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Based on the three-dimensional real special orthogonal Lie algebra SO(3), by zero curvature equation, we present bi-integrable and
tri-integrable couplings associated with SO(3) for a hierarchy from the enlarged matrix spectral problems and the enlarged zero
curvature equations. Moreover, Hamiltonian structures of the obtained bi-integrable and tri-integrable couplings are constructed

by applying the variational identities.

1. Introduction

Among the well-known soliton hierarchies are the KdV hier-
archy, the AKNS hierarchy, and the Kaup-Newell hierarchy
[1]. The trace identity is used for constructing Hamiltonian
structures of soliton equations, which is proposed by Tu
[2, 3]. In the case of non-semi-simple Lie algebras, integrable
couplings of soliton equations are generated by zero curvature
equations [4, 5] and the corresponding Hamiltonian struc-
tures are obtained by the variational identity [6-8].
An integrable coupling equation

u, = K(u) = K(x,t,tthy, thyy Uy s Uy Uggs . .) (1)

is a triangular integrable system of the following form [9]:

u, = K(u),
2
v, =Su,v),
where u is a function of variables ¢ and x, u, = 0Ou/dx,

and u, = ou/ot. If S is nonlinear with respect to the
second dependent variable v, the integrable coupling is called
nonlinear.

An integrable system of the following form [10]
u, = K(u),
u =S (wu), (3)
Uyy =S, (1, 11y)

is called a bi-integrable of (1).
Similarly, an integrable system of the following form [10]

u, =K (u),

Uy =8 (1), @

Uy =S, (”>”1’”2) >
Uz, =S5 (”’”1’ U, ”3)

is called a tri-integrable of (1).

Integrable couplings correspond to non-semi-simple Lie
algebras g, and such Lie algebras can be written as semidirect
sums [11]:

g=9gYg, g-semisimple, g.-solvable. (5)
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The notion of semidirect sums g = g ¥ g, means that g and
g, satisfy (g, g.] < g,, where [g,g.] = {[A,B] | A€ g, B¢
g.}> with [+, -] denoting the Lie bracket of g. Obviously, g, is
an ideal of g. The subscript ¢ indicates a contribution to the
construction of coupling systems. We also require the closure
property between g and g, under the matrix multiplication:
990 9.9 < g Where gg. = {AB| A€ g, Be g.}.

Integrable couplings are useful tools for describing and
explaining nonlinear phenomena of new evaluation equa-
tions. There are very rich mathematical structures behind
integrable couplings. In particular, integrable couplings gen-
eralize the symmetry problem and describe other integrable
properties of integrable equations. In order to enrich mul-
ticomponent integrable equations, it has been an important
task to explore more integrable properties from multi-
integrable couplings. For example, one can find work on the
integrable couplings [12,13]. It is always interesting to explore
any new procedure for generating integrable couplings for
different soliton hierarchies, even from existing non-semi-
simple Lie algebras.

Recently, seeking new integrable systems including soli-
ton hierarchies and integrable couplings forms a pretty
important and interesting area of research in mathemati-
cal physics. To generate integrable couplings, bi-integrable
couplings and tri-integrable couplings of soliton hierarchies,
Ma proposed a new way to generate integrable couplings
through a few classes of matrix Lie algebras consisting of
block matrices [10]. Recently, bi-integrable couplings and tri-
integrable couplings for the KdV hierarchy and the AKNS
hierarchy have been studied considerably [14, 15]. From
[16, 17], bi-integrable couplings of a new soliton hierarchy
associated with SO(3) and bi-integrable couplings of a new
soliton hierarchy associated with SO(4) have been studied.

In this paper, we will construct bi-integrable and tri-
integrable couplings associated with SO(3) for a hierarchy
from the enlarged matrix spectral problems and the enlarged
zero curvature equations. Our work is essentially motivated
by [17-19].

2. Bi-Integrable Couplings and
Hamiltonian Structures

2.1. Bi-Integrable Couplings Associated with SO(3). So as to
generate bi-integrable couplings, we introduce a kind of block
matrices:

A A A,
M,(AALA)=| 0 A+aA, A +ad, |, (6)
0 0 A+aA,

where « is an arbitrary nonzero constant and A, A, and A,
are square matrices of the same order. In the following, we
define the corresponding non-semi-simple Lie algebra g by a
semidirect sum:

g =g9g, 7)
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with

g=1{M,(A,0,0)| AcSO()},

- (8)
9.={M,(0,A,A,) | A}, A, €SO(3)},
where the loop algebra SO(3) is defined by
SO(3) ={A()) € SO(3) | entries of A(A) o
9

— Laurent series in A}.
Obviously, we have the matrix commutator relation:
(M, (A, A1, A;), M, (B, By, B,y)] = M, (C,C,Cy),  (10)

with C, C,, and C, being defined by

C=[A,B],
Ci=[AB]+[A,B] +a[A},B], a
C,=[A B, +[A,,B] + [A},B)] + «[A}, B,]
+alA,, B].
Let us consider the Lie algebra SO(3). It has a basis
0 01
e,=( 000,
-1 00
00 O
e;=100 -1, (12)
01 0
010
e;=(-100],
0 00

with which the structure equations of SO(3) are [e;, e,] = e,
le),e5] = e, [e5,61] = e,.

The soliton hierarchy introduced in [18] has a spectral
problem

¢ =Up=Uw V)¢, u=(paq), (13)

with the spectral matrix U being chosen as

0 g A
U=Uw,A)=Ae, +pe;+qes=| —q 0 —=p |. (14)
-Ap 0

Based on this special non-semi-simple Lie algebra g(1),
we begin with the corresponding enlarged spectral matrix
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U, = M,(U,U,,U,) and let supplementary spectral matrices
be

0 4 0

!
p
U =U(u,\)=| -4 0 -p' |, ”1=< ,)’
0o p 0 1
0 4" o
S 3)
Uy=U,(upA)=| —-q4" 0 -p >
o p' o

(P”>
=, |
q

For purpose of solving the enlarged stationary zero cur-
vature equation V,, = [U,,V,], we take V, = M,(V,V,, V),
where V is defined as in [18]

0 ¢ a
V=VwA)=| -0 -b
-ab 0
(16)
0 ¢ q
=3[ - 0 -4 |27,
=0 _ai bi 0

and the supplementary spectral matrices V; and V, read

0 ¢ 4
V=V (wu,A)=| - 0o -V
-a v o
0 ci' ai'
=Y ¢ o -5 |17,
>0
= -a b 0
, 17)
0
V, =V, (wu,uA) = =" 0 -b"
_all bl/ 0
0 ci" ai"
— Z —CiH O _bill A,_i.
i>0 _ai,, bi" 0

__ The enlarged stationary zero curvature equation Vi =
[U,, V] is equivalent to
V. =1[UV],
Vi, = UV ]+ [U, V] +a[U, V], (15)
Vi = [UV,] + [U,, V] + [UL, Vi ] + « [U, V3]

+a U, V).

The above equation system equivalently leads to

a, = pc—qgb,
b, = -Ac + qa,
¢, = Ab— pa,

a.=pc —gb' —qb+pcra (p'c' - q'b') ,
b.=-A'+qa' +q'a+aqd,
(19)
=M ~pa -pa-ap'd,
ax — —qb” + pC” _ q”b + p"C _ q,b, + p!cl
+ “(—q,b” + pICII) + a(—q”b, + pll /) ,

no_ " n " I ron n

b, =-Ac +qa +qa+qa +taga +aq a,

" " " I rn "o
¢, =Ab" —pa -pa-pa -apa —ap a.

Now, we define the enlarged Lax matrices T/[l”“] =
A"V, = M, v v >0, where VI s
defined as V™ = (A"V),, and V"™ = A™V,),, i = 1,2.

Solving the enlarged zero curvature equations [_]nm -

—lm]

Vie + [61,\7[;"]] = 0, m > 0, we get bi-integrable couplings
of the soliton hierarchy in [18]

p “Cn+1
q bm+1
! !
ﬁ _ p _ _Cm+1
tw ! - li
q bm+1
" "
p “Cnt1
1 "
q tm bm+1
1
0 3 0 0 0 O
1 _me+1 (20)
-—— 0 0 0 0 O
2 1 _26m+1
!
_ 0 0 O1 3 0 0 -2b,.,
!
0. 0-2000 2641
1 —sz
000 00 - j',‘“
1 _2Cm+1
0O 0 0 0 —-—0
2
:]1P1,m+1'

2.2. Hamiltonian Structures. In this section, for purpose of
generating the Hamiltonian structure of hierarchy (20), we
will use the corresponding variational identity [20]:

8 (o I R
5 J V.U dx =27 22 {V.0,}, 1)



where {,-} is a required bilinear form, which is symmetric,
nondegenerate, and invariant under the Lie bracket.

Va = (a;, a5 as,a,,a5, a5, a;,a),a)) € R, b = (b, by, by,
b’ b b b" b" b") € R%; we define the Lie bracket [+, -] on R’
as follows:

[a,b] = a"R, (b),

R, (b)
R®) R, (b) R, (b) (22)
=[ 0 R@® +aR, (b) R, (b)+aR,®) |,
0 0 R(b) + aR, (b)
where
0 -b b
R®)=| b 0o -b |,
b, b 0
b, b
R)=| b o -y |, (23)
-b, b 0
0 -b' b
R,()=| b o -b
BB 0

Following the properties of the matrix F;: F, (ﬁl o)T =
~R,(b)F, and F, = FI, we get

m Uy 213 o 00
Fi=| m any+2n; 2an5 |@( 0 1y 0 ), (24)
213 20ms 0 0 0 r

where #,, 1,, 15, 1, are arbitrary constants. We are easy to
have

det(F,) = —64 (oc2;71 —an, + 2113)3 nirg #0. (25)

In order to get the Hamiltonian structure of the Lax
integrable system, we define a bilinear form {a, b} on R’ of
the following form:

{a,b} = a" F,b. (26)
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Now we can compute that

V.U = any + rea'n, + 2r0a"ys,
{ViUypb = robmy + rob'ny + 21001,
V0T, = roem + roc'ny + 2r" s,
ViUt = (rob+ argb') o)
+ (2n06 + 20m" ) s,
V.U, g} = (roe + are ) my + (210" + 20r,c”" ) s,
V.U, o} = (2r0b + 2arb" ) 15,
Vi, U} = (2rec + 2aryc’)
and furthermore, we use the following formular [20]:
y=-2L 7.7, (28)

2dA

to obtain that y = 0. Applying the corresponding variational
identity, we obtain the following Hamiltonian structure for
the hierarchy of bi-integrable coupling (20):

_ _0H
Uy, = Ky ) =T, —2%5 m=0, (29)
” ’ ou
where the Hamiltonian operator is
-1
m ) 215 0 1
71 =| n, an,+2n; 2an, ® 1 2], (30)
=0
2ny 20 0 2
and the Hamiltonian functions read
o - _J Aty + Toly oy + 2”0“m+2’73d
Lm m+1 (31)

m > 0.

Based on (19), a direct computation yields a recursion
relation:

Pl,m+1 = Ilpl,m’ (32)
where
L, =M, (L', L, L})
L 0 0
=| L) L'+al] 0 ,
L) L +al} L'+aL}

(33)
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with L', L}, and L}, being defined by

L] _ (lll llZ)
121 122 ,

o (34)
Il = L hy
1~ l/ lI >
21 22
l” lII
1 11 12
L2 = (ln I )’ (35)
21 22
Ly = _Pailq’
I, =0+ pd ' p,
by =-0-40'q,
b, = qa_lp’
Iy =-p0'q —ap'd’’q - p'o’'q,
Ly =pd ' p' +ap'a ' p'+ p'0 ' p,
ly=-q0"'q -aq'd'q -q'07'q,
Ly=q0 'p'+aqd ' p'+40 ' p,
(36)

-1_n 1n

ly=-po'q" ~ap'o”'q" ~ p'07'q ~ap"07'q
-p'o"q,

I =pd ' p" +ap'a'p" +p'a'p +ap”op'
+p"07'p,

Ly=-q0"q"~aqd0'q" ~q'0"q' ~aq"0"'q
- q"a_lq,

l;’z = qa_lp” + (xq'a_lp" + q'a_lp’ + ocq”a_lp'
+ q”a_lp,

where d = d/dxand 07! = f(d/dx)dx.

3. Tri-Integrable Couplings and
Hamiltonian Structures

3.1 Tri-Integrable Couplings Associated with SO(3). So as to
generate bi-integrable couplings, we introduce a kind of block
matrices:

M; (A AL Ay Aj)

A A, A, A,

0 A+pBA, BA, A+ BA, (37)
o 0o AspA tua, 4, ’

0 0 0 A+ BA,

where f3, y, and v are arbitrary nonzero constants and A, A,
A,, and A, are square matrices of the same order. In the
following, we define the corresponding non-semi-simple Lie
algebra g(A) by a semidirect sum:

g =g9g, (38)
with
9=1{M;(4,0,0,0)| A€S00B)},
(39)
ge = {Ms (0,A},Ap Az) [ A, Ay As € §O\—/(3)} )
where the loop algebra SO(3) is defined by
SO(3) = {A (L) € SO (3) | entries of A (1)
— Laurent series in A}. (40
Obviously, we have the matrix commutator relation:
[M; (A, A\, A,, As), M; (B, B, By, B;)] @
= M;(C,C,,C,,Cy),
with C, C,, C,, and C; being defined by
C=[AB],
C,=[AB,|+[A,,B]+B[A,B,],
C, = [A,By)] +[Ay, Bl + u[Ay, By] + B[A}, B, 42)

+B[AB],
Cs = [A,Bs] + [As, B] + B[A5, B, ] + B[A}, Bs]
+[A,B]+7[A,B,].
We introduce the following enlarged spectral matrix to
construct tri-integrable couplings for SO(3) hierarchy:
U,=U,@A) = M; (U,U,U,U;) eg(A),  (43)

withU = U(u, A) being defined as in (14), where U, and U, are
defined by (15), and also the supplementary spectral matrix
Uj reads

O ql” O
Us =U; (u3,A) = ‘q,” 0 _P’” >
0 PIII 0 (44)

- pIH
Us = m |-
q
As usual, we take a solution of the following form:

\_/2 = \_/2 M) = M, (V)Vsz)Vs)

vV ov Vv, v,

0 V+pV, BV, V, + BV, (45)
Lo 0o vepyrpy, w, |

0 0 0 V + BV,



where V, V|, and V, are defined by (16) and (17); also V; reads

n n
0 ¢ a

n n
V, =V, (wup,uyup M) = =" 0 =b" |,
n n
-a’ b 0
n "y =i
a =Zai AT
0
n "y —i
b =>b"17,
(46)
n "y —i
c :Zci A7
20
n "y —i
f1 =21
20
m_ "y —i
g =29 A
20

It now follows from the enlarged stationary zero curva-
ture equation V,, = [U,, V,] that

Vx = [Us V] 5

Vie = [UVi] +[U, V] + B U, V],

Ve = [UV,] + [Up, V] + e [U,, Vo] + B[U}, V] (47)
+B[U, V],

Vi = [U V3] + [Us, V] + B U, V] + [U, V]

+ B UL V] +2[U,, V5]

The above equation system is equivalent to

a, = pc—qgb,

b, =—-Ac+qa,

¢, = Ab— pa,

a; =—qb' +p’ —q'b+p'c+ P (—q’b’ + p’c'),

=-Ac' +qa' +q'a+Bqd,

_ Ab/ _pa/ —p'a—ﬁp'a',

—q’lb+p’,C+M( q b +PHCII)

+[3( —q'b" +p'c”)+/3( 4"V’ +p"c')

b =-Ac" +qa +q'a+uq"d" +Bqa" + Bq'a, (48)
—p 'a—pp"a" - pp'a” - pp"d’,

n " n U

al' = —qb"" + pc" —q"b+ p"'c

+ﬁ( ql”b +p’”C’) ﬁ( qblll+p/ IH)

—qb +pc +v( q b’ +p"c"),

— —qb” + PC”

! =" - pa”

n n I
b =-A" +qa" +q"a+Bq"d + pq'a" +4'd
n_n
+vq a,
n IH " ! /II I
Cx —pa" —p"a—pp"a — pp'a” ~pa

non
-vq a .
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Now, we define the enlarged Lax matrices V
A"Vy), = My(vVI" v vIm v m > 0, where yim
is defined as V[m] = (A"V),, and V[m] (/\mV)+, i=1,2,3.

Solving the enlarged zero curvature equations U2tm -

VZI] +[U,,V m]] = 0,m > 0, we get tri-integrable couplings

of the soliton hierarchy in [18]

p m+1
q bm+l
!
p “Cns1
! !
ﬁ _ q _ bm+1
ty - "
p “Cnt1
q brlrlt+l
n
p “Cns1
Ui
q t bm+1
1
0 5 00 00 0 0
-2b,
—% 00000 0 0 "\ (49)
-2¢,,,
000 X000 0
2 2br,n+1
1 !
) 0 0 - 00 0 0 0 -2
- 1 "
00000 5 00 —2b,,,,
1 2C”
00 0 0 - 0 0 0 ml
I
1 _meﬂ
00 00 0 0 0 = .
1 2 _2Cm+1
00 00 0 0 - 0

= ]2P2,m+1'

3.2. Hamiltonian Structures. In this section, for the purpose
of generating the Hamiltonian structure of the hierarchy (49),
we will use the corresponding variational identity [20]:

9
5

0

[{Folax -2 {wo). o

where {,-} is a required bilinear form, which is symmetric,
nondegenerate, and invariant under the Lie bracket.

Va = (al,az,a3,a1,a2,a3,a a ,ay,a, ,a;",a;”) e RY,
b — (b b b b! b, b/ b” b" b” b”,,b”’ b’”) c RIZ; we
define the Lie bracket [+, -] on R12 as follows:

[a,b] = a"R, (b), (51)
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where
R(b) R, (b) R, (b) R; (b)
— 0 R(b)+ SR, (b) R, (b) R, (b) + BR; (b)
R, (b) = BR, BR, 1 BR, (52)
0 R(b)+ BR, (b) + uR, (b) VR, (b)
0 0 0 R(b) + BR, (b)
with R(b), R,(b), and R,(b) being defined by (23), and {\_/2,52#,} = (—roc + ﬁroc') o + 1o P13
O _b3”, bzl” + (rOC/ + ﬁTOCI") ’14’
Ry)=( v" o -p" |. (53) {\_/2,621, '} = (rob + rob’ + prgb" ) 1 + vrgb' 4,
_bzm blm 0 ! " "
{VZ,U2 qu} ( o€ — Proc — Uryc );13 —VryC My
Following the properties of the matrix F,, Fz(ﬁz(b))T = V.U, b+ Br
R,(b)F, and F, = FJ, we have { pae } ( o+ Fro )’74
{VZ) U2 qm} ( T’OC - ﬁTOC,) 714.
m 2 UE M4 (57)
g TP Brs P formule (28) and find th _—
2 We use formula (28) and find that y = 0. Applying the
0
M5 Pis s corresponding variational identity, we obtain the following
Ny PBria 0 0 (54)  Hamiltonian structure for the hierarchy of tri-integrable
couplings (49):
o 0 0
e 0 ry 0], _  — _  _6H,,
00 7, u, =Ky, =], 8; , m=x0, (58)
where ® is the Kronecker product and 7y, #,, 75, H 1 are where the Hamiltonian operator is
arbitrary constants. It is easy to have )
M M2 s N4
3 3
det(F,) =y (B = B + 1) (s +vma) g =) v R R
0 ns o Prs pmz oy 0
. M P 0 0 (59)
In order to get the Hamiltonian structure of the Lax 1
integrable system, we define a bilinear form {a, b} on R of ® 0 2
the following form: 1 0 ’
2

{a,b} = a" F,b. (56)
Now, we further compute that

‘_/ 6 ! _ " _ n
2» Yo —argfy —atoly —a Tolz —a Tolly

{\_/2)(_]2 O roc M= ”OC 713 - ”oC 774,

b=
V2, Usp} = robry + rob'ny + 1gb" 15 + 1gb "' 1y
of =

b=

{\72,62 5 (rob + 1y /3) ", + rob /37]3

+ (rob' + rob"'[:v’) Na>

and the Hamiltonian functions read

H,

m

! " n

_ J- T0%m2M T 102t + 108,013 + 108,014 dx (60)

- >
m+1

m > 0.

Based on (48), a direct computation shows a recursion
relation:

Py i1 = L,P. (61)

2,m>



where the recursion operator L, is given by

L,=M, (L',L}, L}, L))

L 0 0 0

L' L'+ pL} 0 0 (62)
) T A R ) ) S | ’

L, L,+pL, vL} L'+ BL}

with L' and L} being given as in (34), and
X, X
L13 _ ( 11 12) ’
X1 X2
Lz _ (J’u )’12))
Ya Vn
X5 == (P +up" +pp')o'q" - pp"o7'q
_ P”a—lq’
Xy, = (P + [,tp” " /5P') aflpn + ﬁp/laflp; 4 P”ailp,

xp=-(q+uq"+pq)o"q" - pq"a"'q - q"a"'q,

Xy = (q n ptq” n ﬂqr)a—lpu N ﬁq"a_lp' + q”a_lp, )
1.m

Jn=- (P + ﬁP,)J q
_ (/31)”’ + p’)a—lq’ _ p’”a—lq’

1.

yi=(p+pp)o ' p" +vp 07" p

1n

_ vp”87 q

+ (ﬁp’” + PI) a—lpl + P”Ia_lp,

yn=-(q+pq)o"q"
_ (ﬂq”’ + ql) a—lq/ _ q”la—lq’
(q + ﬁq’) a—lpl” + vq”a—lp”

"

1n

~14"9"'q

Va2

+ (ﬁq”’ + ql)a—lpl + q aflp'

4. Conclusion

In this paper, we take advantage of the non-semi-simple
Lie algebras consisting of 3 x 3, 4 x 4 block matrices and
apply them to the construction of bi-integrable couplings
and tri-integrable couplings associated with SO(3), based
on the enlarged zero curvature equations. According to the
associated variational identities, their Hamiltonian structures
can be generated.

We can think about other related issues, for example,
how we can get integrable couplings and their Hamiltonian
structures when irreducible representations of SO(3) and
SO(4) are used to form matrix loop algebras. In addition, we
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can also consider the relations between the hierarchy of tri-
integrable couplings associated with SO(3) and the hierarchy
of tri-integrable couplings associated with SO(4).
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