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ON THE EXISTENCE OF MULTIPLE POSITIVE ENTIRE
SOLUTIONS FOR A CLASS OF QUASILINEAR
ELLIPTIC EQUATIONS

YANG ZUODONG
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Our goal is to establish the theorems of existence and multiple of positive entire solutions
for a class quasilinear elliptic equations in RN with the Schauder-Tychonoff fixed point
theorem as the principal tool. In many articles, the theorems of existence and multiple
of positive entire solutions for a class semilinear elliptic equations are established. The
results of the semilinear equations are extended to the quasilinear ones and the results of
semilinear equations are developed.
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1. Introduction

In this paper, we consider the existence of multiple positive entire solutions for a class of
quasilinear elliptic equation

div (IVul?2Vu) = f(x,u,Vu), x€RY, (1.1)

where p > 1.

Equations of the above form are mathematical models occurring in the studies of the
p-Laplace equation, generalized reaction-diffusion theory, non-Newtonian fluid theory
[7], and the turbulent flow of a gas in porous medium [2]. In the non-Newtonian fluid
theory, the quantity p is characteristic of the medium. Media with p > 2 are called dila-
tant fluids and those with p < 2 are called pseudoplastics. If p = 2, they are Newtonian
fluids.

By a positive entire solution of (1.1) we mean a function u € WHP(RN) n CH(RYN)
which satisfies (1.1) at every point of RN in a weak sense with u >0 in RV (see [4] and
references therein), that is u € W (RN) n C'(RYN) which satisfies

—J IVuIP*2Vu-V1//dx=J fu,Vu)ydx VyeCo(RY) (1.2)
RN RN
and u >0 in RN,
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2 Multiple entire solutions for quasilinear elliptic equations

The existence and nonexistence of entire solutions, existence of multiple positive entire
solutions of (1.1) for f(x,u, Vu) = q(x) f (u) or f(x,u,Vu) = — f(x,u), have been studied
in previous papers (see [22, 24, 25]). Some other problems have also been treated by many
other authors. See, for example, [5, 6, 8, 13-15, 18, 23, 26, 27].

When f:(0,00) — (0,00) and g : RN — (0, 00) are continuous functions, and

Lw (L f(s)ds) s o, (1.3)

it has been shown in [22] that there exist entire radially symmetric solutions of the prob-
lem

div (|VulP2Vu) = q(x) f(u), xeRN. (1.4)
On the other hand, it was shown in [24] that the problem
div(IVul?2Vu) + f(x,u) =0, xeRN, (1.5)

possesses infinitely many positive entire solutions. When f(x,u) defined on RY is lo-
cally Holder continuous in x and is locally Lipschitz continuous in u; there exist a locally
Holder continuous function y(r) = 0 on [0,00), [;”(J; w(t)dt)/?~Dds < o0, and a locally
Lipschitz continuous function F(u) > 0 on (0, o) such that

flou) <y(lxl)F(u), (x,u) € RN x(0,), (1.6)

and lim,_o(F(u)/uf=1) = 0.
Moreover, it was also shown in [25] that the problem

div(|Vul?2Vu) +q(x)u™? =0, xeRN, (1.7)

has a positive entire solutionif 1 < p <N, 0 <y < p -1, and g(x) € C(R*) satisfy
(A1) wherever q(xy) = 0, 3r > 0 such that q(x) > 0 on 0B(xy,r), where B(xy,r) is the
ball of radius r centered at xg;
(Ay) foranyO<e< (N-p)(p—1—-1yD/(p—1),

J e HIN=pIyV/ (=Dl (1) dr < 003 (1.8)
1

(A3) forr € (0,1),
q(r)=0(r%), &<1. (1.9)

Motivated by the results of the above-cited papers, we further study the existence of
multiple positive entire solutions for (1.1), the results of the semilinear equations are
extended to the quasilinear ones. We can find the related results for p =2 in [10, 11, 17,
20, 21]. The main differences between p = 2 and p # 2 are known in [5, 6]. When p = 2,
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it is well known that all positive solutions in C?(Bg) of the problem

Au+ f(u)=0 1in Bg,

(1.10)
u(x)=0 onoBg

are radially symmetric solutions for very general f (see [3]). Unfortunately, this result
does not apply to the case p # 2. Kichenassamy and Smoller showed that there exist many
positive nonradial solutions of the above problem for some f (see [9]). The major stum-
bling block in the case of p # 2 is that certain nice features inherent to the case p = 2
seem to be lost or at least difficult to verify. In this paper, we obtain the existence of mul-
tiple positive entire solutions for a class of f, extended to the results in [11, 20, 21] and
complement the results by [22, 24, 25].

2. Some preliminary lemmas
Before we prove the main results, we need the following definitions and lemmas.

Definition 2.1. u € WHP(RN) n C'(RN) is called a supersolution to problem (1.1) if
—J VAP 2V - Vydx = J FumVayde YyeCT®Y) (21
RN RN

and % >0 in RN. Similarly, u € WH?(RN) N C'(RN) is called a subsolution to problem
(1.1) if

—J IVQIP’ZVg-dest fu,Vuydx Yy e Cy(RY) (2.2)
RN RN

and ¥ >01in RN,
For (1.1), the following hypotheses on f are adopted.
(A) f(x,u,v) isa continuous function in RN x R* x RY and locally Lipschitz continu-
ous.
(B) For every bounded domain Q € RY, for any M >0, 3p(Q, M) > 0 such that

[ flouv)| <p(@QM)(1+v|P), x€Q,0<u<M,veRV (2.3)

(C) There exist nonnegative continuous functions defined in (R*)?, F;(r,u,v), and
F,(r,u,v), which are local Lipschitz continuous and satisfy

Fi(lxhuvl) < f(xu,v) < B (lxl,u|v]), (2.4)

where (x,u,v) € RN x R* x RN, |x| = (31, x?)"2.

LEmMA 2.2, Let u,u € WHP(RN) n CH(RN), respectively, be supersolution and subsolution
of (1.1) on RN with u(x) < u(x) on R, and let (A), (B) hold. Then, (1.1) possesses an entire
solution u(x) with u(x) < u(x) < u(x) on RV,
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Proof. Let By be the ball with radius R in RY. Consider the boundary value problem
div(|Vul??Vu) = f(x,u,Vu), x€ Bg, (2.5)
ulas, = g (2.6)

where g(x) is a function that satisfies u(x) < g(x) < u(x). For (2.5), (2.6), u(x) is still a
supersolution (for every R) and u(x) is still a subsolution (for every R), and #(x) > u(x)
in Bg. By C1*(Bg) estimates in [13] and monotonic iteration [16] or [1, 8], one concludes
that there exists u € C!(Bg), which is a weak solution of (1.1) with u(x) < ug(x) < u(x)
in BR.

Now, we want to apply elliptic interior estimates together with a diagonal process to

conclude that {ug : R = 1} has a subsequence {ug, : Rx 1 0o} such that {ug, } converges to
a function u in RN (pointwise) and this convergence is in C' on every compact set in R.
(Therefore, u € C' and div(|Vul?~2Vu) = f(x,u, Vu) with u(x) < u(x) < u(x), and this
concludes the proof.)
Step 1. On By, {ug : R = 2} is uniformly bounded by %(x) and u(x). Since both %(x) and
u(x) are bounded functions on B,, there exists M > 0 such that [|ug(x)Il1~5,) <M for all
R=>2.

From (1.1), ug satisfies

JBZ | Vug|? = - JBZ Fur. (2.7)

Therefore,
JB | Vug|? < M(measBz)l/qCIHVuRHp. (2.8)
2

Here 1/q+1/p = 1, and C; is the Sobolev embedding constant. So, |luz|l1,, < C;. When
1 < p <N, the embedding of Wé’p(Bz) in LNP/(N=P)(B,) implies that ur € LNP/(N=P)(B,).
Applying [12, Theorem 7.1, pages 286, 287], we obtain the estimate

sup {|ur|; x € By} < Cs, (2.9)

here Cs = C5(Il fllo). If p = N, we get (2.9) from the Sobolev embedding theorem. Using
(12, Theorem 1.1, page 251], we see that ug belongs to C*(B;) for some 0 < a < 1, and

|[ur||ce < Cs, (2.10)

here Cy is determined by Cs. By [19, Proposition 3.7, page 806] we also know that ug
belongs to C"*(B,) and

|[ur]|cre < Cs, (2.11)

here Cs is determined by Cj.
From the arguments above we see that there exists C > 0 such that

lugl|cirags,) <C  VR=2. (2.12)
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Since the embedding C'**(B;) — C!(By) is compact, there exists a sequence denoted by
{ur,;}j=1,.. (where Ry; 1 c0), which converges in CY(B;). Let u;(x) = lim; . ug,; (x) for
x € By; then u; is a solution of (2.5) with u(x) < u; < u(x).

Step 2. Repeat Step 1 up to the existence of the sequence {ug,;}j-1,.. to get a subsequence
{ur,, }m=12,. converging in C!(B,) to a limit u,. Then likewise u, is a solution of (2.5),
(2.6) and uy|p, = u;. Repeat Step 1 again on Bs,..., and so forth. In this way, we obtain

a sequence {ug,;}j=1,,. which converges in C'(B) and is a subsequence of {ury ;1. Let
ug = limj.c ug,;, then uy is a solution of (2.5), (2.6) in By and uklp, , = tx-1.
Step 3. By a diagonal process, {ug,,, } m=1,,.. is a subsequence of {urg;}j=12,.. for every k.
Thus, on By for each k we have
liln Ug,,, = Uk- (2.13)
So, if we define u(x) = limy,—« ug,,, (x), then u(x) satisfies
div (IVul??Vu) = f(x,u,Vu), x€RY, (2.14)

and u(x) < u(x) < u(x), since u(x) < ur(x) < u(x) for every k. This completes the proof
of Lemma 2.2. 0

LemMa 2.3. (i) Letall a,b >0 and p = 2, then

Vip-1) _ pl/(p—1) la— b
|a b | <2 e 5 (2.15)

(ii) Letall a,b = 0 and 1 < p < 2, then
|aV/ (=1 —pV (=D | < 2Vp=D|g — p|(a?~P/(P=1) 4 p2=pV(p=1)) (2.16)

3. Main results
In this section we give the following main results.

THEOREM 3.1. Assume that f satisfies (A)—(C) and the following conditions hold.
(I) F(r,u,v) and F,(r,u,v) are nonincreasing functions in u € R*, nondecreasing in
v € R* foreachr = 0.
(II)(a) For 1 < p <2 and fixed r € R, 21/(17_1)(1’,/\, mA/p)/A is nonincreasing for A €
(0, ) and satisfies that

1/(p-1)
lim F, (r,A,mA/p) _

Jim 1 0, (3.1)

where m = (2= p)/(N — p+1))@=pVp=1),
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(b) For 2 < p < N +1 and fixed r € R, Fffl(r,/\,ml/\/p)/l is nonincreasing for
A € (0, 00) and satisfies that

lim Ff_l (r,A,miA/p)

A—too A =0 (32)

where m; = ((p—2)/(N(p —1) — 1))(p=2/(p=1?,
(II1) (a) For 1 < p < 2, there exists a positive constant ¢ > 0 such that

J K(s)le/(pfl) (s, c @) ds < oo, (3.3)
0 p
where
1 if0<s<l,
K(s) = (3.4)
sV if s> 1.
(b) For 2 < p < N + 1, there exists a positive constant ¢ such that
J K(s)F§71<s,c,@>ds< 0, (3.5)
0 p
where
1 if0<s<l,
K(s) = (3.6)
sl if s>,

then (1.1) has infinitely many positive entire solutions u(x).

Proof. Ttis easy to see that under conditions (A)—(C) a positive solution #(x) of the equa-
tion

div (|Va|P~2va) = F (|x],%,|Val), xRN, (3.7)
is a supersolution of (1.1) in RY; and a positive solution u of the equation
div (|Vul?2Vu) = F(Ix,u,|Vul), xeRY, (3.8)

is a subsolution of (1.1) in RN. Therefore, we only prove that (3.7), (3.8) have solutions
and satisty u(x) < u(x).

We first consider (3.7), in view of the spherical symmetry of F;(|x|,v,|Vv]), it is nat-
ural to seek spherically symmetric solutions of (3.7), and thus we are led to the one-
dimensional initial value problems

(@0 + X0, ) = By ly'D, >0, (.9

y0) =75,  y'(0)=0, (3.10)
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where @,(y) = |y|P~?y, and 7 is a real number which is determined below. If y(r) is a
solution of (3.9) on (0, ), then v(x) = y(|x|) is a supersolution of (1.1) in RN,
It can be proved that the problem (3.9), (3.10) is equivalent to the following integral

equation:
y(r)=n+ J (
0

Therefore we only consider integral equation (3.11). To prove that (3.11) has a solution,
we consider two cases here: (i) 1 < p <2 and (ii) p > 2.
(i) For 1 < p < 2, condition (II) implies that

1/(p-1)

JS<E>N_1F1(E%|y'(t)|)dt) ds. (3.11)

0\S

FP7V(s,A,m\/p)
h)

<K(s)p/@®™" (s,c, %) 1=>¢, (3.12)

K(s)

where c is defined in (III), and for all s € (0,0), as A — oo, we have

le/(pfl) (s,A,mA/p)
A

According to (III), by Lebesgue dominated convergence theorem, we have

K(s)

—0. (3.13)

1J K(s)EY®™) (S,A, ml)ds 0 (A — ) (3.14)
AJo P
from (a) of (II) implying that
1J K(s)F/?™) (s,/\, @)ds 0 (A — ) (3.15)
AJo p
forall 1 < p < 2. From (3.15), we can choose sufficiently large constants 7 > 0, such that
I K(s)Fll/(p_l)(s,q,@>ds< Uy (3.16)
0 p p
Let Y be a set defined by
1 ’ m11
Y:{yeC[O,OO)Iqsy(r)SZq,Osy(r)s7}. (3.17)

Clearly, Y is a closed convex subset of C![0,0). Furthermore, the mapping F:Y —
C'[0, ) is defined by

r s t N-1 1/(1)*1)
Fy(r)=17+J (f () Fl(t,y,|y'(t)|)dt) ds, r=0,  (3.18)

0 0\S

where the value at 0 as well as the following limit supplement define

() e

1/(p-1)
Fy(0) = lim[ Y ()] )dt) ds} =1. (3.19)

r—0
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Next we will prove step by step that F is a continuous operator, mapping Y into a compact
subset of Y. The following propositions are essential.

ProrosITION 3.2. F is a mapping from Y to Y.

In fact, ifall y € Y, it follows from (3.16) and (3.18) that

n<Fy(r) < 11+J sl/(P_l)Fll/(pfl) (s,r], %)ds
0
. (3.20)
< 11+J K(s)Fll/(Pfl) (s,n, ﬂ)ds <2,
0 p
and from (3.18), we have

1/(p-1)

0< (Fy)(r) = (L (£>N_1F1(t,y,|y'|)dt>

[<r

r o \(N=D/@=p) \2-p /ot p-17VP71
LG) T (v

)
— mr@-p(p-1) L F Y (t,y,1y')dt

< mj K(s)Fll/(P_l) (3,17, %)ds <M
0

p
(3.21)
for r > 0. It follows from (3.21) that
, ety o N Ry, [y )t
lim [(Fy)'(n]" = lim N1 =0, (3.22)
then lim, ¢+ (Fy)'(r) = 0. Therefore, we have
F —F
(ry) (0 = ligg X BXOL o () <, (3.23)
and then let
N1 1/(p-1)
(J (—) Ei(t,y, Iy'l)dt) ~0. (3.24)
0 \7 r=0

So (3.18) holds for r > 0, and we have

0= (Fy)(r) < %, r=0. (3.25)
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ProrosiTiON 3.3. F is continuous.

Let {yx} be a sequence in Y convergingto y € Y. By (3.18) and Lemma 2.3, we have

|Fyi(r) — Fy(r)|

o[ ([ (6 mtesmtoina)-op ([ () ety ar)]as

<

2"y J (J |F1(t’yk)|y1,<|)_F1(t’)/,|)”|)|dt) (AC-P/(p=1) 4 BE-p/(p-D)) 4|
0 0
(3.26)
where
St N-1 Sy N-1

Note that Wi(s) = 21/~ [7 [F1(t, yio |y ) — Fi(t,y, 1y D Idt(AC=pV(p=1) 4 BC=p)/(p=1))
satisfies

S
Wy (s) < 2<P+1>/(p—1>j FY®D (t,q, %)dt, (3.28)
0

Wi (s) — 0 pointwise on [0, ) as k — oo. From the Lebesgue dominated convergence the-
orem, it follows that F yx(r) converges to Fy(r) uniformly on [0, c0) as k — oo, and hence
Fyr(r) = Fy(r) in C[0, ) as k — co. On the other hand,

| (Fyx) (1) — (Fy) () |

= ‘GDPI (L (E)NilFl(t,yk, Iyzil)dt) ~0,! (L (E)Nﬁlﬂ(t,y,ly’l)dt)

Similarly, we have (Fyy)'(r) converging to (Fy)'(r) uniformly on [0, c0) as k — co. Thus,
F is continuous.

(3.29)

ProrosITION 3.4. FY is relatively compact.

It suffices to show that {Fy(r) | y € Y} and {(Fy)'(r) | y € Y} are uniformly bounded
and equicontinuous on every subset [0,M] C [0,00). From (3.20), (3.21), the uniform
boundedness is obvious, so we only prove that {(Fy)'(r) | y € Y} is equicontinuous in
[0,M].

From (3.21), we obtain

wro=([(0) mesmvane ™

(@, ((Fy)' () = Fi(r,y(r), | y'(r)]) = (N - 1)JOYSN_1FNF1 (5,9, 1y (s)])ds,
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then

@y (Ey )| < R(r, 50+ X2 [ B (s B s e

From (3.30), we have

lim (@4 ((Ey)'())’ = -F1(0,(0), | ()]), (3.3
then
, O, ((Fy) —®,((Fy)'(0
(@,(Fyy) () = lim (LA E N ZCAEON_ L, 100,101,
(3.33)
Therefore,
4 ! — i 4 < @
(@ ((F))) O = G030, [y @) =F (00,70). (330
For (3.25), we let
N-1 ~ (N — mn
[ " I F, (s 7, — » )ds] r:o_(N 1)F; (0,71, » ), (3.35)
and then (3.31) holds for all » > 0, therefore
(@, ((Fy)) (r)] <F1(r ;7,””7) *IJ Fl(s’ r=0. (3.36)
Consequently, for ((Fy)’(r))" we have estimates in [0, M]:
max @, ((Fy)'(r)']
, (3.37)
- mn N-1 miy _
< max By (ron ) e [ S | A (s ] = Lo
then
| @, ((Fy)'(r1)) =@, ((Fy) (r2)) | <Lm|ri=m2|, 7, € [0,M]. (3.38)
On the other hand,
|(Fy) (1) = (Fy) (r2) | <sup | (@,))' (x)| |1 —r2|, ri,m2 € [0,M], (3.39)

then {(Fy)'(r) | y € Y} is equicontinuous in [0, M].

To prove that FY is relatively compact in Y, we will prove every sequence {Fyx(r)}
which has convergent subsequence in Y. We only need to use Ascoli-Arzela theorem in
turn for the sequence of interval [0, M;] C [0,M,] C - -- C [0,M;] C - - - (where M; — o
as j — o), and use the diagonalization argument as in [25]. Thus we are able to apply the
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Schauder-Tychonoff fixed point theorem and conclude that F has a fixed point y in Y.
This fixed point y = y(r) is a solution of (3.9), and so we obtain a supersolution y(x) of
(1.1) in RN defined by y(x) = y(IxI).

(ii) For 2 < p < N +1, since CID}g1 ¢ C(R) (d);l is the inverse function of ®,(y) =
[ylP -2 y), then we consider the perturbation equation

(rNlge(y) = N TIE (1)), (3.40)
y(0)=n,  y'(0)=0, (3.41)

where ge(y) = €y + @, (y). From g;! € C!'(R), and then similarly with (i), we have for all
€ >0, (3.40), (3.41) has a bounded positive solution y. € C'(R), and similarly with (i),
we have

max | (ge((Fye) (r))) (r)| <Ly (beindependent of €). (3.42)

0<r<M

From Ascoli-Arzela theorem, we have g.(y.) — v (¢ — 0), where v € C(R). Since ||y, llo is
bounded, it follows that ®,(yc) — v (€ — 0). Since @, is R — R strictly increasing which
implies that y, — d)}gl (v) (e — 0), then we have

r t
Ye=H+ Jo yo(s)ds — n+ L CI);,l (v(s))ds=y (e —0). (3.43)
From (3.40), (3.41), we have y. satisfying

erN ly + NI D, (y0) =+ L SNTUF (s, yes ye ) ds,

)’6(0) =1, yé(O) =0,

(3.44)

and then for all € [0,M], let € — 0, y € C'[0,M] a bounded entire solution of (3.7).
Similarly, we consider the initial value problem for (3.8):

N-1

(D,(2)) + O,(2') = Fy(r,2,12']), r>0, (3.45)

Z(O) = E) Z,(O) =0,

where & is a real number which is determined below. Further we consider equivalence
integral equation equivalent to (3.45):

r s t N-1 1/(p—l)
2(r) :5+J (J (S> Fz(t,z,lz'l)dt) ds. (3.46)
o \Jo
From (3.14), we can choose sufficiently large constant & > 0, satisfying
J K(s)E/®V (s,f, ’”—5) ds< %, (3.47)
0 p p
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Let us set
Z= {ze C'10,0) | E<z(r) <28, 0<2(r) < m?g, r> 0}. (3.48)

Define mapping V:

e Lf (J (é)Nﬁle(t,z, 2 I)dt) BN (3.49)

0

Similarly, ¥(r) has a fixed pointin z € Z.

In the above, constants 7 and & have to satisfy not only (3.14) and (3.40), but also they
need to satisfy 2& < 5 (this we can realize choosing first & which satisfies (3.40), fixing,
and finally adjusting &, so that we choose # which satisfies 2 < # and (3.18)). Therewith,
we have

0<é=<z(r)<2l<n=<ylr) <2y (3.50)
On the other hand, if the problem (3.9) has a solution y(r), then v(x) = y(|x|) = y(r) is
a solution of (3.7). Similarly, if the initial value problem (3.45) has solutions z(r), then
w(x) = z(|x]) = z(r) is a solution of (3.8). From (3.50), it follows that
0<é<wx)<v(x) <2y, xeRVN, (3.51)
From Lemma 2.2, (1.1) has at least a solution u(x) and satisfies
w(x) < ulx) <v(x), xeRYN. (3.52)

Here and now we have proved that (1.1) exists for positive entire solution u(x). From
(3.51), (3.52), we see that all super- and subbounds of positive solutions are dependent
choice of sufficiently large positive number &, #. If we choose the number pair (¢j,7;)
(j = 1,2,...), using the closed interval of the closed interval set which is each other non-
intersect {(Ej,qj) | j =1,2,...}, then we obtain each other difference bounded positive
solutions of (1.1) u;(x), j = 1,2,..., therefore (1.1) possesses infinitely many positive en-
tire solutions. O

Remark 3.5. When p = 2,in [11, 20, 21] relative results were obtained and our results can
be seen as their extensions.

Remark 3.6. 1f condition (II) of Theorem 3. 1 is replaced by

(I),(a) for 1 < p <2 and fixed r € RY, Fz /(o= 1)(r,/\, mA/p)/A is nondecreasing for A €
(0, 00) and satisfies

. le/(p_l)(r,)t,m/\/p)
lim
A0+ A

=0, (3.53)

where m = ((2— p)/(N — p+1))@=pV =1,
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(b) for 2 < p < N +1 and fixed r € R*, Fffl(r,l,mll/p)/)t is nondecreasing for
A € (0,00) and satisfies

p-1
lim F (r,A,mA/p)

lim 3 =0, (3.54)

where m; = ((p —2)/(N(p —1) — 1))@=/ (p-1%
then the conclusion of Theorem 3.1 holds.

THEOREM 3.7. Suppose that f satisfies (A)—(C) and the following conditions hold.
(I) Fy(r,u,v) and Fy(r,u,v) are nondecreasing for u € R*, and nonincreasing for v €
R*.
(II)(a) For1< p <2 and fixedr € R*, le/(P_l)(r,A,O)//l is nonincreasing for A € (0, )
and satisfies

i B0

am ) 0. (3.55)

(b) For 2 < p < N+1 and fixed r € R", F7(r,A,0)/4 is nonincreasing for A €
(0,0) and satisfies

i ' (r,),0)

Jam h =0. (3.56)

(III) (a) For 1 < p < 2, there exists a positive constant ¢ such that

1/(p-1

J K(s)F, )(s,c,O)ds < 00, (3.57)
0
where
1 if0<s<l,
K(s) = (3.58)
sVYP=Dif s> 1.
(b) For 2 < p < N + 1, there exists a positive constant ¢ such that
J K()E! ™ (5,6,0)ds < oo, (3.59)
0
where
1 if0<s<l,
K(s) = (3.60)
sl if s> 1.

Then the conclusion of Theorem 3.1 holds.
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Remark 3.8. 1f condition (II) of Theorem 3.7 is replaced by

(1) (a) for 1< p <2 and fixed r € R*, F;"?"V(r,1,0)/1 is nondecreasing for A €
(0, 00) and satisfies

1/(p-1)
lim B (A0 0; (3.61)
p A

(b) for 2 < p < N+1 and fixed r € R4, Fffl(r,)L,O)//\ is nondecreasing for A €
(0, 00) and satisfies

lim —2—22~ _ (3.62)

then the conclusion of Theorem 3.1 holds.

THEOREM 3.9. Assume that f satisfies (A)—(C) and the following conditions hold.
(I) Fy(r,u,v) and F,(r,u,v) are nonincreasing in u € (0, 00) and nonincreasing in v €
(0,00) for all fixed r € R*.
(II)(a) For 1 < p < 2, there exists a positive constant ¢ such that

J K( s)F2 (s,¢,0)ds < oo, (3.63)
where
1 if0<s<l,
K(s) = (3.64)
V=l if s> 1.

(b) For2 < p < N + 1, there exists a positive constant ¢ such that

J K(s)EP ™ (5,¢,0)ds < oo, (3.65)
0
where
1 if0<s<l,
K(s) = (3.66)
sl dif s> 1.

Then the conclusion of Theorem 3.1 holds.

THEOREM 3.10. Assume that f satisfies (A)—(C) and the following conditions hold.
(I) Fy(r,u,v) and Fy(r,u,v) are nondecreasing in u € (0, ) and nondecreasing in v €
(0,00) for all fixed r € R*.
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(II)(a) For 1 < p <2 and fixed r € RY, le/(Pfl)(r,p)L,m/\/p)/A is nonincreasing for A €
(0, 00) and satisfies

lim F2 /o= 1)(r,p/\,ml/‘z)) _
A—+o0 A ’

(3.67)

wherem = (2 — p)/(N — p+1))@=pVp=1),
(b) For2 < p < N+1 and fixed r € [R*, 2 (r,pl,ml/\/p)/)t is nonincreasing for
A € (0,00) and satisfies

lim Ffl (r, pA,miA/p)
A=+ /\

=0, (3.68)

where my = ((p—2)/(N(p—1) — 1)) (=2 (p=17,
(I11) (a) For 1 < p <2, there exists a positive constant ¢ > 0 such that

J K(s 1/<p D (s,pc, : )ds< SR (3.69)
where
1 if0<s<l,
K(s) = (3.70)
V=l if s> 1.

(b) For 2 < p < N + 1, there exists a positive constant ¢ such that

L K(s)F! (s pe, e ; )ds < (3.71)
where
1 if0<s<l,
K(s) = (3.72)
sl s> 1.

Then the conclusion of Theorem 3.1 holds.

4. Example

Example 4.1. Consider the equation
div (| VulP~2Vu) = y(x)e K @-D|gyp-1 xRN, N = 3, (4.1)

where 0 <a< p—1, p>1,and y(x) >0 is locally Lipschitz continuous in RN,
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Let f(x,u,Vu) = w(x)e X e-D|gy|p-1 y*(r) = maxj—, ¥(x), and v (r) =
min|y -, ¥(x). Choose

(Ixl,u, 1v]) Y (|| ) e~ WP (b= [y p=1 ifl1<p<2,
X\, U, |V|) =
Y (|l e w00 [y V=D i p > 2,
(4.2)
(o ) < |70 L pe,
X, U,|V|) =
1l/*(|x|)ef\x\zu“/(pfl)|V|1/(p—1) ifp >0

It is easy to check that (i) F(r,u,v), F2(r,u,v) satisfy condition (I) of Theorem 3.1; (ii)
F,(r,u,v) satisfies condition (II) of Theorem 3.1, F(r,u,t), F»(r,u,t) are nonincreasing
functions for u € R*, which is a nondecreasing function for t € R*, and for 1 < p <2 and
fixed r € R,

F;/(P_l)(r,l,m/l/p) _ * 1/(p-1) _p2)e p

is nonincreasing for A € (0, c0) and satisfies

lim FQIFI (r,A,mA/p)

Jim. ) =0, (4.4)

where m = ((2— p)/(N — p+1))2=P/(?=D_ For p > 2, being similar to 1 < p < 2, suppose
that

J K(s)F, " U( yc’%>ds: (%)P_IJ:K(S)(W*(S))V@l)e‘szfads< o (4.5)

(where ¢ is a certain positive constant) holds. Then from Theorem 3.1 it follows that (4.1)
possesses infinitely many positive entire solutions u(x).

Example 4.2. Consider the equation
div (| Vul?2Vu) = y(x)ut? Ve WIVulip-1 -y o RN, (4.6)

where o, € (0,p—1), p> 1.
Let

fo1, V) = y(x)us= e Ivullo=n),

Vs (1x])up=Ve= PIvB(p-1 i <p<2,
(Ixlu,v]) = 5 .
Vs (| u®/ =D PV (p=1)if p > 2, (4.7)

y* (|x])usp-De- W=D if 1 < p<2,
(lxl,u,[v]) = . _
v/*(|x|)u9‘/(P*1)e*‘x| wIP/(p—1) lfpzz’
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where y(x), y«(r), y*(r) are defined in Example 4.1. It is easy to prove that the condi-
tions of Theorem 3.1 are satisfied. Suppose that

J: K($) (3% () " Vs < o0 (4.8)
holds. Then (4.6) possesses infinitely many positive entire solutions u(x).
Example 4.3. Consider the equation
div (| VulP2Vu) = y(x) (u*+uf + |Vul?), xe€RN, N =3, (4.9)
where y(x), Y4 (r), y*(r) are defined in Example 4.1, &, 3,y € (0,1), and f+y < p — 1,

p > 1. It is easy to prove that the conditions of Theorem 3.7 are satisfied. Moreover, sup-
pose that

J KO ()P Vds < o0 (4.10)
0

holds. Then (4.9) possesses infinitely many positive entire solutions u(x).

Example 4.4. Consider the equation

|Vulf
(1+u)*’

div (|VulP~2Vu) = y(x) (4.11)

where a,f>0and f—a>p—1, p > 1, with y(x), s« (r), y*(r) are defined in Example
4.1. Tt is easy to prove that the conditions of Theorem 3.9 are satisfied. Moreover, suppose
that

J KO (6) P Vds < o (4.12)
0

holds. Then (4.11) possesses infinitely many positive entire solutions u(x).

Example 4.5. Consider the equation
Au=e "y Vulf, xeR? (4.13)

where a, f, y are all positive constants. Let f(r,u,v) = e’ u*vP. Clearly if y >0, >
0, either a + < p—1or a+ > p—1, then it is easy to verify that the conditions of
Theorem 3.10 are satisfied. Thus, Theorem 3.1 holds for (4.13).
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