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Abstract

Let ® be a Young function and w be a weight. The weighted Orlicz space L% is a
natural generalization of the weighted Lebesgue space < p <o0)anda
characterization of an inclusion between weighted Lebesgue spaces is well known. In
this study, we will investigate the inclusions between weighted Orlicz spaces Lgv)ﬂ and
L% with respect to Young functions @4, ®, and weights wq, w,. Also, we give
necessary and sufficient conditions for the equality of these two weighted Orlicz
spaces under some conditions. Thereby, we obtain our result.
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1 Introduction and preliminaries

Generally Orlicz spaces are a natural generalization of the classical Lebesgue spaces L?,
1 < p < oo and there are many studies of Orlicz spaces in the literature (for example [1, 2]).
In [3], the inclusion between L? spaces is investigated with respect to the measure space
(X, X, 1) and in [4] inclusions between Orlicz spaces are examined for a finite measure
space and in general [5, 6]. Also, inclusions between weighted L? spaces with respect to
weights are studied in [7, 8] for a locally compact group with Haar measure. In this paper,
we will investigate the inclusion between weighted Orlicz spaces L (X) with respect to a
Young function ® and a weight w for a general measure space. To this aim we will give
the definition of a weighted Orlicz norm which depends on the usual Orlicz norm and we
show that the inclusion map between the weighted Orlicz spaces is continuous. Also, we
obtain the result that two weighted Orlicz spaces can be comparable with respect to Young
functions for any measure space, although the weighted L? spaces are not comparable with
respect to the numbers p. Moreover, in the case of X = R” we generalize some results in
[7] to the weighted Orlicz spaces and we establish necessary and sufficient conditions on
the weights w; and w; in order that Ly} (R”) = Ly (R").

A non-zero function ® : [0, +00) — [0, +0o0] is called a Young function if ® is convex and
satisfies the conditions lim,_, o+ ®(x) = ®(0) = 0 and lim,_, ;o P(x) = +00. We say that a
Young function @ satisfies the A, condition if there exists a K > 0 such that ®(2x) < KP(x)
for all x > 0. Also, for a Young function ®, the complementary Young function ¥ of ® is

given by

W(y) = sup{xy— D(x) x> 0}
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for y > 0. If W is the complementary function of &, then @ is the complementary of ¥ and
(¥, V) is called a complementary pair of Young functions. We have the Young inequality
for the complementary functions ¢ and W,

2y <Ox)+ V() (xy=>0).

Let (X, ¥, 1) be a measure space. We will assume that u is a o-finite measure. Given a
Young function ®, the Orlicz space L*(X, X, 1) or simply L®(X) is defined by

L®(X) = {f:X—> (C‘/ @ (c|f (x)]) dpu(x) < +00 for some o > 0},
X

where f shows p-equivalence classes of measurable functions. Then the Orlicz space is a
Banach space under the (Orlicz) norm || - ||¢ defined for f € L®(X) by

1o = sop| [ Irpio|auco] [ w(v) dueo <1},

where W is the complementary Young function of ®.
For further information as regards Orlicz spaces, the reader is referred to [4—6].

Remark 1.1 By using the Young inequality and the definition of the norm || - ||, it is easy
to see that a measurable function f : X — C is in L*(X) if and only if ||f || < co.

Now, let (X, X, t) be a measure space and let ® be a Young function. If w is a weight on
X (i.e. w: X — (0, +00) is measurable function) then the weighted Orlicz spaces, denoted
by L®(X), are defined as follows:

Ly (X) = {flfwe L*(X)}.

If we define
If llow := fwlle
for all f € L2(X), then the function || - ||¢,, defines a norm on L2(X), and it is called a

weighted Orlicz norm.

For w =1 the norm || - ||¢,, reduces to the usual Orlicz norm || - ||¢ and we obtain the
Orlicz space (L*(X), | - o).

Let 1 < p < oo. Then, for the Young functions ®(x) = %, the space L®(X) becomes the
weighted Lebesgue space L%,(X) and the norm || - || ¢, is equivalent to the classical norm
[l Il p,w in L3(X). In particular, if p = 1 then the complementary Young function of ®(x) = x
is

0, 0<x<l],

W (x) = (1
+00, x>1,

and in this case |[f |ow = ||f 1w for all f € L1, (X), since [, W(|v(x)|) dp(x) <1is true if and
only if |v(x)| <1 almost everywhere on X.
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Also, if p = +00 then, for the Young function ® given by (1), the space LE(X) is equal
to the space LY(X) = {f : X — C|fw € L*(X)}. We have |[fllow = ||fllcow for all f €
L% (X).

It can be shown that the weighted Orlicz space is also a Banach space by using the com-

pleteness of the usual Orlicz space.
Proposition 1.2 (L2(X), || - ||o,w) is a Banach space.

Proof To show that (LE(X), | - lo,») is a Banach space, take an arbitrary absolutely con-
vergent series > ., f, in LY (X). Then

o0 [e¢]
D Wswlo =Y fullow < +o0o.
n=1 n=1

Thus, Y 2, f,w is absolutely convergent in the Orlicz space L?(X). Since the Orlicz space
(L®(X), |l - lo) is a Banach space, there exists a function ge L®(X) such that Zg:l IIfuw —
gllo = 0, N — +oo. If we set f = £ then f € L{)(X) and

N N
E fu—f =H<E f,,)w—fw — 0,
n=1 D,w n=1 )
where N — +00. So the space L®(X) becomes a Banach space. d

2 Main result

Let (X, X, ) be a measure space, w; and w; be two weights on X and let ®;, ®; be two
Young functions. We will investigate the inclusion between the weighted Orlicz spaces
LS;ll (X) and L$22 (X). For this investigation we need some definitions.

Let w; and w, be two weights on X. If there exists a ¢ > 0 such that
wi(x) < c- walx)

for all x € X, then we write wy < wy. If wy < wp and wyp < wy then we say that wy and w, are
equivalent and write w; ~ wy. For example, w; (x) = (1 + |x|) and w,(x) = e*! are weights on
R and it is clear that w; < wy for ¢ = 1.

Let ®; and @, be two Young functions. Then we say that @, is stronger than ®;, ; < ¥,
in symbols, if there exist a ¢ > 0 and T > 0 (depending on ¢) such that ®;(x) < ®y(cx) for
allx > T.If T = 0 then we write ®; < ®, (T = 0). If &; < &, and P, < ®; then we write

®; « ®@,. The same notation is valid for the case (T = 0) [6].

Remark 2.1 Itis clear that ®; < &, (T = 0) implies ®; < ®,. But &; < P, is not sufficient
to investigate the inclusion between weighted Orlicz spaces when the measure w is not
finite. So we need the condition ®; < ®, (T = 0) for infinite measures. Also, if ®; < ®,
(T = 0) then W, < ¥ (T = 0) for the complementary Young functions ¥; and W, of ®;

and @, respectively.
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Example 2.2 ®;(x) = cosh(x) —1,x > 0, and ®,(x) = * —x—1, x > 0, are Young functions
and satisfy the inequality

®;(x) = cosh(x) —1 < e —2x—1= P, (2%)
for all x > 0. Thus, ®; < ®, (T =0) for c = 2.

Now we can give the following theorem for the inclusion between the weighted Orlicz
spaces L$11 (X) and L% X).

Theorem 2.3 If ®; < ®, (T = 0) and wy < wy, then Ly2(X) C Ly (X).

Proof Suppose that ®; < @, and wy < wy. Let f € Lffzz (X). Then there exists @ > 0 such
that

/chg(a wa(x) - [f(x)]) d(x) < +o0.

On the other hand, since w; < wy and ®; < ®, (T = 0) there exist numbersc¢ >0and ¢ >0

such that

wix) <c -wyx) VxeX (2)
and

®1(y) < Pac-y) Vy=0. 3)

If we set 8 = -%; > 0 then from (2) we get

1 (Bwi(x) - [f®)]) < D1(B - cwix) - [f(x)|) = ¢1(% - wa(x) - [f(x)l)

for all x € X, since the Young function ®; is increasing. Then we obtain
1% wao) 0] ) = @3 e+ £ wao)- ) ) = @l wato)- )
for all x € X from (3). So,
/X @ (Bwi(x) - [f(¥)]) dx < [X Do (o - wa () [f(%)]) dx < +00.

Thus f € Ly (X). O

Remark 2.4 The converse of Theorem 2.3 is not true in general. The following example
shows this.

Example 2.5 Let (X, X, 1) be a measure space with ;(X) < +0o and let w be a weight on X.
If 1 < p1 < ps < +00, then for the Young functions
p1 xP2

o) =, D)=, x>0,
§ 21 P2
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the weighted Orlicz spaces Ly (X) and L (X) become the weighted Lebesgue spaces
ID(X) and L5 (X), respectively. Here, L4 (X) C L4 (X). But @, is not stronger than ®;
for T = 0. Indeed, if we assume that ®; < ®, (T = 0), then there exists ¢ > 0 such that
®1(x) < Dy(cx) for all x > 0. This says that for all x > 0, ’% < (C;# and so xﬁ < m;:z
for all x > 0. Then we get a contradiction, if we pass to the limit that x goes to zero, since

p2—p1>0.

Now, let u be a finite measure. If we take ®; < ®, instead of ®; < ®, (T = 0) in Theo-
rem 2.3, then by using similar techniques as in [5, Theorem 3.17.1], we get the following

proposition.
Proposition 2.6 Let j1(X) < 00. If &1 < @y and wy < wy; then L;‘;zz X) < Lﬁll X).
By considering Theorem 2.3 we derive the following corollary.

Corollary 2.7 If®; = @, (T =0) (or 1 = Oy when u(X) < 00) and wy ~ w, then Lf;ll X) =
Li2(X).

Before we investigate the inclusions between the weighted Orlicz spaces with respect to
the Young function and weight, respectively, we will show that, if L$22 X) c L$11 (X) then
the inclusion map i : (LS;ZZ XN Nlogwy) = (L$11 (X), | - lloy,w,) is continuous.

Proposition 2.8 Let (X, X, 1) be a measure space. If ®1, ©, are Young functions and w,
wy are weights, then L$22 (X) < L$11 (X) ifand only if there exists a ¢ > 0 such that ||f || o, w, <
¢ f llopw, for all f € Ly (X).

Proof For the sufficiency part of the proof assume that the condition given in the theorem
is true. Conversely, suppose that L$22 (X) < Lﬁ} (X) istrue. Let f € Lffzz (X). Then ||[f [l oymw, <
+oo and ||flo,w, < +00. Then we can define

I = 1 lonm + 1 g

forallf e L$22 (X), and hence (L$22 (X), 11 - I) becomes a normed space.

Moreover, the norm convergence of (f,) in the Orlicz space L*(X) implies the conver-
gence almost everywhere of some subsequence (f;, ) on X [6]. So, a similar assertion holds
for the weighted Orlicz space since a weight w is strictly positive. Then, by using sim-
ilar techniques as in the Lebesgue space case, it can be shown that the normed space
(L$22 (X), 111 - IIl) is a Banach space.

If we consider the mapping 7 : (L$§(X),||| D = (L$22(X), Il - llogwy)s If =f forall f €
Lf;zz (X). Then from the closed graph theorem there exists a ¢ > 0 such that

I lonm < | IFI] < e 1 lopm
for all f € Ly (X). O

We can summarize the above results in the following corollary.


http://www.journalofinequalitiesandapplications.com/content/2014/1/390

Osancliol Journal of Inequalities and Applications 2014, 2014:390 Page 6 of 8
http://www.journalofinequalitiesandapplications.com/content/2014/1/390

Corollary 2.9 Let (X, X, 1) be a measure space, let ®1, @, be two Young functions, and let
w1, wo be two weights. If we have the conditions
(i) ®1 <Dy (T =0) and wy < wy,
(ii) Lu2(X) C Lyl (X),
(iii) there exists ¢ > 0 such that ||f | o;w, < ¢ f lag,w, for all f € L$22 X),
then we have (i) = (ii) < (iii).

Remark 2.10 Note that a similar result can be shown if we change ®; < ®, (T = 0) by
®; < O, for a finite measure space.

Now, let w be a weight on X and fix w; = w, = w. We will investigate the inclusions
between the weighted Orlicz spaces L' (X) and Ly (X) with respect to Young functions
®; and ©,.

Since a weight w satisfies w ~ w, we get the following consequences of Theorem 2.3.

Corollary 2.11 Let ®; and ®, be two Young functions and let w be a weight. If 1 < ©,
(T = 0), then Ly*(X) € Ly (X).

Remark 2.12 Corollary 2.11 shows that the weighted Orlicz spaces LX) and L2 (X)
can be comparable with respect to Young functions ®; and &,, although the weighted
Lebesgue spaces L4 (X) and L4?(X) cannot be comparable with respect to p;, pa € [1,00)
in general (for instance X = R with Lebesgue measure ).

Remark 2.13 The converse of the Corollary 2.11 is not true in general (see Example 2.5).

On the other hand, if we consider the finite measure space then by using a similar
method as in [5] we can derive the following corollary.

Corollary 2.14 Let 1(X) < 0o and w be a fixed weight on X. If &1, @, are Young functions,
then ®; < @y if and only if Ly>(X) C Ly (X).

Remark 2.15 If we combine this corollary with the result mentioned in Remark 2.10 then

we get the following.

Corollary 2.16 Let O, 9, be two Young functions. If w is a weight then the following state-
ments are equivalent for a finite measure space.
(i) @) < Ps.
(i) Ly*(X) S L' ().
(iii) There exists ¢ > 0 such that |flle,w < ¢ - |flloyw for all f € Ly*(X).

Let 1 < py, ps < 00 be two numbers. If we take ®;(x) = ’f—:, Dy(x) = ’;:—22 in Corollary 2.16,

we get the following well-known result.

Corollary2.17 Let1 < py, p; < oc. The following statements are equivalent for a finite mea-
sure space.
(i) p1<po.
(i) L2 (X) € L} (X).
(i) There exists ¢ > 0 such that ||flp,w < ¢ |f lpwforall f € LRA(X).
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Remark 2.18 If we combine this corollary with the result mentioned in Remark 2.10 then

we get the following.

Now, let ® be a Young function and let w;, w, be two weights. Fixing ®; = &, = ,
we will study the inclusion between the weighted Orlicz spaces L$1 (X) and L$2 (X) with
respect to the weights w; and wy.

We get the following corollaries of Theorem 2.3, since ® < .
Corollary 2.19 If w; < wy, then Lffz (X) < L$1 (X).
~ @ _7®
Corollary 2.20 Ifw; ~ w; then L, (X) = L] (X).

We will show that the converse of the Corollary 2.19 is true when X = R” and u is the

Lebesgue measure on R”. To do this, we will assume
w(x +y) <w(x)-w(y), forallx,yeR", (4)

for the weight w, then by using similar techniquesin [7, 8], it is easy to see that the weighted
Orlicz spaces L®(R”) have the following properties.

Lemma 2.21 Let w be a weight on R" satisfying the condition (4). If ® is a continuous
Young function satisfying the A, condition, then:
(i) Forall f € L2(R") and for all x € R" Lyf € LY(R") and ||Lf | ow < w@)||f | o,w-
(ii) Iff € L2(R™), then the map x > Lyf from R" to LE(R") is continuous.
(it) Iff € LE(R") and f #0, then there exists a ¢ > 0 (depends on f) such that

") = L o < € (2.

Now, we can give the necessary and sufficient conditions for the inclusion between the
weighted Orlicz spaces LfEl (R") and Lﬂ,’z (R™).

Theorem 2.22 Let ® be a continuous Young function satisfying A, condition and wy, w,
be two weights on R" satisfying the condition (4). Then L, (R") C L} (R") if and only if

w1 X Wa.

Proof If w; < wy, then it is clear that Ly (R") C Ly (R") from Corollary 2.19. Con-
versely, assume that L$2 (R™) C L$1 (R"). Then, by Proposition 2.8, there exists a d > 0 such
that [|flle,w, <d - [fllow, for all f € Ly (R"). If we fix f € Ly, (R") € L (R") then from
Lemma 2.21(iii), there exist ¢;, ¢y > 0 such that

1
— - wi(%) < | Lyf llow, <c1-wilx)
and

1
— - wa(%) < ILsf llowy <o - wa(x)
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for all x € R”. So, we get the inequality

1
o wi(®) < I Lgf low, <d - Ifllow, <ca-d-wa(x)
1

for all x € R”. This shows that wy(x) < ¢ - wy(x) for all x € R” where c=¢; - ¢ - d > 0. Thus

w1 < ws. O
The following is an easy consequence of Theorem 2.22.

Corollary 2.23 Ly (R") = Ly, (R") if and only if wy ~ w,.
Also, if we combine Theorem 2.22 and Corollary 2.19 we obtain the following corollary.

Corollary 2.24 Let ® be a continuous Young function satisfying the A, condition. If wy
and wy are weights satisfying condition (4), then the following statements are equivalent.
1) w < wy.
(i) Ly, (R") S Ly (R™).
(iii) There exists a ¢ > 0 such that ||f|low, < c- |fllow, forall f € L} (R").

Let 1 < p < 0o. If we take ®(x) = ’;7[7 in Corollary 2.24, then & satisfies the A, condition
so we get the following well-known result.

Corollary 2.25 Let 1< p < 00 and wy, wo be two weights satisfying condition (4), then the
following statements are equivalent.
1) wi S wy.
(ii) L%, (R") C LY, (R™).
(iii) There exists a ¢ >0 such that ||flpu, < c- IIf |pw, forallf € L, (R™).
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