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1 Introduction
Let g > 3 be an integer, x be a non-principal character mod g. For any integer n with
(n,q) =1, the two-term character sums N(n,7,s, x;q) are defined as

q
N(n,r,s,x:9) = Zx(a’ + na’),

a=1

where r > s are two fixed positive integers. These sums play a very important role in the
study of analytic number theory, so they caused many number theorists’ interest and favor.
Some works related to N(n,r,s, x;¢) can be found in [1-4]. If fact, the sums N(n,1,s, x;q)
is a special case of the general character sums of the polynomials

N+M

> x(f@), )

a=N+1

where M and N are any positive integers, and f(x) is a polynomial. If g = p is an odd prime,
then Weil (see [1]) obtained the following important conclusion: Let x be a gth-order
character mod p. If f(x) is not a perfect gth power mod p, then we have the estimate

N+M

3 x(fw) < ptnp, )

x=N+1
where ‘<’ constant depends only on the degree of f(x).
Now we are concerned about whether there exists a computational formula for the mean

value

2k

q
Z X (a’ + nas) , (3)

a=1

5

x mod g
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where s > r > 1 are two integers. In this paper, we shall use the analytic method and the
properties of Gauss sums to study this problem, and give an exact computational formula

for (3). That is, we shall prove the following theorem.

Theorem 1 Let g > 1 be an odd integer. Then, for any real number k and integer n with

(n,q) =1, we have the identity

2k

Xq: x (a® + na)

a=1

5

x mod g

@ T s
Jaa H<l p—2+pk(p—2)>’

pllg

where Z’; mod g denotes the summation over all primitive characters mod q, p || q denotes

that p®|q and p*** 1 q, and J(q) = Zd‘q u(d)p(%) denotes the number of all primitive char-

acters mod q.

Theorem 2 Let q > 1 be an odd integer. Then, for any real number k and integer n with

(n,q) =1, we have the identity

2k

“J) - I
-d ] (1 p—2+p"(p—2))

pllg.3tp-1

3 3
<M (=% 5o5)

plig3lp-1

i X (a3 + naz)

a=1

5

x mod g

From these two theorems we may immediately deduce the following corollaries.

Corollary 1 Let g be an odd square-full number (that is, for any prime p, if p|q, then
P*\q). Then, for any real number k and integer n with (n,q) = 1, we have the iden-
tity

2k 2k

=J(q) - 4"

i x(a® + na?)

a=1

:Z*

x mod g

i x (a* + na)

a=1

5

x mod g

Corollary 2 Let q be an odd square-free number (that is, for any prime p, p* t q). Then,

for any real number k and integer n with (n,q) = 1, we have the identity

Xq: x(a® + na)

a=1

5

x mod g

)

plg

Corollary 3 Let q be an odd square-full number. Then, for any integer n with (n,q) = 1, we

have the identity
- B ! 7 @
S @) = Y x@ vnat) =D
x mod gl a=1 x mod gl a=1 9
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For general characters y mod g, whether there exists an identity for

2k

2

x mod g

q
E x(a" +na’)
a=1

is an interesting open problem, where r > s are two positive integers.

2 Several lemmas

In this section, we shall give several lemmas, which are necessary in the proof of our the-
orems. Hereinafter, we shall use many properties of character sums and Gauss sums, all
of which can be found in references [5] and [6], so they will not be repeated here. First we

have the following lemmas.

Lemmal Letq > 1bean integer,](q) denotes the number of all primitive characters mod q.
Then we have the identity

J@) =" uld)- ¢(g>,
dla

where (n) is the Mobius function, ¢(n) is the Euler function.

Proof This is a well-known result, here we give a simple proof. It is clear that for any non-
principal character x mod g, there exists one and only one d|q and a primitive character
x* mod d such that x = x* - xo, where xo denotes the principal character mod 4. So, from

these properties, we have

¢lg)= Y 1= J@.

x mod g dlq

From this identity and the Mobius inversion formula, we may immediately deduce

0= Y uta)-o(4).

dla
This proves Lemma 1. d

Lemma 2 Let p be an odd prime, i > 2 be an integer and q = p'. Then, for any real number

k and integer n with (n,q) = 1, we have the identities

g 2%
Yo Dox@+na)| =Y 4 =¢@- 4"

x mod gl a=1 x mod g
and
p 2k
*
Z Zx(a2+na) =1+(p-3)-p~
x mod pl a=1
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Proof For any primitive character x mod ¢, from the properties of Gauss sums, we know
that

= 2 ST, @)

Note that g = p' and i > 2, so if x is a primitive character mod ¢, then 2 is also a primitive
character mod g, so that |z(x)| = |[t(x)| = |t (}?)| = /9. From these identities, Lemma 1

and formula (4), we may immediately deduce that

2k
= > d=¢*) 4"

x mod g

5

x mod g

q
x (a* + na)
a=1

This proves the first formula of Lemma 2.
Now we prove the second formula. If x is the Legendre symbol mod p, then we have

|7(x?)| = 1. So, from Lemma 1 and the method of proving (4), we have

» 2%
X
Z Zx(azﬂm) =1+ (p-3)p~
x mod pl a=1
This completes the proof of Lemma 2. O

Lemma 3 Let p > 3 be an odd prime, a > 2 be an integer and q = p*. Then, for any real

number k and n with (n,q) = 1, we have the identities

2k
=4*(q) -4

zq: X (a3 + naz)

a=1

5

x mod g

and

ix(a?’ + naz) =

a=1

>
x mod p

Zk_ 3+(p-5)-pF ifp=1mod 3;
1+(p-3)-p° fBp-1=1
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Proof From the properties of primitive characters mod g and the method of proving
Lemma 2, we have

(5)

Since x is a primitive character mod ¢ and (3,¢) =1, so x2 and %° are also two primitive
characters mod ¢. So, from Lemma 1, (5) and the properties of Gauss sums, we can deduce
the first identity of Lemma 3.

Note that if (3,p — 1) = 1, x; is the Legendre symbol mod p, then for any non-principal
character x mod p, we have |7(}°)| = /P and |T(x?)| = 1. So, from Lemma 1 and the
method of proving (5), we have

2k
=1+(p-3)p~. (6)

i x(a® + na?)

a=1

5

x mod p

If 3|p — 1, then there exist two 3-order characters mod p, so from the method of proving
(6), we have the identity

P 2k
Z Zx(a3+na2) =3+ (p-5)p-. (7)
x mod pl a=1
Combining (6) and (7), we can deduce the second identity of Lemma 3. O

Lemma 4 Let q; > 1 and q, > 1 be two integers with (q1,42) = 1, x1 mod q; and x> mod gs.
Then, for any integer n with (n, q14>) = 1, we have

9192
Z X1X2(ﬂ2 +na)| = . .
a=1

Q
Z xi(a* + na)
a=1

B
Z x1(b* + nb)
b=1

Proof From the properties of complete residue system g;4,, we have

q192

Z X1 X2 ((12 + I/lcl)
a=1

n @
= D2 xaxa((agqa + bgr) + nlags + bay))
a=1 b=1
0 0
= Z x1((aqz + bq1)* + nlaqs + bqy)) Z x2((aqa + bq1)* + n(agz + bqy))
a=1 b=1
0 0
= Z x1((aq2)* + n(aqy)) Z x2((bq1)* + n(bqy))
a=1 b=1
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1a +na ng +nb

q
Zl xl(az + mz Z (b + nb
a=1

This proves Lemma 4. 0

3 Proof of the theorems

In this section, we shall complete the proof of our theorems. First we prove Theorem 1. For
any odd number g > 1, it is clear that there exist two integers M and N such thatg =M - N,
where M is a square-free number, and N is a square-full number. Now, for any primitive
character y mod g, there exist two primitive characters x; mod M and x, mod N such
that x = x1x2. Note that J(N) = #, so from these properties, Lemma 1, Lemma 2 and
Lemma 4, we have

x mod gl a=1
M 2k N 2k
*
(T [Tre e ) (2 [t )
x mod M| a=1 x mod N| a=1

-[10+@-3 -7 [T @) )

M PYIN

P 1
- T 55 )

pliq

where p® || g denotes that p*|q and p**! { q. This proves Theorem 1.
Now we prove Theorem 2. From Lemma 3, Lemma 4 and the method of proving The-

orem 1, we have

2k

i x(a® + na®)

a=1

>
x mod g

(z

x mod M

“[10+0-9- [T (667)- )

M PYIN

“ 1) o - St
- ] (1 p—2+pk(p—2)>

plig3tp-1

L0 )

rla3lp-1

Z X (as + naz)

a=1

2k N
)(Z* Zx(a3+naz
x mod N| a=

a=1

/)

This completes the proof of our theorems.
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