.4 The fractional partial differential equation

u
=——— withu(0,) = e,

Solution Putting o = %, A= i, B=0,C=0and M =1 in Corollary 2.2, the discriminant
is A3 = ()\%)2 > 0, but A = 0 leads to a contradiction, hence there are different real roots
my = 243 and my = —2)\%, so that we have

u(x, t) = e“(/qen%x + kge_”‘%x).
By the boundary condition (0, ) = e, we obtain A = -2 and k; + k; = 1. So,
ulx, t) = e 2e? Vo _ ket sinh(2\3/§x) A 2kpe % sinh(2\3/§x),
and the particular solution is
-2t 2 3/2x -2t y=2 ?/Ex)

ulx,t)=e (or u(x,t) =e

$+2

If we apply the Laplace transform to ¢(t) = u(0,¢) = e, then L{¢p(t)}(s) = - and
1

u(x,s) = S%efz"sg . Using the residue theorem,
1 1 1
u(x,t) = — / et — e s
2wi Jo s+2
1 e—sz% e,st
=—2mi lim (s + 2)
2mi s—>-2 s+2

3
— 22 \/ix'

The solution obtained by the method of Laplace transform and the residue theorem is a
coincidence, which is our result above. O
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