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1 Introduction
Let C be a nonempty, closed and convex subset of a Banach space E. Recall that a self
mapping f : E — E is an a-contraction on C if there exists a constant « € (0,1) such that

for any x,y € E, we have

lf®) -fo)| <allx-yl.

A function ¢ : R* — R* is said to be an L-function if Y/(0) = 0, ¥ (¢) > 0 for any ¢ > 0, and
for every ¢ > 0 and s > 0, there exists u > s such that ¥ (¢) < s for all £ € [s, u]. This implies
that ¥ (¢) < t for all £ > 0.

A mapping f : E — E is said to be a (, L)-contraction if there exists an L-function  :
R* — R* such that

|Lf(x) —f(y)” <vYlx-yl, Vxye€Ewithx+y.

If ¥ (¢) = kt for all £ > 0, where k € (0,1), then f is a contraction.

A mapping f is called a Meir-Keeler type mapping if for each € > 0, there exists §(¢) > 0
such that forall x,y € E, if € < || x — y|| < € + §, then ||f(x) - f(y)|| < €.

A mapping T : C — C is said to be

(i) nonexpansive it

ITx - Tyl < llx=yll, Vx,y€C;
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(i) Lipschitzian with a Lipschitz constant / > 0 if
”Tx_TyHSZHx_y”! foyec;

(iii) asymptotically nonexpansive if there exists a sequence {k,} of positive numbers
satisfying the property lim,_, ~ k,, = 1 and

H T x — T”y” <kdx-yl, Vx,yeC.

Every nonexpansive mappings are asymptotically nonexpansive with respect to the se-
quence k, =1, n € N. Also, every asymptotically nonexpansive mappings are uniformly
I-Lipschitzian with [ = sup,, .y k..

Let S be a semigroup. Then a family S = {7 : s € S} of mappings of C into itself is called
Lipschitzian mappings on C if for each s € S, the mapping T is a Lipschitzian mapping
on C with a Lipschitz constant ks, and Ty = T,T; for all s, € S. A family S is called a
Lipschitzian semigroup on C if it satisfies the following:

1. Tyx =TT foralls,t € S and x € C;

2. for each s € S, T is a Lipschitzian mapping of C into itself, i.e., there is ks > 0 such

that

I Tsx = Tyl < killx -yl forallx,y e C.

A Lipschitzian semigroup S is called uniformly I-Lipschitzian if k; = [ for all s € S.

Let F(S) denote the common fixed point set {x € C: Tyx = x,Vs € S} of the mappings T5.

For a semigroup S, we define a partial preordering < on Sby a < b ifand onlyif aS D bS.
If S is a left reversible semigroup (i.e., aS N bS # §) for a,b € S), then it is a directed set.
(Indeed, for every a,b € S, applying aS N bS # (), there exist a’,b’ € S with aa’ = bb'; by
taking ¢ = aa’ = bb’, we have ¢S C aS N bS, and thena < cand b < c.)

Let S = {T : s € S} be a representation of a left reversible semigroup S as Lipschitzian
mappings on C with Lipschitz constants {k; : s € S}. We shall say that S is an asymptotically
nonexpansive semigroup on C, if there holds the uniform Lipschitzian condition lim, ks <1
on the Lipschitz constants.

In 1953, Mann [1] introduced an iterative method as follows: a sequence {x,} defined by

Xpsl = OpXpy + (1 - O[n)Txm (11)

where the initial guess element x¢ € C is arbitrary and {«,} is a sequence of real numbers
in [0,1]. The Mann iteration can guarantee in general only weak convergence. The Mann
iteration has been extensively investigated for nonexpansive mappings and modified for
strong convergence. Later, in 2000, Reich and Zaslavski [2] introduced the Krasnoselskii-
Mann iterations of a generic nonexpansive operator on a closed and convex, but not nec-
essarily bounded, subset of a hyperbolic space with a unique fixed point.

In 1967, Halpern [3] considered the following algorithm:

Xni1 = 0¥ + (1= 0t) Ty, (1.2)

where T is nonexpansive and the initial guess element x € C is arbitrary.


http://www.journalofinequalitiesandapplications.com/content/2012/1/279

Saewan and Kumam Journal of Inequalities and Applications 2012, 2012:279 Page 3 of 15
http://www.journalofinequalitiesandapplications.com/content/2012/1/279

In 2004, Xu [4] introduced and proved the following viscosity approximation methods
for nonexpansive mappings in a uniformly smooth Banach space:

KXn+l = ar(f(xn) + (1= 0,) Tk, (1.3)

where f: C — C is a contraction mapping.
In 2007, Lau, Miyake and Takahashi [5] introduced the following Mann’s implicit itera-
tion process:

K1 = X + (1= ) T ()%, (1.4)
forasemigroup S = {7 : s € S} of nonexpansive mappings on a compact and convex subset

C of a smooth and strictly convex Banach space.
In the same year, Zhang et al. [6] introduced the following composite iteration scheme:

Yn = lgnxn + (1 - ﬂn)T(tn)xn’

Xns1 = X + (1 — )Yy

(15)

where {T'(¢) : t > 0} is a nonexpansive semigroup, x is an arbitrary point in C. Under a
suitable condition, they proved strong convergence theorems of an explicit composite it-
eration scheme for nonexpansive semigroups in a reflexive Banach space with a uniformly
Géteaux differentiable norm, uniformly smooth Banach space and uniformly convex Ba-
nach space with a weakly continuous normalized duality mapping.

In 2008, Shahram Saeidi [7] introduced the following viscosity iterative scheme:

KXn+l = Olr(f(xn) + Buxn + VnT(Mn)xm (1.6)

for a representation of S as Lipschitzian mappings on a compact and convex subset C of a
smooth Banach space E with respect to a left regular sequence {u,} of means defined on
an appropriate invariant subspace of [°°(S); for some related results, we refer the readers
to [8, 9].

Motivated and inspired by the idea of Zhang et al. [6] and Saeidi [7], we introduce the
explicit viscosity iterative process by Meir-Keeler type contraction in a smooth Banach
space. Then we prove that the sequence {x,} converges strongly to a common fixed point
of § = {T; :s € S}, where S is a left reversible semigroup, which is the unique solution of
the variational inequality

((f -Da.J-9) <0, VpeF(©S).

2 Preliminaries
Let E be a Banach space and let E” be the topological dual of E. The value of x” € E™ at
x € E will be denoted by (x,x") or x"(x). With each x € E, we associate the set

J6) = {5 €E : () = || = el?).

Using the Hahn-Banach theorem, it immediately follows that J(x) # ¢ for each x € E.
A Banach space E is said to be smooth if the duality mapping / of E is single-valued. We
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know that if E is smooth, then J is norm-to-weak” continuous; see [8, 9]. Let E be a Banach
space and let C be a closed and convex subset of E. Then

llac = y11% = lxl* = Iy11* = 2(x — 3,9), (2.1)
and
2 2 2 2
2%+ @=1)y|” = Allxl® + @ = 2)lyl* = 2@ = D)l - y1I?, (2.2)

forall x,y € E and A € [0,1].

Let S be a semigroup. We denote by [°°(S) the Banach space of all bounded real valued
functions on S with a supremum norm. For each s € S, we define [; and r; on [*°(S) by
(lsg)(2) = g(st) and (rsg)(¢) = g(ts) for each ¢ € S and g € [*°(S). Let X be a subspace of [*°(S)
containing 1and let X" be its topological dual. An element 1 of X is said to be a mean on X
if ||l = w(1) = 1. We often write 11,(g(t)) instead of u(g) for u € X" and g € X. Let X be left
invariant (resp. right invariant), i.e., [;(X) C X (resp. rs(X) C X) for each s € S. A mean u
on X is said to be left invariant (resp. right invariant) if u(l,g) = u(g) (resp. u(rsg) = n(g))
for each s € S and g € X. A subspace X is said to be left (resp. right) amenable if X has
a left (resp. right) invariant mean. A semigroup X is amenable if X is both left and right
amenable. If a semigroup S is left amenable, then S is left reversible [10, 11].

A net {t,} of means on X is said to be strongly left regular if

hm”l:MOt ~ Ha || =0
o

for each s € S, where [, is the adjoint operator of ;. Let C be a nonempty, closed and convex
subset of E. Throughout this paper, S will always denote a semigroup with an identity e. S is
called left reversible if any two right ideals in S have nonvoid intersection, i.e., aSN bS # ¥}
for any a, b € S. In this case, we can define a partial ordering < on S by a < b if and only if
aS D bS. Itis easy to see t < ts (for all £, 5 € S). Further, if £ < s, then pt < psforall p € S. If
a semigroup S is left amenable, then S is left reversible. But the converse is false. Denote
by C, the set of almost periodic elements in C, i.e., all x € C such that S = {Tx: s € S} is
relatively compact in the norm topology of E. We will call a subspace X of [*°(S), S-stable
if the functions s > (Tyx,x") and s > || Tex — y| on S are in X for all x,y € C and x” € E'.
We know that if ;1 is a mean on X and if for each x” € E', the function s — (Tyx,x ) is
contained in X and C is weakly compact, then there exists a unique point x, of E such that

,us(Tsx, x) = <xo,x*)

foreachx” € E". We denote such a point x by T'(1)x. Note that T'(i1)z = z for each z € F(S);
see [12—14]. Let D be a subset of B where B is a subset of a Banach space E and let P be
a retraction of B onto D. Then P is said to be sunny [15] if for each x € B and ¢ > 0 with
Px + t(x — Px) € B,

P(Px +t(x - Px)) = Px.

A subset D is said to be a sunny nonexpansive retract of B if there exists a sunny nonex-
pansive retraction P of B onto D. If E is smooth and P is a retraction of B onto D, then P
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is sunny and nonexpansive if and only if for each x € Band z € D,
(x = Px,](z - Px)) < 0. (2.3)
For more details, see [8, 9].

Lemma 2.1 ([16]) Let S be a left reversible semigroup and let S = {T; : s € S} be a represen-
tation of S as Lipschitzian mappings from a nonempty, weakly compact and convex subset
C of a Banach space E into C, with the uniform Lipschitzian condition limsk; <1 on the
Lipschitz constants of the mappings. Let X be a left invariant S-stable subspace of 1°(S)
containing 1, and u be a left invariant mean on X. Then F(S) = F(T (1)) N C,.

Corollary 2.2 ([7]) Let {i,} be an asymptotically left invariant sequence of means on X.
Ifze€ C, and liminf,_, » || T(,)z — z|| = 0, then z is a common fixed point of S.

Lemma 2.3 ([7]) Let S be a left reversible semigroup and let S = {Ts : s € S} be a represen-
tation of S as Lipschitzian mappings from a nonempty weakly compact and convex subset
C of a Banach space E into C, with the uniform Lipschitzian condition limsk; <1 on the
Lipschitz constants of the mappings. Let X be a left invariant subspace of I°°(S) containing
1 such that the mappings s — (Tgx,x’) be in X for all x € X and x" € E', and {w,} be a
strongly left regular sequence of means on X. Then

limsup sup (|| T(n)x — T(wn)y| - = yl) < 0.

n—-oo xyeC

Remark 2.4 From Lemma 2.3, taking
en = sup (| TGun)s = T(unly | = I =31), ¥ (2.4)
x,y€

we obtain that limsup,,_, ., ¢, < 0. Moreover,
| TGunx = T(aly| < e =l + ¢ Vay€C. (2.5)

Corollary 2.5 ([7]) Let S be a left reversible semigroup and let S = {T; : s € S} be a repre-
sentation of S as Lipschitzian mappings from a nonempty, compact and convex subset C
of a Banach space E into C, with the uniform Lipschitzian condition limk; < 1. Let X be a
left invariant S-stable subspace of [*°(S) containing 1, and p be a left invariant mean on X.
Then T(u) is nonexpansive and F(S) # (). Moreover, if E is smooth, then F(S) is a sunny
nonexpansive retract of C and the sunny nonexpansive retraction of C onto F(S) is unique.

Lemma 2.6 ([8,9]) Let E be a real Banach space. Then, for any given x,y € E and j(x +y) €
J(x + y), the following inequality holds:

lla + 11 < llll* + 23 j(x + ).

Lemma 2.7 ([17]) Let {x,} and {y,} be two bounded sequences in a Banach space E and
let {Bn} be a sequence in [0,1] with 0 < liminf,_,~ B, < limsup,_, . Bx < 1. Suppose that
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Xn+l = (l_lgn)yn + ,annfor all iﬂt@gers n > 0 andlim SUPVHOO(HJ/ml _yn” —1%n1 _xn”) <0.

Then lim,_, o |ys — %4l = 0

Lemma 2.8 ([4]) Assume that {a,} is a sequence of nonnegative real numbers such that
an < (1= 04)a, + Py,

where {a,} is a sequence in (0,1) and {3,} is a sequence in R such that
1) 255 =00
(2) limsup,,_, ., 2—2 <0o0rY 22,18, < o0.

Then lim,_, o a,, = 0.

Lemma 2.9 ([18]) Let (Y,d) be a metric space and let f : Y — Y be a mapping. The fol-
lowing assertions are equivalent:

1. f is a Meir-Keeler type mapping;

2. there exists a L-function W : R* — R* such that f is a (¥, L)-contraction.

Lemma 2.10 ([19]) Let E be a Banach space and let C be a convex subset of E. Let T : C —
C be a nonexpansive mapping and f be a (\, L)-contraction. Then the following assertions
hold:
1. Tof isa (y,L)-contraction on C and has a unique fixed point in C;
2. foreach o € (0,1), the mapping x — af (x) + (1 — «) Tx is of Meir-Keeler-type and it
has a unique fixed point in C.

Lemma 2.11 ([19]) Let E be a Banach space and let C be a convex subset of E. Letf : C — C
be a Meir-Keeler-type contraction. Then for each € > 0, there exists r € (0,1) such that, for
each x,y € C with ||x — y|| > €, we have ||f(x) —f)|| < rllx—y].

3 Main results
In this paper, we suppose that ¢ from the definition of (v, L)-contraction is continuous,
strictly increasing. Let n(¢) = £ — ¢ (¢) for all £ € R*, we have that lim;_, o 1(¢) = co and n(t)

is strictly increasing and onto. Consequently, we have that and 7(t) is a bijection on R*.

Theorem 3.1 Let C be a nonempty, compact and convex subset of a smooth Banach
space E. Let S be a left reversible semigroup and S = {Ts : s € S} be a representation of
S as Lipschitzian mappings from C into itself, with the uniform Lipschitzian condition
limsks < 1, and f be a Meir-Keeler contraction of C into itself. Let X be a left invari-
ant S-stable subspace of [°(S) containing 1, {j1,,} be a strongly left regular sequence of
means on X such that lim,_, « ||[ftus1 — Uull = 0 and {c,} be the sequence defined in (2.4)
with limsup,_, ¢, < 0. Suppose the sequences {at,}, {Bn}, {yn} and {8,} in (0,1) satisfy
ay + By + vn =1, n > 1. The following conditions are satisfied:

(i) limy ooy =0andy oy a, = 00;

(ii) lim,— o0 8, = 0;
<0

)
(iif) limsup,,_,, &
)

(iv) 0 <liminf,_ B, <limsup,_, ., Bn <1.
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For arbitrary x, € C, generate a sequence {x,} by

= 0%y + (1 =68,)T (n)Xu,
y ( )T (1) (3.1)

X1 = f (Xn) + Bukn + Vi

Then {x,} converges strongly to q € F(S), which is the unique solution of the variational
inequality

(f-Da.Jw-q)<0, VpeF(©S).

Equivalently, we have q = Pfgq, where P is the unique sunny nonexpansive retraction of C
onto F(S).

Proof First, we prove that {x,} is bounded. That is, if we take a point p € F(S), we will show
that ||x, —p|| < M foralln € N. Let p € F(S). It is obvious that M = max{||x; —pl|, 7} ||f (p) -
pll}. By induction we suppose that M = max{||lx; — pl, n"L||f(») - pl|}, where k € N. Since
T (jx) is nonexpansive, we have
lyx =2l = [k + (1= 8 T (i) — p |
< Sellax = pll + (1= 80) | ()i — p
< Skllax = pll + (1= 8) (llxx — p1l)

< o - pll- (3.2)
Since f is a Meir-Keeler contraction, we have that

ki = pll = anfGex) + Brsk + viyi = p|

= |l (f(x) — p) + Be(xk = p) + vulyk — p)||
< a||f () = p| + Bellek = pll + vellyx —pll
< a|[f (o) —f @) | + e |[f ) = p|| + Billxe = pll + viellyx —
< oy llax = pll + e |[f ) = p| + Billx = pll + wellyx - p
= o [l = pll + Br + v ok = pll + cxn (™) |[f () - p |
= ol — pll + (- o)l — pll + (™) [ (0) ~
< o (M) + (1 = o) (M) + (M)
< o (M) + (1= ) (M) + (M — (M)
=M.

That is, {xx1} is bounded. By induction we have that {x,} is bounded, and so are the se-

quences {f (x,)}, {T (n)x,} and {y,}. As T(u,,) is bounded, we have {T;x,} is also bounded.
Denote D = sup, g || Tsx, ||, then it follows that

sup{[(T(ne)s = T(an 2| :2 € E 2] = 1)

” T(ns1)%n — T(hn)%n “

SUP{ |(//«n+1)s(Tsxm Z*) - (/’Ln)s<Tsxn) Z*>| :Z* € E*, Z* || = 1}
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< [l tmar = pnll sup | Tl | 2°|
seS

< ltns1 = pall sup | Tgxya|
seS

= |[ins1 = 1nllD.

Since lim,,_, o || ftns1 — x| = 0, we obtain that

lim || T(HVHI)xn - T(:Uvn)xn || =0. (33)
n— o0
Next, we will show that lim,,—, o [|%,+1 — %4] = 0 and by Lemma 2.3, we observe that

Iyt = Yl = || Smsrnsn + Q= 81 T (i) mar — (8% + (1 = 82) T (1)) |
= || 8ne1%nt = Su1don + 81ty + (1= 8,501) T (tns1)Enan
= (1= 8ue)) T () + (1= 8,0) T (1) n = 8ytn — (1= 8) T ()26
= [ 81 Gomer — %) + o1 = 8% + (1 = 8y01) (T (bs1) st
— T (in)n) + (8 = 851) T ()6 |
< Sust %641 = Xall + 181 = 8l (Il ll + | Tt )
+ | T () %ns1 = T ()|
< Sust %41 = Xall + 1811 = 8l (Il ll + | T(en)x )
+ | T(ne) s = T | + | Tan)tnar = T ()|
< Sust %41 = Zall + 1811 = 8l (Il ll + | T ()% )

+ “ T(ns1)%ns1 = T(n)%ns1 ” + %001 — x|l + Cpe
Setting x,.1 = (1 — B,)z, + Buxy, we see that

_ Xntl — Buxn
, = =t
1_1371

Then we compute

12141 = 2|
_ || 2 = BrrXua Xnst = Bun
1-Bun 1- By
_ 1 f (X41) + Vie1Yns1 _ of (Xn) + VuYn
1-Bun 1-B,
_ || i) + Viryna ntf @) lnitf ()
1-Bun 1-Bu1 1-Bun
_ Yuen VurYn Of () + Vi
1-Bun 1-Bun 1- By
- ” D (F () ~f ) + 2 (s~ 72)

1- ﬂn+1 1- ﬁn+1
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( Qi1 )f ( VYn+1
+ () +
1- ﬁn+1 1 ﬂn 1- ,3n+1

= H 1 fygjﬁl (f(xrﬁl) _f(xn)) + Vn+1 ()’n+l

Vn
l_ﬂn

)yn

1-8i—ay,

Ayt oy 1- ,Bn+1 —Opt1
+ - (xn) + -
1- /3n+1 1- ,Bn 1- ,Bn+1

|l _%na VYn+1

+< Oyl )/(x) ( —Qy1
1_:3;’1+1 1 IBVI " 1- IB”H'1

= H 1 fl’;;'l (f(xn+l) _f(xn)) ynﬂ (yn+1

Oyl Ayl
+ (1 )/( n) — <
- ﬁn+1 1 ,Bn 1- ﬁn+1

_yn)

L2

1—,3,1

Uy

l_ﬁn

|2 ) - + 2 =)
(- ) (o )
= | 2 o)~ + | 2
* (1:;; ‘1?;3 )’Hf(xn)—ynﬂ
\ " “Vxnu fa] + 1<
g (%1 ) W -l
5‘ 3 ’W(’Cm) £+ Iyme =yl

Ayl ay
‘ (1-,sn+1 -1 ) -l

(07788 |
< n+

|1 _ﬂVH-l

+ || T(//Ln+1)xn+1 - T(,u«n)xn-d || + ||xn+1 - xn” +Cu

(o 7788 ] oy
(—1_ Lo ﬁn)]uf(xn)—ynn.

l_ﬁn

)yn
)yn

—yall

n+l
||yn+1 —Yn ”
+1

‘\Lf(xm) —f@n)|| + 18l 1ms1 = %l + 18551 = Sl (1]l + || T () ])

+
It follows that
Oyl
”Zn+1 - Zn” - ||xn+1 _xn” = + 6;4+1 ||xn+1 _xn”
1- ﬂn+1
Oyl
+
1- ﬂn 1 1 ﬁ

+ 041 — 8n|(||xn” + ” T (tn)xn ||)

+ || T(/Ln+1)xn+l - T(:un)xi’ﬁ'l ” *Cn-

)|+ lyall)

Page 9 of 15
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From (i), (ii), (iv), (3.3) and Lemma 2.3, we have

lim Sup(||zn+1 = Zu|l = %041 _xn”) <o.
n—00

Applying Lemma 2.7, we obtain lim,_, « ||z, — %, || = 0 and also
1€pe1 = %ull = A = B)llzw —%ull = 0, asu— oo.
That is,
lim ||%,41 =%, = 0. (3.4)
n— 00
Next, we will show that the set of all limit points of {x,} is a subset of F(S). Note that

s = xall = [Jonf @) + Bukn + Yoy
= letnf Gen) + Bt + Vi (80 + L= 8,) T (1)) — 2|
= [lotf @en) = @ = B)w + Vi (806 + (A = 8,) T () |
= Jotnf W) = (L= B)n + Vidutn + ¥V T (bn)n — Vi T (bn) o |
= [lotnf Gen) = (L = Bt + Yububn + (L =t = B T(1n) = Y T (bn) |
= Jotn (F ) = T(n)%n) + (L= B) (T (k) n = %) + VS (0 — T (i) ) |
= Jen (F Cen) = T(intn) + (=1 + B + ) (2w = T (1)) |

= oy “f(xn) = T(n)xn || +(=1+ By + Vn‘sn)”xn = T(n)xn “

It follows that

”xn = T(n)xn (Ofn |Lf(xn) = T(pn)xn ” — %41 = xn”)~

1
|| S l_ﬁn_ynsn
From (i), (ii), (iv) and (3.4)), we have
lim ||xn — T(n)xy, || =0. (3.5)
n—0oQ

Let p be a limit point of {x,} and {x,, } be a subsequence of {x,,} converging strongly to p.
From Lemma 2.3, we obtain that

limsup”p - T(,u,,k)pH < limsup(llp — X | + ||x,,k — Tty )%, ||
k—o00 k—o00

+ | T )%n, = T(an )
< 1i£n sup(2llp = Xu Il + | %, = T (1t %o, || + €y )
—00

<0.

From (3.5), (2.4) and Corollary 2.2, we get p € F(S).
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We know that there exists a unique sunny nonexpansive retraction P of C onto F(S),
and from the Banach contraction mapping principle, we known that Pf has a unique fixed
point g which by (2.3) is the unique solution of

(f-Da.Jp-q) <0, VpeF(S). (3.6)

Let {x,,} be a subsequence of {x,} converging to p € C. From the smoothness of E
and (3.6), we have that

limsup((f — g, ] (x — q)) = lim sup((f — g, ] (xu, — q))

n—0oQ

=((f -Da,J(p - a)) < 0. (37)
Finally, we show that the sequence {x,} converges strongly to g = Pfg. Now, we have

19— qll = [ 8un + (1= 8,) T () — 4|
= | @ = 8T (1n)%n — ) + 840 — )
< (1= 8,) | T(n)n — g + 8ulln — gl
< (1= 8)11%n = qll + cu + 8ullxn — gl

= [loy — qll + ¢n. (3.8)
From Lemma 2.6, (3.8) and (2.2), we have

%01 = g1 = [ f () + Butn + vy —
= ” (Vn(yn —q) + Bu(x, — Q)) + an(f(xn) - 61) ”2
= || yn(yn - + ﬁn(xn q) H + 2an(f(xn) q:](xm—l - q))

Vn 1_,Bn
m@n—QHﬁn(l_ﬂH)(ﬁcn—Q)

+ Zan(f(xn) _f(q)rj(xrﬁl ) + 2an<f(q (xn+1 q))

2

= H (1 _,Bn)

2
=0-82)| = ﬁn(yn + Bull%n — qlI*
+ 21ty |16, = qll %01 — gl + 20{f (@) — 4, ] (X1 — q))
< lf"ﬁn 19 =l + Ballx - ql?
+ 1oty (190 = ql1> + %01 — qlI%) + 20u{f (@) — 4,] (61 — )
Vo 2, Vn n 2
< Tl =l + Bl =l

+ 1oy |x, —0]||2 + 10y ||%, —0]||2 + 2an(f(q) —q,] (%1 — q))

2
yn Vn n
= + B+ x +
(1 _ B, Bn ran) [E 61|| 1- 6,

+ray ”xn+1 - q”2 + 2anV(q) - q¢](xn+1 - q))
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~ (((1 — Bu) — )’ YoaCn

- 1- ,Bn 1- ,Bn
+ 10y || X1 — 6I||2 + Zan(f(q) = q,J (i1 — 61))

_ (1- ﬁn)z -2(1- Br)a, + Olﬁ

) ( 1- B,

2
+ B+ VO[,,) . — qll” +

2
+ﬁn+ro{n>”xn_q”

2

]/ Cy
+ 70y ||%n 41 — f1|| + zanV(q @] (X1 — 61))
= B
. Yac
:(l_ﬁn_zan+ +,Bn+ran>”xn q” +
~— Pn 1- ﬂ}’l

+ray ||xn+1 - q”2 + 2an(f(q) - q¢](xn+1 - q))

Olz ]/ Cn
= | (1 -ra,) + 2ra, - 2a,) + )Hxn ”2 -
( 1-p,) "1 "1,

+ 10, ||, — 61||2 + 2an<f(q) - q:](xwrl - q)>

It follows that
20,(1-71) o? vic
— 2 <(|1- n + n — 2 + . mmm
Ioner =gl = < - ra, (1—mn)(1—ﬁn)>”’“” W =B
20,
I (f(@ - a.)xn — )
—ray,
20,(1-7) 9 ay oy N
<({l-—= Xn n—
< ( e )n —ql*+ l—ran<1—,3,,”x 4l
Vi
2 : -
et (f(@) - @] (xnn q)))
= (1 - Jn)”xn - q||2 + POn»
where 0, := 2200 and p, 1= 2 ({2 ||x, — q|| + any‘f;n +2(f(q) = ¢,J (%1 — q))). Now,

from (i), (iii), (iv), (3.7) and Lemma 2.8, ||x,, — q|| — 0 as n — oo. This proof is completed.

Corollary 3.2 Let C be a nonempty, compact and convex subset of a smooth Banach
space E. Let S be a left reversible semigroup and S = {Ts : s € S} be a representation of
S as Lipschitzian mappings from C into itself, with the uniform Lipschitzian condition
limg ks <1, and f be an a-contraction of C into itself. Let X be a left invariant S-stable sub-
space of [°(S) containing 1, {i1,,} be a strongly left regular sequence of means on X such that
limy,— o0 || ns1 — tull = 0 and {c,} be the sequence defined by (2.4) with limsup,_, ¢, <O0.
Suppose the sequences {a,}, {Bu}, {Vn} and {5,} in (0,1) satisfy oy, + By + Yn =1, n > 1. The
following conditions are satisfied:
(i) limyooay =0andy 2 a, =00;

(i) limy— o038, =0;

(iii) limsup,_,, & <0;

(iv) 0 <liminf,, B, <limsup,_, ., B, < 1.
For arbitrary given x; € C, generate a sequence {x,} by

Yn = 3Vtxn + (1 - Sn)T(Mn)xm
KXnl = ar(f(xn) + Bukn + ViVn.

(3.9)
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Then {x,} converges strongly to q € F(S), which is the unique solution of the variational

inequality
(f-DaJp-9)<0, VpeFE(S)

Equivalently, we have q = Pfg, where P is the unique sunny nonexpansive retraction of C
onto F(S).

Corollary 3.3 Let C be a nonempty, compact and convex subset of a smooth Banach
space E. Let S be a left reversible semigroup and S = {Ts : s € S} be a representation of
S as Lipschitzian mappings from C into itself, with the uniform Lipschitzian condition
limgk; < 1, and f be a Meir-Keeler contraction of C into itself. Let X be a left invariant
S-stable subspace of [°(S) containing 1, {j1,,} be a strongly left regular sequence of means
on X such that lim,_,« ||tus1 — ull = O and {c,} be the sequence defined by (2.4) with
limsup,,_, ., ¢, < 0. Suppose the sequences {a,}, {Bn} and {y,} in (0,1) satisfy oy + Bu+yn = 1,
n > 1. The following conditions are satisfied:
(i) limyooay =0andy 2 a, = 00;

(i) limsup,_, ., 2 <0;
n

(iii) 0 <liminf,_ s B, <limsup,_, ., Bn < 1.

For arbitrary x, € C, generate a sequence {x,} by

Xn+l = anf(xn) + ﬂnxn + Vn T(:u«n)xn’ (310)

Then {x,} converges strongly to q € F(S), which is the unique solution of the variational

inequality
(f-DaJ-q)<0, VpeF(©S).

Equivalently, we have q = Pfgq, where P is the unique sunny nonexpansive retraction of C
onto F(S).

Corollary 3.4 Let C be a nonempty, compact and convex subset of a smooth Banach
space E. Let S be a left reversible semigroup and S = {Ts : s € S} be a representation of
S as Lipschitzian mappings from C into itself, with the uniform Lipschitzian condition
lims k; <1, and f be an o-contraction of C into itself. Let X be a left invariant S-stable sub-
space of [°(S) containing 1, {1} be a strongly left regular sequence of means on X such that
limy,— o0 [| 1 — tull = 0 and {c,} be the sequence defined by (2.4) with limsup,_, ¢, <O0.
Suppose the sequences {oy}, {B} and {y,} in (0,1) satisfy o, + By + yu =1, n > 1. The fol-
lowing conditions are satisfied:
(i) limy ooy =0andy ooy a, = 00;
(i) limsup,_, o, & <0;
(iii) 0 <liminf,_ o B, <limsup,_, . Bn < 1.

For arbitrary x, € C, generate a sequence {x,} by

KXntl = ar(f(xn) + Bun + VnT(/'Ln)xn- (3.11)
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Then {x,} converges strongly to q € F(S), which is the unique solution of the variational
inequality

((f-Da.Jp-9) <0, VpeF(©S).

Equivalently, we have q = Pfg, where P is the unique sunny nonexpansive retraction of C
onto F(S).

Corollary 3.5 Let C be a nonempty, compact and convex subset of a smooth Banach
space E. Let S be a left reversible semigroup and S = {T; : s € S} be a representation of S
as nonexpansive mappings from C into itself and f be an a-contraction of C into itself. Let
X be a left invariant S-stable subspace of [*°(S) containing 1, {i,} be a strongly left regular
sequence of means on X such that lim,_, o || ftys1 — 1|l = 0 and {c,} be the sequence defined
by (2.4) with limsup,,_, .. ¢, < 0. Suppose the sequences {ct,}, {Bn}, {Yn} and {8,} in (0,1)
satisfy oy + Bu + Y =1, n > 1. The following conditions are satisfied:
(i) limyooay =0andy 2 o, = 00;

(i) limy— o008, =0;

(iii) limsup,,_,,, &+ <0;

(iv) 0 <liminf,_, o B, <limsup,_, ., B, < 1.

For arbitrary x, € C, generate a sequences {x,} by

n:8nn 1_8nT n)ns
Y. %+ ( )T (k) (312)

Xn+l = ar(f(xn) + ,ann + VuYn-

Then {x,} converges strongly to q € F(S), which is the unique solution of the variational
inequality

(f-DaJp-q) <0, YpeF(S).

Equivalently, we have q = Pfgq, where P is the unique sunny nonexpansive retraction of C
onto F(S).
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