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1 Introduction
Let E be a real normed space and K be a nonempty subset of E. A mapping T : K — K is
called nonexpansive if | Tx — Ty|| < ||x — y|| for all x,y € K. A mapping T : K — K is called

asymptotically nonexpansive if there exists a sequence {k,} C [1, 00) with k,, — 1 such that
| 7% = 1"y < Kallx =yl (L)

for all x,y € K and #n > 1. Goebel and Kirk [1] proved that if K is a nonempty closed and
bounded subset of a uniformly convex Banach space, then every asymptotically nonex-
pansive self-mapping has a fixed point.

A mapping T is said to be asymptotically nonexpansive in the intermediate sense (see,

e.g,, [2]) if it is continuous and the following inequality holds:

limsup sup (|| 7"x - T"y| - Ilx - yl) < 0. (1.2)

n—>o00  x,yekK

If F(T) :={x € K: Tx = x} # & and (1.2) holds for all x € K, y € F(T), then T is called

asymptotically quasi-nonexpansive in the intermediate sense. Observe that if we define

ay = sup (|| T x — T”y” P —y||) and o, = max{0,a,}, (1.3)
x,yeK
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then 6, — 0 as # — o0 and (1.2) is reduced to
” T"x — T”yH <|lx-yll+0, forallx,yeK,n>1. (1.4)

The class of mappings which are asymptotically nonexpansive in the intermediate sense
was introduced by Bruck et al. [2]. It is known in [3] that if K is a nonempty closed convex
bounded subset of a uniformly convex Banach space E and T is a self-mapping of K which
is asymptotically nonexpansive in the intermediate sense, then T has a fixed point. It is
worth mentioning that the class of mappings which are asymptotically nonexpansive in the
intermediate sense contains, properly, the class of asymptotically nonexpansive mappings.

Albert et al. [4] introduced a more general class of asymptotically nonexpansive map-
pings called total asymptotically nonexpansive mappings and studied methods of approx-
imation of fixed points of mappings belonging to this class.

Definition1 A mapping 7 : K — K issaid to be total asymptotically nonexpansive if there
exist nonnegative real sequences {\t,,} and {/,,}, n > 1 with p,,, [, — 0 as n — oo and strictly
increasing continuous function ¢ : R* — R* with ¢(0) = 0 such that for all x,y € K,

|77 =Ty < I =yl + pnp (Il =31) + Ly m=1. (15)
Remark 1 If (1) = A, then (1.5) is reduced to
|77 =Ty < L+ )z =yl + Ly n=1. (1.6)

In addition, if [, = 0 for all #n > 1, then total asymptotically nonexpansive mappings co-
incide with asymptotically nonexpansive mappings. If i, =0 and [, = 0 for all n > 1, we
obtain from (1.5) the class of mappings that includes the class of nonexpansive mappings.
If u, = 0and, = 0,, = max{0, a,}, where a,, := Supx,ye]((” T"x—T"y|| - lx—y|) foralln > 1,
then (1.5) is reduced to (1.4) which has been studied as mappings which are asymptotically

nonexpansive in the intermediate sense.

Iterative techniques for nonexpansive and asymptotically nonexpansive mappings in Ba-
nach space including Mann type and Ishikawa type iteration processes have been studied
extensively by various authors; see [1, 5-11]. However, if the domain of T', D(T'), is a proper
subset of E (and this is the case in several applications) and T maps D(T) into E, then the
iteration processes of Mann type and Ishikawa type have been studied by the authors men-
tioned above, their modifications introduced may fail to be well defined.

A subset K of E is said to be a retract of E if there exists a continuous map P: E — K
such that Px = x, for all x € K. Every closed convex subset of a uniformly convex Banach
space is a retract. A map P: E — K is said to be a retraction if P? = P. It follows that if a
map P is a retraction, then Py = y for all y € R(P), the range of P.

The concept of asymptotically nonexpansive nonself-mappings was firstly introduced
by Chidume et al. [7] as the generalization of asymptotically nonexpansive self-mappings.
The asymptotically nonexpansive nonself-mapping is defined as follows:

Let K be a nonempty subset of real normed linear space E. Let P: E — K be the non-

expansive retraction of E onto K. A nonself mapping T : K — E is called asymptotically
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nonexpansive if there exists sequence {k,} C [1,00), k, = 1 (1 — 00) such that
” T(PT)'x — T(PT)”_lyH <k,l|lx-y| forallx,yeK,n>1. (1.7)

Chidume et al. [12] introduce a more general class of total asymptotically nonexpansive

mappings as the generalization of asymptotically nonexpansive nonself-mappings.

Definition 2 Let K be a nonempty closed and convex subset of E. Let P: E — K be the
nonexpansive retraction of E onto K. A nonself map 7 : K — E is said to be total asymptot-
ically nonexpansive if there exist sequences {4, },>1, {{n}n>1 in [0, +00) with u,, I, — 0 as
n — 00 and a strictly increasing continuous function ¢ : [0, +00) — [0, +00) with ¢(0) =0
such that for all x,y € K,

| 7Ty~ T(PTY"y|| < e = yll + ap(llx = 31) + Ly m =1 (18)
Proposition 1 Let K be a nonempty closed and convex subset of E which is also a non-
expansive retraction of E and Ty, T, : K — E be two total nonself asymptotically nonex-
pansive mappings. Then there exist nonnegative real sequences {{t,}n>1, {l}n=1 in [0, +00)

With [y, b, — 0 as n — oo and a strictly increasing continuous function ¢ : R* — R* with
¢(0) = 0 such that for all x,y € K,

| T:PT)" 2 = TiPTY"y|| <l =yl + pend (lx = 1l) + by m=1, (1.9)
fori=1,2.
Proof Since T; : K — E is a total nonself asymptotically nonexpansive mappings for i =
1,2, there exist nonnegative real sequences {u;,}, {{in}, n > 1 with p,, l;; > 0 as n — oo
and strictly increasing continuous function ¢ : R* — R* with ¢;(0) = 0 such that for all
x,y€K,

| T/PT)" 2 = TiPTY"y|| < e =yl + einpi(lx = y1) + bins = 1.

Setting

Mn = max{f1y, Kan}, Iy = max{hy,, lh,},

¢(a) = max{¢(a), ¢2(a)} fora >0,

then we get nonnegative real sequences {1t,,}, {{,}, n > 1 with u,,[, — 0 as n — oo and
strictly increasing continuous function ¢ : R* — R* with ¢(0) = 0 such that

| T:(PT)" "% = T:(PT)" 'y | < =yl + 12indi (12 = y11) + lin

< eyl +patp(lx=y1) + Loy n=1,

forallx,y € K and each i =1,2. d
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In [7], Chidume et al. study the following iterative sequence:
xni1 = P((1 = an)xy + ay T(PT)" 'x,), % €K,n>1, (1.10)

to approximate some fixed point of T' under suitable conditions. In [13], Wang generalized
the iteration process (1.10) as follows:

Xue1 = P((1 = o)x, + 0, TL(PT1)" ),

V=P - a)x, + o, To(PT>)"x,), x€K,n>1, (L1
where T3, T, : K — E are asymptotically nonexpansive nonself-mappings and {«,}, {a]}
are sequences in [0,1]. They studied the strong and weak convergence of the iterative
scheme (1.11) under proper conditions. Meanwhile, the results of [13] generalized the re-
sults of [7].

In [14], Shahzad studied the following iterative sequence:

Kpal = P((l — )%y + Ay TP[(l - Ba)x, + B Txn]), xeK,n>1, (1.12)

where T : K — E is a nonexpansive nonself-mapping and K is a nonempty closed con-
vex nonexpansive retract of a real uniformly convex Banach space E with P nonexpansive
retraction.

Recently, Thianwan [15] generalized the iteration process (1.12) as follows:

X1 € K,
Xpn =P((1— oy — Vn)xn +a, TP((1 - ,Bn)yn + ﬂnTyn) + Vnun): (1.13)
Yn = P(1- O‘;, - Vy/l)xn + 0‘;, TP((1- ﬂ;)xn + lg;lTxn) + V;;Vn)r n>1,

where {o,}, {84}, {vu}, (o}, {B),}, {v,} are appropriate sequences in [0,1] and {u,}, {v,} are
bounded sequences in K. He proved weak and strong convergence theorems for nonex-
pansive nonself-mappings in uniformly convex Banach spaces.

Inspired and motivated by this facts, we define and study the convergence theorems of
two steps iterative sequences for total asymptotically nonexpansive nonself-mappings in
Banach spaces. The results of this paper can be viewed as an improvement and extension
of the corresponding results of [14—16] and others. The scheme (1.14) is defined as follows.

Let E be a normed space, K a nonempty convex subset of E,P : E — K the nonexpan-
sive retraction of E onto K and T, T, : K — E be two total asymptotically nonexpansive
nonself-mappings. Then, for given x; € K and n > 1, we define the sequence {x,} by the
iterative scheme:

Xn+l = P((l - an)xn +Qy TI(PTl)nil((l - ﬂn)_yn + ,Bn TI(PTl)nilyn))y (1 14)
Yn = P((l - a;«,)xn + (X;’Tz(PTz)n_l((l - ,3,/1)96" + :3;,1 TZ(PTZ)H_lxn)):
where {a,}, {B,}, {c,,}, {B,,} are appropriate sequences in [0, 1]. Clearly, the iterative scheme
(1.14) is the generalization of the iterative schemes (1.11), (1.12) and (1.13).
Under suitable conditions, the sequence {x,} defined by (1.14) can also be generalized
to iterative sequence with errors. Thus, all the results proved in this paper can also be
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proved for the iterative process with errors. In this case, our main iterative process (1.14)
looks like

X1 € K,
Xnl = P((l = Oy = Yn)X + Uy TI(PTI)W_1
X ((1 —= Bu)yn + ,BnTl(PTl)n_lyn) + Vnun);

yn=P((1 =), = v,)xn + o, To(PT2)" (1= B))xn + By To(PT2)" " %) + ¥y Vn),

(1.15)

where {a,}, {8}, {vu} {a),}, {B,,}, {¥,} are appropriate sequences in [0, 1] satisfying v, + B, +
vn=1=0a) + B, +v, and {u,}, {v,} are bounded sequences in K. Observe that the iterative
process (1.15) with errors is reduced to the iterative process (1.14) when y, = y,, = 0.

The purpose of this paper is to define and study the strong convergence theorems of
the new iterations for two total asymptotically nonexpansive nonself-mappings in Banach
spaces.

2 Preliminaries
Now, we recall the well-known concepts and results.

Let E be a Banach space with dimension E > 2. The modulus of E is the function § :
(0,2] — [0,1] defined by

. 1
Se(e) = lnf{l— HE(ery)H el =yl =16 = IIx—yII}-

A Banach space E is uniformly convex if and only if §¢(¢) > 0 for all ¢ € (0,2].

The mapping 7 : K — E with F(T) # ) is said to satisfy condition (A) [17] if there is a
nondecreasing function f : [0, 00) — [0, 00) with f(0) = 0, f(¢) > 0 for all ¢ € (0, 00) such
that

Il = Tl| = f (d(x, F(T)))

for all x € K, where d(x, F(T)) = inf{||x — p|| : p € F(T)}.
Two mappings T3, T, : K — E are said to satisfy condition (A’) [18] if there is a nonde-
creasing function f : [0, 00) — [0, 00) with £(0) = 0, f(£) > O for all £ € (0, 00) such that

2 (= Tixl + = Toxl) = (e, )
for all x € K where d(x, F) = inf{||x — p| : p € F = F(T1) N F(T5)}.

Note that condition (A’) reduces to condition (A) when T; = T, and hence is more gen-
eral than the demicompactness of 77 and T [17]. A mapping T : K — K is called: (1)
demicompact if any bounded sequence {x,} in K such that {x, — Tx,} converges has a con-
vergent subsequence; (2) semicompact (or hemicompact) if any bounded sequence {x,} in
K such that {x, — Tx,} — 0 as n — oo has a convergent subsequence. Every demicompact
mapping is semicompact but the converse is not true in general.

Senter and Dotson [17] have approximated fixed points of a nonexpansive mapping T
by Mann iterates, whereas Maiti and Ghosh [18] and Tan and Xu [8] have approximated
the fixed points using Ishikawa iterates under the condition (A) of Senter and Dotson [17].
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Tan and Xu [8] pointed out that condition (A) is weaker than the compactness of K. We
shall use condition (A’) instead of compactness of K to study the strong convergence of
{x,} defined in (1.14).

In the sequel, we need the following useful known lemmas to prove our main results.

Lemma 1 [8] Let {a,}, {b,} and {c,} be sequences of nonnegative real numbers satisfying
the inequality

Ape1 = (1 + bn)ﬂn + Cu» n= 1.

IfY 2 cn<ooandy oo b, <00, then
(i) lim,— o0 a,, exists;
(ii) In particular, if {a,} has a subsequence which converges strongly to zero, then

lim, o a, =0.

Lemma 2 [19] Let p > 1 and R > 0 be two fixed numbers and E a Banach space. Then E
is uniformly convex if and only if there exists a continuous, strictly increasing and convex
function g : [0,00) — [0, 00) with g(0) = 0 such that

|22+ @ =2y [ < Axll? + @ = DIIylP - Wp(Mg(Ilx = y1l), (2.1)
forall x,y € BR(0) = {x € E: ||x|| <R} and X € [0,1], where W,(1) = A(1 - A)P + AP(1 - 4).

3 Main results
We shall make use of the following lemmas.

Lemma3 Let E be areal Banach space, let K be a nonempty closed convex subset of E which
is also a nonexpansive retract of E and Ty, T : K — E be two total asymptotically nonex-
pansive nonself-mappings with sequences {,}, {1} defined by (1.9) such that y .| jt, < 00,
Yo ly<ooand F:=F(Ty) NF(T3) = {x € K : Tix = Tox = x} # &. Assume that there ex-
ist M, M* > 0 such that ¢p(A) < M*X\ for all . > M, i € {1,2}. Starting from an arbitrary
x1 € K, define the sequence {x,} by recursion (1.14). Then, the sequence {x,} is bounded and
lim,,—, o ||x, — p|| exists, p € F.

Proof Letp € F.Seto, = (1—B,)yu + BuT1(PT1)" 1y, and 8, = (1= B.)xy + B, To(PTo)" .
Firstly, we note that
18, = pll = | (1= B})%n + B, Ta(PT2)" "%, — p|
< B[ To(PTo)" ' - p|| + (1= B,) 1% — pl
< By llI%n = pll + 1up (I, = pll) + L] + (1= B,) I = pll
< Ml = pll + Britnd (160 = p1l) + Byl (31)

Note that ¢ is an increasing function, it follows that ¢(1) < ¢(M) whenever A < M and
(by hypothesis) ¢(A) < M*X if A > M. In either case, we have

d(L) < d(M) + M*) (3.2)
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for some M > 0, M* > 0. Hence, from (3.1) and (3.2), we have

18, =PIl < 1 = Il + Brpen[ (M) + M* |1, = pll] + B

< (1+ M* 1) 1965 = Il + Qu(th + L) (3.3)

for some constant Q; > 0. From (1.14) and (3.3), we have

lya —pl = [P((1 - )% + &, To(PT2)"8,) - p||
< (1= e)xn + 0, To(PT2)" "5, —
< (1-ap) %0 —pll + o, | T2(PT>)"'8, - p
<o, [185 = pll + ap (18, = pll) + L] + (1= ) [l - |
< ap[(1+ M) 1960 = pll + Q1 (s + )]
+ o) [ (M) + M* |18, - pll]
+opl, + (1-ap)llx, - pl
< %0 = pll + M wulln = pll + M* 11,18, - |
+ Qulpn + 1n) + pud(M) + 1,
< %0 = pll + M (2 + M* ) il - |
+ M Quitn(pn + bn) + Quln + Ly) + pnp(M) + 1,

< (@ +Mopn)llxn -pl+ Qa(an + 1) (3.4)

for some constant M, Q, > 0. Similarly, we have

low —pll = | = Ba)yn + B T1(PT)" "y, = p|
< Bu| TV(PTy)" Yy = p| + A= Ba)llyn -
< Bullyn =l + 19 (I7n = 21l) + L] + A= B)llyw — P
< lyn = Il + Buttn[ (M) + M* ||y = plI] + Bul

< (14 M* 1) Iy = pll + Qa(ta + 1) (3.5)

for some constant Qs > 0. Substituting (3.4) into (3.5)

llow —pll < (L+ M wn)llyn — pll + Qs(tn + 1)
< (1+ M* ) [+ Moy l|x, - pll
+ Qo + 1n) ] + Qspn + 1)
< ll%n = pll + (My + M* + M* 1, My) it | % = p|
+ Qo + bn) + M* Qapiy iy + 1)
+ Q3 + 1)

< (L + Mzpp)llx, -pll + Qalptn +1,) (3.6)

Page 7 of 18
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for some constant M3, Q4 > 0. It follows from (1.14) and (3.6) that

%1 =2l = [|P((1 = )y + 0t Ty (PT1)" " 0) |

< | @ - an)x, + @, TIPT)" o p|

< (- ap)llx, - pll+a, | TW(PT1)" o, - p|

< au[llon —pll + wnd(llow - pll) + L]
+ (1= a)llxn —pll

< [0+ Mspn) 1%, = pll + Qalitn + )]
+ il [p(M) + M*||0y, = pl] + ctuls
+ (L —ay)llxn - pll

< |l%n = pll + Ma |0 = pll + Qaltn + 1)
+ Un@(M) + M* pyllon = pll + 1y

< 1% = pll + (M3 + M* + M*Mspu,,) pon || %0 — P
+ M Qaptn(ptn + 1n) + Qaley + 1)
+ n(M) + 1,

=< (1 +M4/~'Ln)||xn —P” + QS(MVI + ln) (37)

for some constant My, Qs > 0. Since > o) w, < 00, Y o1, < 00, by Lemma 1, we get

lim,,—,  ||%, — p|| exists. This completes the proof. O

Theorem 1 Let K be a nonempty convex subset of a real Banach space E which is also
a nonexpansive retract of E and T1,T, : K — E be two continuous total asymptoti-
cally nonexpansive nonself-mappings with sequences {j1,,}, {1,,} defined by (1.9) such that
Y n <00, Y oyl <00 and F = F(Ty) NF(Ty) = {x € K : Tix = Tox = x} # &. Assume
that there exist M, M* > 0 such that ¢(1) < M*A for all A > M, i € {1,2}. Starting from
an arbitrary x, € K, define the sequence {x,} by recursion (1.14). Then, the sequence {x,}
converges strongly to a common fixed point of T1, T if and only if liminf,_, o, d(x,, F) = 0,
where d(x,, F) = inf,e 7 ||, — pll, n > 1.

Proof The necessity is obvious. Indeed, if x, — g € F (1 — 00), then
A%y, F) = inf d(x, —q) < |lxs —qll > 0 (n— 00).
qeF
Now we prove sufficiency. It follows from (3.7) that for x* € F, we have

| = &% < @+ Magen) || 20 — 2| + Qs(tn + 1)

= [oen =" + &, (3.8)
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where &, = Myju,llx, — x*|| + Qs + L,). Since {x, — x*} is bounded and Y o2 u, < 00,
> o2y 1, <00, we have Y7, &, < 0o. Hence, (3.8) implies

i [ =] = int o =] 455
that is
d(xn+lr -F) < d(xn: -F) + én: (39)

by Lemma 1(i), it follows from (3.9) that we get lim,_ o d(x,, F) exists. Noticing
liminf,_, o d(x,, F) = 0, it follows from (3.9) and Lemma 1(ii) that we have lim,,_, o, d(x,,
F)=0.

Now, we prove that {x,} is a Cauchy sequence in E. In fact, from (3.8) that for any n > n,,
any m > n; and any p; € F, we have that

”xn+m —191|| S ||xn+m—l —191|| + Sn+m—1

< ||xn+m—2 —191|| + ($n+m—1 + $n+m—2)

< %pem—3 — p1ll + (Enem—1 + Enam—2 + Ensm-3)

n+m-1
<leu—pill+ ) & (3.10)

k=n

So by (3.10), we have that

”xn+m _xn” = ||xn+m —191|| + ”xn —}91”

o0
<2 —prll + ) & (3.11)
k=n

By the arbitrariness of p; € F and from (3.11), we have
o0
1% = X |l < 2d(x,, F) + Z%—k’ Vn > ng. (3.12)
k=n

For any given ¢ > 0, there exists a positive integer n; > ny, such that for any n > n,
d(x,, F) < § and )2, & < §, we have [|%,,,, — %, < & and so for any m > 1

lim ||%,40 — %]l = 0. (3.13)
n—0o0

This show that {x,} is a Cauchy sequence in K. Since K is a closed subset of E and so it
is complete. Hence, there exists a p € K such that x, — p as n — oco.

Finally, we have to prove that p € F. By contradiction, we assume that p is not in F :=
F(T1)NF(T,) ={x € K: T1x = Tox = x} # . Since F is a closed set, d(p, F) > 0. Thus for
all p € F, we have that

lp = pill < lp = xull + 1% — p1ll- (3.14)
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This implies that
d@p, F) < lp = xall + d(x,, F). (3.15)

From (3.14) and (3.15) (n — 00), we have that d(gq, F) < 0. This is a contradiction. Thus
pEF :=F(T1)NF(T,) = {x € K: Th\x = Tox = x} # @. This completes the proof. O

On the lines similar to this theorem, we can also prove the following theorem which

addresses the error terms.

Theorem 2 Let K be a nonempty convex subset of a real Banach space E which is
also a nonexpansive retract of E and Ty, T, : K — E be two continuous total asymptoti-
cally nonexpansive nonself-mappings with sequences {{1,}, {l,,} defined by (1.9) such that
Y e <00, 32 L, <00 and F:= F(Ty) NF(Ty) = {x € K : Tyx = Tox = x} # &. Assume
that there exist M, M* > 0 such that ¢(1) < M*A for all A > M, i € {1,2}. Starting from
an arbitrary x, € K, define the sequence {x,} by recursion (1.15). Suppose that {u,}, {v,}
are bounded sequences in K such thaty -, yu < 00, Y ooy ¥, < 00. Then, the sequence {x,}
converges strongly to a common fixed point of T1, T, if and only if liminf,_,  d(x,, F) = 0,
where d(x,, F) = inf,c 7 ||%, — pll, n > 1.

Lemma 4 Let K be a nonempty convex subset of a uniformly convex Banach space E which
is also a nonexpansive retract of E and Ty, T : K — E be two total asymptotically nonex-
pansive nonself-mappings with sequences { i, }, {1} defined by (1.9) such that y -, ju, < 00,
Yl <ooand F:= F(T1) N F(T,) = {x € K : Tix = Tox = x} # &. Assume that there exist
M, M* > 0 such that $(1) < M*A forall . > M, i € {1,2}. Starting from an arbitrary x; € K,
define the sequence {x,} by recursion (1.14). Suppose that

(i) 0<liminf,_ o, and 0 <liminf,_ o B, <limsup,_, ., B, <1, and

(ii) 0<liminf, . o), and 0 <liminf,_, B, <limsup,_, B, <1.
Then lim,,_, o, ||%, — Ti(PT;)" x|l = 0 for i = 1,2.

Proof Let p € F. Then by Lemma 3, lim,,  ||x, — p|| exists. Let lim,_, o ||x, — p|| = r. If
r = 0, then by the continuity of 77 and T the conclusion follows. Now suppose r > 0. Set
0y = (1=Bu)yn+BuT1(PT1)" 'y, and 8, = (1- B))x, + B, To(PT>)" ' x,. Since {x,} is bounded,
there exists an R > 0 such that x,, — p,y, —p € Br(0) for all n > 1. Using Lemma 2, we have,
for some constant 4; > 0, that

18, = pI? = [ (1= B)xn + BLTo(PT2)" ", — p*
< (1= B))llsn = pI1* + B, | To(PTo)" 5, - p||”
= B (1= B)g ([ = To(PT2)" " xu)
< (1= B) 1w = pI* + By 1%n — Pl + ttwp (I~ p1I) + 1]
=B, (1= B)g ([ = To(PT2)" " xu])
< llxn —pI” + Ay + 1)
=B, (1= B,)g([|%n = T2(PT2)" " x,])). (3.16)
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It follows from (1.14), Lemma 2, (3.2) and (3.16) that for some constant A5 > 0,

lyn = pI? = | P((1 - )t + 0, To(PT2)™18,)  p

< (1 = o) @n — p)+o, (T2 (PT2)" '8, — )H

< (- ) % — pII? + ) | T2 (PT2)" 5, — p||*
— o, (1= e)g([[n = To(PT2)" "8, )

< (1= 12 =PI + ) (185 = pll + tup (18, — pIl) + 1]’
— o, (1= )@ ([[n = To(PT2)" 8, )

< 1% = pI* + Az (ptn + 1)
—a,B,(1-B,

)€ (|4 = To(PT2)" %, |)
o, (1= ap)g(]%n — To(PT2)""5,)). (3.17)

Using Lemma 2 and (3.17), we have, for some constant Az > 0, that

low=pI? = [ = Bulyn + BaTL(PTYy — |
< [ @ =BG —p) + Bu(T1PTY Yy - ) |
< (1= By —pI? + Bu| TLPTY 1y~ p|*
= B = BIg(|lyn = TH(PT)" 9 ])
< (= B)llyn =PI + Bal 19 — 21l + 1208 (13— P1) + 1]
= B0 = B)g (30— TiPT"])
< llyn = PI? + Aspt + 1)
= B = Bg(|lyn - TH(PT)Y" 3]}
< 1% = pI* + Az (itn + L) + As(pn + 1)
= B0 = B)g (|30 = TiPTY )
oty (1= ) )g ([l = To(PT2)""'5, )
-, (1= B,)g([[%n = To(PT2)""x,])). (3.18)

Similarly, it follows from (1.14), Lemma 2, (3.2) and (3.18) that for some constant A4 > 0,

w1 = pI% = |P((L = @)n + 0 Ty (PT)"05,) =
< @ - @)@ - p)+an(TiPT) 0, - p) |
< (=) [lx Pl + | T1(PTY)" 0, — |
- (1= @,)g([%, - TUPTY) 0y, )
< (=)l = P12 + @u[llo = 21l + 1206 (Il — 1) + 1]
- an(1 - a)g(|| %0 - Ti(PT1)" "0, ))

< l%n = pI* + Aaltn + 1)
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—a,(l - Oln)g(”xn - TI(PTI)W_IO'W ”)
—ouBu(l - ﬁn)g(”yn - TI(PTl)nilyn “)
- a,,a;l(l - a;,)g(”x,, — To(PT,)" 13, ||)

— e, B,(1- B,)g ([ %n = To(PT2)" 5, ).
It follows from (3.19) that

@ty B, (1= B,)8([ %0 = To(PT2)" ")) < Il =PI = %001 - pII?

+ A4(/'Ln + ln)y

and

anet) (1 - at))g ([0 = Ta(PT2)" 8, ])) < llatw = I = %1 — I
+Ag(n + 1),

Bl = Ba)g (|7 = Ti(PTY" i |) < 1% — PI* = 1ms1 — P12
+ Ag(pp + 1),

an(1 = an)g([|n — Ti(PTY)"0])) < 12w — pII* = %01 — pII?

+Au(n + ).

Page 12 0of 18

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

. . . , . P ,
Since 0 < liminf,_, o @, 0 < liminf,_, ), and 0 < liminf,_, B, < limsup,,_, ., B, < 1,

there exists ny € N and n, ny, 13,14 € (0,1) such that 0 <m; <oy, 0 <1y <), and 0 < m3 <

B, < ng <1for all n > ny. This implies by (3.20) that

mnynz(1 - na)g(||xn — To(PT2)" "% ||) < lwn = pI* = %01 — pII?

+ Ag(1n + 1)

for all n > ny. It follows from (3.24) that k > ny, we have

k
> g([#n - To(PT2)" 5] )
n=ng
1 k .
— T e
=< }’llnan(l - }’14) <’§)(”xn p” ||x,,+1 p” ) +A4 n§:n0:(ﬂn + ln)
1 k
s i
: n1n2n3(1 - 1/14) <||xn0 p” + A4’ ;zno(l‘bn + ln)) .

(3.24)

Then )7, g(llx, — To(PT)" "%, |)) < 00 and therefore lim,,, oo g([|%, — To(PT2)" ", ) =

0. Since g is strictly increasing and continuous with g(0) = 0, we have

lim || %, — To(PT2)" "%, | = 0.

(3.25)
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By a similar method, together with (3.21), (3.22) and (3.23), it can be show that

Jim |l = To(PT2)""'8,| =0, lim [y, = Ty(PT2)" 'y = 0,

(3.26)
lim ||, - T:(PT1)" "0, | = 0.
It follows from (1.14) that
lyn = xall = | P((1 = o)) %0 + 0t To(PT)"'8,) = Py | < | To(PT2)" 8= .
This together with (3.26) implies that
lim ||y, —x,|| =0. (3.27)
It follows from (3.26) and (3.27) that
| TL(PT)" % — x| < || TL(PTY)" 200 — TL(PTY)" 3|
+ [ Ti@TY" 9 = g + 13 = 2l
< yn —xull + Mnd’(”yn _xn”) +1y
+ H TI(PTl)n_lyn —Jn “ + 1y — %]
— 0, asn— oo. (3.28)
That is lim,,_, o | T1(PT1)" ', — x,,|| = 0. The proof is completed. (]

Theorem 3 Let K be a nonempty convex subset of a real Banach space E which is
also a nonexpansive retract of E and Ty, T, : K — E be two continuous total asymptoti-
cally nonexpansive nonself-mappings with sequences {j1,,}, {1,,} defined by (1.9) such that
Y e <00, 32 L, <00 and F:= F(Ty) NF(Ty) = {x € K : Tyx = Tox = x} # &. Assume
that there exist M, M* > 0 such that ¢(L) < M*\ for all . > M, i € {1,2}; and that one of
Ty, T is demicompact (without loss of generality, we assume T is demicompact). Starting
from an arbitrary x, € K, define the sequence {x,} by recursion (1.14). Suppose that

(i) 0<liminf,_ oy and 0 <liminf,_ B, <limsup,_, ., B, <1, and

(ii) 0 <liminf,_, o), and 0 <liminf,_, B, <limsup,_, . B, <1.

Then the sequence {x,} converges strongly to some common fixed points of Ty and T.

Proof 1t follows from (1.14) and (3.26) that

”xn+1 _xn” = HP((]- - an)xn + anTl(PTl)n_lon) - Pxn || =< H TI(PTl)n_lon_xn ||

— 0, asm— o0. (3.29)
It follows Lemma 4 and (3.29) that

% = T{PT) x| < 1190 = Xt | + ||%nt = TiPTH)" 0 |

+ | THPT)" 0 — T{(PT))" s
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< 2|lxy — x|l + ”xn—l - Ti(PTi)n_an—l ”

+ /J’n—l(p(”xn _xn—ln) + ln—l

— 0, asm— oo, fori=1,2. (3.30)

Since T; is continuous and P is nonexpansive retraction, it follows from (3.30) that for
i=1,2
| TPT" 5 = Tt | = | TiP(TAPT)" )% = TiPxs|

— 0, asn— oo. (3.31)
Hence, by Lemma 4 and (3.31), we have

”xn - Tixn” = ”xn - Ti(PTL’)n_lxn || + || TL’(PTi)n_lxn - Tixn ||

— 0, asm— oo, fori=1,2. (3.32)

Since T; is demicompact, from the fact that lim,,_, o ||%,, — T1%, || = 0 and {x, } is bounded,
there exists a subsequence {x,, } of {x,} that converges strongly to some g € K as k — 0.
Hence, it follows from (3.32) that T\x,, — g, Tox,, — g as k — oo and it follows from
(3.31) and T; is continuous that

| TPT)" %, — Tiq| < | Ti(PT)™ s, = Titiwe | + | Tie, — Tiq
= | T.PTAPT)) ™ 2%y, — TiPxy, || + I T, — Tiqll
—- 0, asm— oo, fori=1,2. (3.33)

Observe that
g - Tiqll < Ig — % |l + |, — THPTY) ™ | + | TW(PT) ™, — Thq|.

Taking limit as kK — oo and using the fact that Lemma 4 and (3.33) we have that T4 = ¢q
and so g € F(T1). Also we get

g = Tagll < g — %u | + |6, — To(PT2)"* 0, || + | T2 (PT2)* 5, — Toq|.

Taking limit as k — oo and using the fact that Lemma 4 and (3.33) we have that T,q = ¢q
and so g € F(T,). Therefore, we obtain that g € F. It follows from (3.7), Lemma 1 and
limy_, o0 %, = ¢q that {x,,} converges strongly to g € F. This completes the proof. O

Theorem 4 Let K be a nonempty convex subset of a real Banach space E which is
also a nonexpansive retract of E and T1, T : K — E be two continuous total asymp-
totically nonexpansive nonself-mappings with sequences {1}, {l,} defined by (1.9) such
that Yy 071 iy < 00, Y ooy by < 00 and satisfying the condition (A'). Assume that there exist
M, M* >0 such that p(X) < M*A forall x> M, i€ {1,2} and F :=F(T1)NF(Ty)={xeK:
Tix = Tox = x} # . Starting from an arbitrary x, € K, define the sequence {x,} by recursion
(1.14). Suppose that
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(i) 0<liminf,_ s o, and 0 <liminf,_, B, < limsup,_, o, B, <1, and
(ii) 0 <liminf,_ o), and 0 <liminf,_, B, <limsup,_, . B, <1.

Then the sequence {x,} converges strongly to some common fixed points of Ty and T.

Proof By Lemma 3, we see that lim,_, %, — p| and so, lim,_, » d(x,, F) exists for all
p € F. Also, by (3.32), lim,,, ||%, — Tix,|| = 0 for i =1,2. It follows from condition (A’)

that
nlgrglof(d(xn,F)) < nlirrgo(%(llx = Tux|| + [lx — szll)> =0. (3.34)
That is,
nli)rgo f(d(x,, F)) =0. (3.35)

Since f : [0,00) — [0, 00) is a nondecreasing function satisfying f(0) = 0, f(¢) > 0 for all
t € (0, 00), therefore, we have

lim d(x,, F)=0. (3.36)

n—00

Now we can take a subsequence {x,, } of {x,} and sequence {yx} C F such that |x,, —
yx|l < 27% for all integers k > 1. Using the proof method of Tan and Xu [8], we have

1%,y = Vell < 1%, —yicll <275, (3.37)
and hence
Iyt = Vil < 19ket = Xy 1|+ 1, = vl < 27®D 4 275 <oKL, (3.38)

We get that {y,} is a Cauchy sequence in F and so it converges. Let yx — y. Since F is
closed, therefore, y € F and then x,, — y. As lim,_, ||, — p| exists, x, — y € F. This
completes the proof. O

In a way similar to the above, we can also prove the results involving error terms as
follows.

Theorem 5 Let K be a nonempty convex subset of a real Banach space E which is
also a nonexpansive retract of E and T, T, : K — E be two continuous total asymptoti-
cally nonexpansive nonself-mappings with sequences {{1,}, {l,,} defined by (1.9) such that
Y Mn <00, 32 L, <00 and F := F(T1) NF(T3) = {x € K : Tyx = Tox = x} # 3. Assume
that there exist M, M* > 0 such that ¢(L) < M*\ for all . > M, i € {1,2}; and that one of
Ty, T is demicompact (without loss of generality, we assume T is demicompact). Starting
from an arbitrary x; € K, define the sequence {x,} by recursion (1.15). Suppose that {u,},
{vu} are bounded sequences in K such thaty ., Vu < 00, Y ooy ¥, < 00. Suppose that

(i) 0<liminf,_ o and 0 <liminf,_ B, <limsup,_, ., B, <1, and

(i) 0 <liminf,_, o), and 0 <liminf,_, B, <limsup,_, B, <1.

Then the sequence {x,} converges strongly to some common fixed points of Ty and T.
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Theorem 6 Let K be a nonempty convex subset of a real Banach space E which is
also a nonexpansive retract of E and T1,T, : K — E be two continuous total asymp-
totically nonexpansive nonself-mappings with sequences {,}, {l,} defined by (1.9) such
that Y 02| iy < 00, Y ooy by < 00 and satisfying the condition (A'). Assume that there exist
M, M* > 0 such that ¢p(A) < M*X for all A > M, i € {1,2} and F := F(T1) N F(T,) = {x €
K:Tx = Tox = x} # @. Starting from an arbitrary x, € K, define the sequence {x,} by re-
cursion (1.15). Suppose that {u,}, {v,} are bounded sequences in K such that Z:L Yy < 00,
Y o2 ¥, < 00. Suppose that

(i) 0<liminf,_ o, and 0 <liminf,_, B, <limsup,_, ., B, <1, and

(ii) 0<liminf,_, o), and 0 <liminf,_, B, <limsup,_, . B, <1.

Then the sequence {x,} converges strongly to some common fixed points of Ty and T.

Remark 2 If T; and T, are asymptotically nonexpansive mappings, then /, = 0 and
¢(A) = A so that the assumption that there exist M, M* > 0 such that ¢(1) < M*A for all
A > M, i € {1,2} in the above theorems is no longer needed. Hence, the results in the
above theorems also hold for asymptotically nonexpansive mappings. Thus, the results in
this paper improvement and extension the corresponding results of [14, 15] and [16] from
asymptotically nonexpansive (or nonexpansive) mappings to total asymptotically nonex-

pansive nonself-mappings under general conditions.

Example 1 Let E is the real line with the usual norm | - |, K = [0, 00) and P be the identity
mapping. Assume that Tix = x and T,x = sinx for x € K. Let ¢ be a strictly increasing
continuous function such that ¢ : R* — R* with ¢(0) = 0. Let {u,},>1 and {/,,},>1 be two
nonnegative real sequences defined by i, = nLZ and [, = ;41—3, forall # > 1 (lim,_ 0o 4y, = 0
and lim,,_, o, [, = 0). Since T1x = x for x € K, we have

| T7x = T7'y| < = y1.
For all x,y € K, we obtain

| T7% = T{'y| = 16—yl — wu (16— ¥1) = b
<lx =yl = |x =yl — utp(l = y1) = &
<0

foralln=1,2,..., {ttu}n>1 and {I,},>1 with w,, [, — 0 as n — oo and so T} is a total asymp-

totically nonexpansive mapping. Also, Thx = sinx for x € K, we have
| T7% = T1'y| < x = 1.
For all x,y € K, we obtain

| T5x— Tyy| 16—yl — wud (I = y1) = &y
<lx =yl = |x =y = utp(l = y1) = &
<0
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foralln=1,2,..., {ity}n=1 and {,},>1 with ., [, — 0 as n — oo and so T, is a total asymp-
totically nonexpansive mapping. Clearly, F := F(T1) N F(T3) = {0}. Set

/ n ! 1
o, =0, = » Yu=Vn= "7
" n+1 " n?
L yiseven 1
b )
B.=PBu=142 and Vv, =u,= ——
1 i n+1
3, nisodd

for n > 1. Thus, the conditions of Theorem 2 are fulfilled. Therefore, we can invoke Theo-
rem 2 to demonstrate that the iterative sequence {x,} defined by (1.15) converges strongly
to 0.
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