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Abstract – Statistical properties of electrons in metals are taken into consideration to describe
the microscopic motion of electrons. Assuming degenerate electron gas in metal, we introduce
the Boltzmann kinetic equation to supplement Maxwell’s equations. The solution of these equa-
tions clearly shows the resonant behavior of electronic response to an external electromagnetic
field. We demonstrate the approach for planar and circular geometries of the metamolecules.

I. INTRODUCTION

Interaction of electromagnetic radiation with a metamaterial (MM) is the cornerstone theoretical problem ad-
dressed in numerous works [1–6]. On the other hand, it is well known that the properties of bulk dielectrics and
metals can be derived using a simple Drude-Lorentz microscopic model. Generalizing this model to describe the
behavior of electrons in a more complex geometry such as an elementary cell of a MM is thus promising because it
lets the effective properties of MMs be recovered ab initio. This approach was previously applied to planar chiral
MMs where the elementary cell comprises two asymmetric ring segments [7]. It was shown that the resonance in
the MM response appears due to two mutually opposing forces: (i) the Coulomb force from the charges at the tips
of the ring segments; (ii) the electromotive force owing to the excited currents flowing along these segments.

In this paper, we put forth a systematic microscopic approach applicable to a much wider class of MMs including
metallic inclusions with arbitrary shapes. The approach is based on the kinetic Boltzmann equation for electrons.
The general equations for the effective properties of MMs are derived and applied to two simple but widespread
inclusion shapes, namely, a metallic bar and a metallic ring segment.

II. KINETIC EQUATION FOR ELECTRONS

Let us consider metallic inclusions (one or more per MM unit cell) inside a dielectric matrix. In an external
electromagnetic field the electrons in metal start to acquire inhomogeneous distribution. The non-equilibrium state
of the electron gas satisfies the kinetic Boltzmann equation for the electron density 𝑓(p, r, 𝑡) [8]:

∂𝑓

∂𝑡
+ v ⋅ ∇𝑓 + F ⋅ ∂𝑓

∂p
= St(𝑓), (1)

where p and v are the electron momentum and velocity, respectively; F = 𝑒E+ (𝑒/𝑐)v ×B is the Lorentz force
affecting electrons with charge 𝑒; St(𝑓) is the collision integral taking into account the probability of electron-
electron, electron-phonon, and electron-impurity collisions. The term with ∇𝑓 can be omitted since it represents
spatial dispersion for electrons, which is negligible for MMs unless the inclusion sizes are sub-nanometer [9].

Let us suppose that the full density function 𝑓 can be written as the sum of the equilibrium density function
𝑓0(p) = (exp[(𝑝2/2𝑚 − 𝜇)/𝑘𝐵𝑇 ] + 1)−1 (the ordinary Fermi-Dirac distribution of the degenerate electron gas)
and a non-equilibrium term 𝛿𝑓(p, r, 𝑡). Here 𝑚 is the electron mass, 𝑘𝐵 is the Boltzmann constant, and 𝑇 is
the temperature. Electron collisions can then be effectively introduced using the decay frequency 𝛾 in metals, so
St(𝑓) = −𝛾𝛿𝑓 . Thus, Eq. (1) reduces to an equation for 𝛿𝑓 in the form

∂𝛿𝑓

∂𝑡
+ 𝑒 (Einc + ⟨E⟩) ⋅ ∂𝑓0

∂p
= −𝛾𝛿𝑓, (2)
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where Einc is the electric field of the incident wave and ⟨E⟩ is the electric field arising due to the induced charges
and currents in the whole MM. The term with B disappears because [v ×B] ⋅ (∂𝑓0/∂p) ∼ [p×B] ⋅ p = 0.

The electric field ⟨E⟩ satisfies Maxwell’s equations with the electric charge density 𝜌(r, 𝑡) and electric current
density j(r, 𝑡) as sources. The solution of the Maxwell equations is the volume integral over the metal volume

⟨E⟩ = −
∫
metal

𝐺(r− r′)
(
∇′𝜌(r′, 𝑡) +

1

𝑐2
∂j(r′, 𝑡)

∂𝑡

)
𝑑3r′, (3)

where ∇′ = ∂/∂r′ and 𝐺(r− r′) = exp(𝑖𝜔∣r− r′∣/𝑐)/∣r− r′∣ is the Green function. Further,

j(r, 𝑡) =

∫
𝑒v𝛿𝑓(p, r, 𝑡)𝑑3p, 𝜌(r, 𝑡) =

∫
𝑒𝛿𝑓(p, r, 𝑡)𝑑3p. (4)

Equations (2), (3), and (4) form a self-consistent set of equations (like Vlasov’s equations for plasma [8]).
The first term in brackets in Eq. (3) corresponds to the contribution of the induced charges in metal, while the

second term is for the induced currents. Using the charge conservation law ∂𝜌/∂𝑡 +∇j = 0, substituting Eq. (3)
into Eq. (2), and integrating over the electron momentum

∫
𝑑3p 𝑒v, one obtains an equation for the current density

∂j

∂𝑡
+ 𝛾j− 𝑒2

[∫
metal

𝐺(r− r′)
(
−
∫

∇′(∇′j(r′, 𝑡))𝑑𝑡+
1

𝑐2
∂j(r′, 𝑡)

∂𝑡

)
𝑑3r′

]
𝛽 = −𝑒2Einc𝛽, (5)

where (𝛽)𝑗𝑘 =
∫
(∂𝑓0/∂𝑝𝑗)𝑣𝑘𝑑

3p = −(𝑛/𝑚)𝛿𝑗𝑘 and 𝑛 is the volume density of electrons. The resulting integro-
differential equation for j(r, 𝑡) is

∂j

∂𝑡
+ 𝛾j+

𝜔2
𝑝

4𝜋

∫
metal

𝐺(r− r′)
(
−
∫

∇′(∇′j(r′, 𝑡))𝑑𝑡+
1

𝑐2
∂j(r′, 𝑡)

∂𝑡

)
𝑑3r′ =

𝜔2
𝑝

4𝜋
Einc, (6)

where 𝜔𝑝 =
√

4𝜋𝑒2𝑛/𝑚 is the plasma frequency. Owing to the skin-effect, electric current flows only near the
metal surface. So, let t(r) be a tangential unit vector at the metal surface, so that j(r, 𝑡) = t(r)𝑗(r, 𝑡). Multiplying
Eq. (6) by t(r) and integrating over a specific metallic inclusion (call it 𝑉1), we get to the equation for the average
current density ⟨𝑗⟩ = (1/𝑉1)

∫
𝑉1

𝑗(r, 𝑡) 𝑑3r. For monochromatic time dependence j ∼ exp(−𝑖𝜔𝑡), it reads

𝜔2

(
⟨𝑗⟩+ 𝜔2

𝑝

4𝜋𝑐2𝑉1

∫
𝑉1

𝑑3r

∫
metal

𝐺(r− r′)t(r) ⋅ j(r′, 𝑡) 𝑑3r′
)

+ 𝑖𝜔𝛾⟨𝑗⟩

+
𝜔2
𝑝

4𝜋𝑉1

∫
𝑉1

𝑑3r

∫
metal

𝐺(r− r′)(t(r)∇′)(∇′j(r′, 𝑡)) 𝑑3r′ = 𝑖𝜔
𝜔2
𝑝

4𝜋𝑉1

∫
𝑉1

t(r)Einc 𝑑
3r. (7)

The third term in the left-hand side of Eq. (7), on the second line of that equation, appears to be negative for
the current oscillations, thus giving rise to resonant behavior of the MM response. When the current is determined
from Eq. (7), the polarization of the metallic inclusion equals P = 𝑖j/𝜔. Then one can apply the ordinary
homogenization procedures [1–6].

If there are several metallic inclusions in the MM unit cell and the cells are periodically arranged, we need to
take into account the inputs from all of the induced sources. For example, if there are two metallic inclusions,
the kinetic equation (2) is written separately for them, each equation containing the induced charges and currents
of both inclusions. So, one arrives at a system of coupled equations for such a MM. The case of split-ring chiral
MMs, where each unit cell consists of two ring segments, was considered in [7].

III. APPLICATION TO SIMPLE INCLUSION GEOMETRIES

To illustrate the proposed approach, we apply the obtained results to determine the resonance frequency of
localized plasmon polaritons in a single metallic element. First, consider a metallic bar with dimensions 𝑎 ≫ 𝑏 ≫
ℎ the current mainly flows along the bar, so t = e𝑥. The current moves within the skin depth 𝛿𝑠 and vanishes at
the ends of metallic bar 𝑥 = ±𝑎/2, therefore, 𝑗(𝑥) = 𝑗0𝛿𝑠 sin(𝜋(𝑥+ 𝑎/2)/𝑎)[𝛿(𝑦− 𝑏/2)+ 𝛿(𝑦+ 𝑏/2)]. Then the
resonant frequency is simply 𝑓res = 𝑐/(2𝑎).
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Now consider a ring segment of the length 𝑅𝛼 (see Fig. 1 (a), with the radius 𝑅 much greater than the width 𝑑
and thickness ℎ). Similarly, one writes j = e𝜑𝑗0𝛿𝑠 sin(𝜋𝜑/𝛼)[𝛿(𝑟 − 𝑅 + 𝑑/2) + 𝛿(𝑟 − 𝑅 − 𝑑/2)]. The average
polarization vector is of the form ⟨P⟩ = 𝑖⟨j⟩/𝜔. The coefficient 𝑗0 follows from the kinetic equation (7) as

𝑗0 =
(𝑖𝜔𝛼/2ℎ𝐼1𝛿𝑠)(

∫ 𝛼

0
e𝜑𝑑𝜑)Einc

𝜔2/𝑐2 − (𝜋2/𝛼2𝑅2)(1 + 𝛼𝐼2/𝜋𝐼1) + 𝑖𝜔𝛾8𝛼/𝜔2
𝑝ℎ𝑑𝐼1

, (8)

where 𝐼1 > 0 and 𝐼2 < 0 are integrals over angles 𝜑 and radius 𝑟:

𝐼1,2 ≈ 1

𝑑

∫ 𝑅+𝑑/2

𝑅−𝑑/2

𝑑𝑟

∫ 𝛼

0

𝑑𝜑′
∫ 𝛼

0

𝑑𝜑
𝑟 sin(Φ1,2) cos(Φ2,1)

𝑠(𝑟, 𝜑, 𝜑′)
, Φ1 =

𝜋𝜑′

𝛼
, Φ2 = 𝜑′ − 𝜑, (9)

and 𝑠(𝑟, 𝜑, 𝜑′) =
√

𝑟2 + (𝑅− 𝑑/2)2 − 2(𝑅− 𝑑/2)𝑟 cos(𝜑− 𝜑′). The resonant frequency is then equal to 𝑓res =

(𝑐/2𝛼𝑅)
√

1 + 𝛼𝐼2/𝜋𝐼1. As seen in Fig. 1 (b), it takes lower values than the equivalent bar resonant frequency
𝑐/2𝛼𝑅. A good agreement between the proposed model and full-wave numerical simulations is also seen.

E

(a) (b)

f
R

d
h x

y
j ef

Fig. 1: (a) Schematic of a half-ring (𝛼 = 𝜋) metallic inclusion showing its dimensions and the direction of the
incident field. (b) Plot of 𝑓res(𝑅) obtained from the proposed model vs. from full-wave numerical simulations
(using CST Microwave Studio) for 𝜔𝑝 = 1.38× 1016 rad/s, 𝛾 = 40.7× 1012 s−1, 𝑑 = 0.8 mm, and ℎ = 0.1 mm.
The resonance frequency for the equivalent bar, 𝑓res = 𝑐/(2𝛼𝑅), is also plotted.

IV. CONCLUSION

We have proposed a technique for theoretical characterization of the electromagnetic response of MMs, based
on the kinetic Boltzmann equation for the electrons in metal. The approach correctly reproduces the expected
resonance behavior of single metallic inclusions. An explicit solution of the kinetic equation (6) can be obtained
for more complicated shapes if the appropriate ansatz of the current density is assumed. This technique can be
used to develop a unified ab initio description of metal-dielectric MMs.
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