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1. Introduction

The stability problem for functional equations is related to the following question origi-
nated by Ulam [1] in 1940, concerning the stability of group homomorphisms: Let (G,
.) be a group and let (G,, *) be a metric group with the metric d(., .). Given ¢ >0, does
there exist d >0 such that, if a mapping 4 : G, — G, satisfies the inequality d(h(x.y), h(x)
* h(y)) < o for all x, y € Gy, then there exists a homomorphism H : G; — G, with d(h(x),
Hx)) < eforallxe G;?

In 1941, Hyers [2] gave a first affirmative answer to the question of Ulam for Banach
spaces. Later, Rassias in [3] provided a remarkable generalization of the Hyers’ result
by allowing the Cauchy difference to be bounded for the first time, in the subject of
functional equations and inequalities. Gavruta then generalized the Rassias’ result in
[4] for the unbounded Cauchy difference.

The functional equation

fle+y)+flx—y) = 2f(x) + 2f(¥) (1.1)

is called quadratic functional equation. Also, every solution (for example flx) = ax?)
of functional Equation (1.1) is said to be a quadratic mapping. A Hyers-Ulam stability
problem for the quadratic functional equation was proved by Skof [5] for mappings
f: X — ), where X is a normed space and ) is a Banach space. Cholewa [6] noticed
that the theorem of Skof is still true if the relevant domain X is replaced by an abelian
group. In [7] Czerwik proved the Hyers-Ulam-Rassias stability of the quadratic func-
tional equation. Several functional equations have been extensively investigated by a
number of authors (for instances, [8-10]).

Jun and Kim [11] introduced the functional equation

f2x+y) +f(2x —y) = 2f (x +y) + 2f (x — y) + 12f(x) (1.2)
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which is somewhat different from (1.1). It is easy to see that function flx) = ax® is a
solution of (1.2). Thus, it is natural that Equation (1.2) is called a cubic functional
equation and every solution of this cubic functional equation is said to be a cubic func-
tion. One year after that, they solved the generalized Hyers-Ulam-Rassias stability of a
cubic functional equation flx + 2y) + flx - 2y) + 6flx) = flx + y) + 4flx - ») in Jun and
Kim [12]. Since then, a number of authors (for details see [13,14]) proved the stability
problems for cubic functional equation.

Recently, Bodaghi et al in [15] proved the superstability of quadratic double centrali-
zers and of quadratic multipliers on Banach algebras by fixed point methods. Also, the
stability and the superstability of cubic double centralizers of Banach algebras which
are strongly without order had been established in Eshaghi Gordji et al. [16].

In this paper, we remove the condition strongly without order and investigate the
generalized Hyers-Ulam-Rassias stability and the superstability by using the alternative
fixed point for cubic functional Equation (1.2) and their correspondent cubic

multipliers.

2, Stability of cubic function equations
Throughout this section, X is a normed vector space and Y is a Banach space. For the
given mapping f: X — Y, we consider

Df(x, y) =f(2x+y) +f(2x—y) = 2f(x +y) — 2f(x —y) — 12f(x)

for all x, y[ X.

We need the following known fixed point theorem, which is useful for our goals (an
extension of the result was given in Turinici [17]).

Theorem 2.1. (The fixed point alternative [18]) Suppose that (Q), d) a complete gen-
eralized metric space and let J : Q — Qbe a strictly contractive mapping with
Lipschitz constant L <1. Then for each element x € Q, either d(J"x, J™'x) = ocfor all

n > 0, or there exists a natural number ny such that:

() d(JT"x, T™'x) < ocfor all n > ny;
(ii) the sequence {J"x}is convergent to a fixed point y* of J;
(tii) y* is the unique fixed point of Jin the set

A={yeQ :d(J™x, y) < oo}

1
() d(y,y*) < 1 Ld(y, JyYorallye A.

Theorem 2.2. Let f: X — Y be a mapping with fl0) = 0, and let v : X x X — [0, o)
be a function satisfying

lim V(2" 2y) =0 (2.1)

n—o00 8n
and

IDf(x, VI < ¥(xy) (2.2)



Bodaghi et al. Journal of Inequalities and Applications 2011, 2011:53
http://www.journalofinequalitiesandapplications.com/content/2011/1/53

for all x, y € X. If there exists L € (0, 1) such that
¥(2x, 0) < 8Ly (x, 0) (2.3)

for all x € X, then there exists a unique cubic mapping C : X — Y such that

I =CWll <, " V(5 0) 2.4

~1)

forallx e X.
Proof: We consider the set Q := {g: X > Y| g(0) = 0} and introduce the generalized
metric on Q as follows:

d(81,82) =1inf{C € (0,00) : [Ig1(x) — g2(x)I| < Cy¥(x,0) forall x € X}

if there exists such constant C, and d(g;, g,) = <, otherwise. One can prove that the
metric space (Q, d) is complete. Now, we define the mapping 7 : @ — Q by

1
T8) = (829, (xeX).
If g1, & € Q such that d(g;, £&) < C, by definition of d and 7, we have

< ;Cw(2x, 0)

1 1
2x) — 2
40120 - 29
for all x € X. By using (2.3), we get

<CLy(x,0)

1 1
40120~ (m0

for all x € X. The above inequality shows that d(J g1, Jg2) < Ld(g1,82) for all gy, g
€ Q. Hence, J is a strictly contractive mapping on Q with Lipschitz constant L. Put-
ting y = 0 in (2.2), using (2.3), and dividing both sides of the resulting inequality by 16,
we have

|20-10| = v 0 < e (5.0)

for all x € X. Thus,d(f, Jf) < I; < 00. By Theorem 2.1, the sequence {J"f} con-

verges to a fixed point C: X — Yin the set Q; = {ge Q; d(f, g) <o}, that is

O(x) = lim | (é:x) (2.5)

n—oo
for all x € X. By Theorem 2.1, we have

af.7f) _ L (2.6)

d(f. ©) = 1-L ~2(1-1L)

It follows from (2.6) that (2.4) holds for all x € X. Substituting x, y by 2"x, 2"y in
(2.2), respectively, and applying (2.1) and (2.5), we have

. 1
IDC(x, Y)II = lim - JIDf(2"x, 2%y)l]
n—oo 8"

1
< lim 8n1p(2”x, 2"y)=0
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for all x € X. Therefore C is a cubic mapping, which is unique. O
Corollary 2.3. Let p and A be non-negative real numbers such that p <3. Suppose
that f: X — Y is a mapping satisfying

IIDf (x, I < A(l1xIP + [1y117) (2.7)

for all x, y € X. Then, there exists a unique cubic mapping C : X — Y such that
2P
-C < p 2.8
16 = QLI = ) g7 7y I8 2.8)

forall x € X.

Proof: The result follows from Theorem 2.2 by using w(x, y) = A(||x||” + ||y]|[F). O

Now, we establish the superstability of cubic mapping on Banach spaces.

Corollary 2.4. Let p, q, A be non-negative real numbers such that p, q € (3, ).
Suppose a mapping f: X — Y satisfies

IIDfCx, I < Allxl71yl1P (2.9)

for all x, y € X. Then, fis a cubic mapping on X.

Proof: Letting x = y = 0 in (2.9), we get f0) = 0. Once more, if we put x = 0 in (2.9),
we have f(2x) = 8f(x) for all x € X. It is easy to see that by induction, we have f(2"x) =
f2

8
2.2 that f'is a cubic mapping. O

Note that in Corollary 2.4, if p + g € (0, 3) and p >0 such that the inequality (2.9)
holds, then by applying w(x, y) = A||x||”||y||? in Theorem 2.2, f is again a cubic
mapping.

Theorem 2.5. Let f: X — Y be a mapping with f0) = 0, and let y : X x X — [0, =)
be a function satisfying

n
8"flx), and so f(x) = nx) for all x € X and #n € N. Now, it follows from Theorem

s (5 L)eo
and
[IDf (x, VI < ¥(x, y) (2.11)

for all x, y € X. If there exists L € (0, 1) such that
1
V(s 0) = (L¥(2x 0) (2.12)
for all x € X, then there exists a unique cubic mapping C : X — Y such that

'W“‘Cm”fqu ¥(x,0) (2.13)

-1

forallx e X.
Proof: We consider the set Q := {g: X > Y| g(0) = 0} and introduce the generalized
metric on (:

d(g1,8) :=inf{C € (0,00) : [Ig1(x) — 2(x)I| < C¥(x,0) Vx € X}

if there exists such constant C, and d(gy, g2) = <, otherwise. It is easy to show that
(Q, d) is complete. We will show that the mapping J:Q — Q defined by
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J g(x) = 8¢ (;), (x € X) is strictly contractive. For given g1, g, € Q such that d(g, g»)

< C, we have
o (3) -5 = Sewean o
for all x € X. By using (2.12), we obtain
o5 (2) - ()] =t

for all x € X. It follows from the last inequality that d(J g1, Jg2) < Ld(g1,$2) for all
g1, & € Q. Hence, 7 is a strictly contractive mapping on Q with Lipschitz constant L.

By putting y = 0 and replacing x by ; in (2.11) and using (2.12), then by dividing both
sides of the resulting inequality by 2, we have

] = 1 () = s

for all x € X. Hence, d(f, Jf) < ILG < oo. By applying the fixed point alternative,

there exists a unique mapping C : X — Y in the set Q; = {ge Q; d(f, g) <o} such that

n—o00

. x
C(x) = lim 8”f(2n) (2.14)
for all x € X. Again, Theorem 2.1 shows that

dr,If _ L

WO="1_| = 16(1 —1L)

(2.15)

where the inequality (2.15) implies the relation (2.13). Replacing x, y by 2"x, 2"y in
(2.11), respectively, and using (2.10) and (2.14), we conclude

Df (;'y;)n

IDC(x,y)I| = lim 8"
n—oo

for all x € X. Therefore C is a cubic mapping. O
Corollary 2.6. Let p and A be non-negative real numbers such that p >3. Suppose
that f: X — Y is a mapping satisfying

IDf (x, y) 11 < A(lxl1P +11ylI1P)

for all x, y € X. Then there exists a unique cubic mapping C : X — Y such that

1) = CEOIl = 5" P

forall x e X.

Proof: It is enough to let w(x, y) = A(||x||” + ||y||) in Theorem 2.5. O

Corollary 2.7. Let p, q, A be non-negative real numbers such that p + q € (0, 3) and
p >0. Suppose a mapping f: X — Y satisfies

IIDfCx, I < Allxl7Hyl1P (2.16)
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forall x, y e X. Then, fis a cubic mapping on X.
Proof: If we put x = y = 0 in (2.16), we get f{0) = 0. Again, putting x = 0 in (2.16),

we conclude that f(x) = 8f (;C), and thus f(x) = 8"f (;) forallx e X and n e N.

Now, we can obtain the desired result by Theorem 2.5. O

One should remember that if a mapping f: X — Y satisfies the inequality (2.16), where
P g, A be non-negative real numbers such that p + g >3 and p >0, then it is obvious that
fis a cubic mapping on X by putting w(x, y) = A||x|[”||y||? in Theorem 2.5.

3. Stability of cubic multipliers
In this section, we investigate the Hyers-Ulam stability and the superstability of cubic
multipliers.

Definition 3.1. A cubic multiplier on an algebra A is a cubic mapping T : A — A
such that aT(b) = T(a)b for all a, b e A.

The following example introduces a cubic multiplier on Banach algebras.

Example. Let (4, ||-||) be a Banach algebra. Then, we take B=A x Ax Ax Ax A x A =
A®. Let a = (ay, as, as, aa, as, ag) be an arbitrary member of B where we define
Hlalll = 32, |lai]l 1t is easy to see (B, |||]||)) is a Banach space. For two elements a =
(a1, ag, as, ag, as, ag) and b = (by, by, bs, by, bs, bg) of B, we define ab = (0, a;by4, a1bs +
asbe, 0, asbg, 0). It is easy to show that B is a Banach algebra. We define T: B— Bby T
(a) = a® for all @ € B. It is shown in Eshaghi Gordji et al. [16] that T is a cubic multiplier
on A.

Theorem 3.2. Let f: A — A be a mapping with fl0) = 0 and let y: A* — [0, =) be a
function such that

IDf(x, )+ f(2)w —2f (W)l <¥(xy, 2 w) (3.1)
for all x,y, z, w e A. If there exists a constant L € (0, 1) such that
¥(2x, 2y, 2z, 2w) < 8Ly (x,y, z, w) (3.2)

for all x,y, z, w € A, then there exists a unique cubic multiplier T on A satisfying

IF(x) = TN < mL ¥(xx, 0,0) (3.3)

-1

forall x e A.
Proof. 1t follows from the relation (3.2) that

. Y(27, 2"y, 2%, 2"w) 0

3.4

Jim g (3.4)
forall x, 5,2z, we A.
Putting y = z = w = 0 in (3.1), we obtain

l12f(2x) — 16f ()| < ¥(x, 0,0,0)
for all x € A. Thus,

1 1
|20 -/w| = (v 00,0 65)

for all x e A.
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Now, similar to the proof of theorems in previous section, we consider the set X :=
{h: A — A | h(0) = 0} and introduce the generalized metric on X as:

d(hi,hy) = inf{C e R* : ||hi(x) — ha(x)|] < Cy¥(x,0,0,0) forall x € A}

if there exists such constant C, and d(hy, h,) = oo, otherwise. The metric space (X, d)

is complete, and by the same reasoning as in the proof of Theorem 2.2, the mapping
®: X — X defined by ®(h)(x) = ;h(2x); (x € A) is strictly contractive on X and has a
unique fixed point T such that lim,_, o, d(®"f, T) =0, i.e.,
f(2%)

=1 3.6
T(x) = lim =", (3:6)
for all x € A. By Theorem 2.1, we have
aif, @ L
af, 7y < 0D < (37)

1-L ~—2(1-L)

The proof of Theorem 2.2 shows that T"is a cubic mapping. If we substitute z and w
by 2"z and 2"w in (3.1), respectively, and put x = y = 0 and we divide the both sides of
the obtained inequality by 2*”, we get

n n n n
Hzf(z w)  f(2 z)wH - ¥(0,0,2"%,2 w).
8n 8n 24n
Passing to the limit as # — « and from (3.4), we conclude that zT(w) = T(z)w for all
z,we A. O
Corollary 3.3. Let r, 6 be non-negative real numbers with r <3 and let f: A — A be a
mapping with f0) = 0 such that
IDf(x, y) +f(@)w —zf(w)ll < O™+ 1yl" +lzl]" + [lwl]")

for all x,y, z, w e A. Then, there exists a unique cubic multiplier T on A satisfying
21
x) —T(x)Il < x||"
@) = T@I = Il
for all x € A.
Proof. The proof follows from Theorem 3.2 by taking

v (x, ¥, z,w) = O(|Ix]I" + lyll" + 11zl + [wl]")
forall x,y,z, we A. O
Now, we have the following result for the superstability of cubic multipliers.

Corollary 3.4. Let rj(1 < j < 4). 0 be non-negative real numbers with Z;-il i < 3 and
let f: A —> A be a mapping with f (0) = 0 such that

IDf(x, y) +f(2)w —zf ()l < O(lx" [yl 112" [|w]]™)

for all x,y, z, we A. Then, fis a cubic multiplier on A.
Proof. 1t is enough to let ¥ (x,y,z, w) = 6(||x|I" [yl ||z]|||w]|™) in Theorem 3.2. O
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