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1 Introduction
Let M, (C) be the space of complex # x n matrices and R* be nonnegative real numbers.
For any A € M, (C), the conjugate transpose of A is denoted by A*, i.e., A* = A = AT
AT stands for the transpose of A. The real part of A is denoted by R(A) = AEA*. If
A*A = AA*, we call A normal. If A = A*, A is Hermitian. Here, for A € M,(C), A¥(A) =
(Af A),..., A(A)) (oV(A) = (crlL A),..., oy (A))) represents the eigenvalues (singular values)
of A in decreasing order, )Lll(A) > > )Li (A) (oli(A) >0 > o,f(A)). Fora € R*, [a] means
an integral part of a.

For A € M,,(C), we define B = AA. Thus A(B) = {A, A2, ..., A,} is symmetric with respect
to the real axis and the negative eigenvalues of B (if any) are of even algebraic multiplicity.

Therefore, the definition of coneigenvalue is given below.

Definition 1 ([1, p.301]) The coneigenvalues of A € M, (C) are n scalars p1, iy, ..., ity Ob-
tained as follows:

1. If Xk € A(B) does not lie on the negative real semi-axis, then the corresponding
coneigenvalue uy is defined as the square root of A; with a nonnegative real part. The
multiplicity of uy is set equal to that of A.

2. With a real negative Ax € A(B), we associate two conjugate purely imaginary
coneigenvalues (i.e., the two square roots of A¢). The multiplicity of each

coneigenvalue is set equal to half the multiplicity of A.

For A € M,(C), the vector of its coneigenvalues will be denoted by

(A) = (11(A), 12 (A), ..., ma(A)).
The definition of conjugate-normal is presented as follows.
Definition 2 ([2]) A matrix A € M,(C) is said to be conjugate-normal if

AA* = A*A.
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Complex symmetric, skew-symmetric, and unitary matrices are special subclasses of
conjugate-normal matrices. For the properties and characterizations of this kind of ma-
trices, readers are referred to [3].

Next, we review two known properties about coneigenvalues.

7 _ (04

Define the matrix A = (3 7).

Proposition 3 ([4]) If 1, L2, ..., ity are the coneigenvalues of the matrix A € M, (C), then
MA) = (n(A), —u(A)).

Proposition 4 ([4]) Let A be a conjugate-normal matrix. Then the coneigenvalues of the

. A+aAT A-AT , , . .
matrices ~5— and ==— are the real and imaginary parts, respectively, of the coneigenval-

2
ues of A.

2 Main results

The purpose of this paper is to extend the property of the relations between eigenvalues

and singular values to that of the relations between coneigenvalues and singular values.
A celebrated result due to Fan and Hoffman [5, p.63] is given in the first lemma.

Lemma 1 ([5, p.63]) Let A € M,,(C), then
A+ A*
)\7‘( -; )fUI(A), j=1,...,l’l.

The following lemmas state the relation between eigenvalues and singular values.

Lemma 2 ([6, p.175]) Let A € M, (C) have ordered singular values 01(A) > --- > 0,(A) > 0
and eigenvalues A (A),...,A,(A) ordered so that |M(A)| > --- > |A,(A)|. Then, for any
real-valued function f such that ¢(t) = f(e') is increasing and convex on the interval
[04(A), 01(A)],

k k
DM =D f (o)) fork=1,...,n.

i=1 i=1

Lemma 3 ([6, p.183, Problem 14]) Let A € M, (C). |A1(A) - - - Ak (A)| = 01(A) - - - ok (A) for all
k=1,...,nifand only if A is normal.

Lemma 4 ([6, p.185, Problem 17]) Let A € M,,(C) be given,
1 1
|M(A) - M(A)| <0 (A™)7 -0k (A™) ™, k=1,..,mm=12,....

The following lemma is about the property of conjugate-normal.

Lemma 5 ([3, Theorem 4]) Let A € M,(C). Then A is conjugate-normal if and only sz is
normal.

Now we extend the property of the relations between eigenvalues and singular values in
the previous lemmas to that of the relations between coneigenvalues and singular values
in the following theorems.
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Theorem 6 Let A € M,(C). Then

A+AT .
AN o, @A) j=L.on

Proof Define
(0 Al A+ AT A+AT
A+2AT 0 =M 2 M 2 ‘
aygl . . . o Al
Let A*( T ) be the vector obtained by rearranging the coordinates of 2 ( vl )
in decreasing order. That is,
AraT ArAT AraT
A+AT - A+AT Terr o\ AeAT ’
+2 0 +2 0 +2 0
. N
By Proposition 3, A*( L ) is denoted by
A+AT A+ AT A+ AT [(A+AT
In the same way, we define the singular value vector of o ( % 3) as
0 A fo A Lfo A
o =o' |- yeees O
A 0 A 0 A
= (0 (A), 07 (A),..., 0} (A), 0.} (A)). (2.2)

Therefore,

1{o0 A\ 1[0 A
:)nj - |- + =

2\A O 2\A* 0

0 A
<o |— by Lemma 1),/ =1,...,2n.
= 1<A O) (by ),j

That is,

A+ AT (
i\ — o, @) j=L.on

Theorem 7 Let A € M, (C) and a real-valued function f be such that the function ¢(t) =

t
f(€") is increasing and convex on the interval [0,(A), 01(A)] where singular values of A are

So the component of the vector in (2.1) is less than that of the vector in (2.2), respectively.

O
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ordered by 01(A) > --- > 0,(A) > 0, then

k k

Y f(12ia@)]) <3 f(o2a(A), k=1,...,n.

i=1 i=1

Proof For the vector A(4) = A(% ’3) = (w(A), —i(A)), let |2 (A)| be the vector obtained by

o~

rearranging the coordinates of |A(A)| in decreasing order. Thus

A = (I @], [25,@)).

By Proposition 3, |4 (A)] is denoted by

(I @ |1 @], |13 Q)] |13 @)

soeor | A (A)

b)) (23)

H ’ ’

In the same way, we define the singular value vector of o ( % 3) as
(0 (A), 0} (A), ..., 0,1 (A), 0} (A)). (2.4)

By Lemma 2, we have that
k . k .
Y F(R @) =D flor@), k=1,...2n (2.5)
i=1 i=1
By (2.3) and (2.4), inequality (2.5) is equivalent to the following inequality:
k k
Zf(Wi_l(A)D = Zf(ozi-l(A))’ k=1,...n. 0

i=1 i=1

Theorem 8 Let A € M,(C). |1(A) -+ - pai1(A)| = 01(A) - - 09i1(A) for all i = 1,2,...,n if
and only if A is conjugate-normal (i.e., AA* = A*A).

Proof <= As A is conjugate-normal, thus by Lemma 5 we know that A is normal: Since

A= (% g), it is easy to obtain that

e (0 A (o AT\ _(aa o
"\ o/\ar o) \o a4

A4 0
= - by A is conjugate-normal
( A ) (by jug )

2 (0 A\ [0 A\_(44 o
A o J\4 o 0 A*A

AA o
= — by A is conjugate-normal).
( T ) (by A is conjugate-normal)
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That is, A*A = AA*. Thus, by Lemma 3, we have that
M@A) - (@) =1 (A) - @), k=1,...,2n.

Furthermore,

-~

@A) = (| @), |1 Q) s A | s @), ..

( o) i e o) )

= (07(4), 0 (A), ..., 0} (A), 0,1 (A)).

n

»(4)

),

So, by (2.6) and (2.7), we have that
|11(A) -+ paia(A)] = 01(A) -+ 02i4(A), i=1,2,...,n

— By Lemma 3 and Lemma 5, the result is obvious.

Theorem 9 Let A € M,(C). |t1(A)- - s 1(A)| < oy(A™)7 --

L,2,....,.n,m=12,....

Proof Let

b))

IAA)| = (|t (

and

o (% ‘3) = (07 (A), 07 (A),..., 04 (A), 0.} (A)).

By Lemma 4, we have that
- ~ ~ 1 P
[21(A) - M(A)] < 01 (A7) - - o (A™) ™

forallk=1,...,2n,m=1,2....
By (2.8) and (2.9), we have that

N
N

|11(A) -+ pois1(A)] < 01 (A™)7 -+ 091 (A™)

foralli=1,2,...,m;m=12,....
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O

- oai 1 (A™) 7 for all i =

(2.8)

(2.9)

O

The relations between eigenvalues or singular values are very active. It is expected that

more results on coneigenvalues will be attractive in the future.
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