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Kasrir, Muzaffarabad, Pakistan In this paper, we study the equilibrium points, local asymptotic stability of equilibrium

points, and global behavior of equilibrium points of a discrete Lotka-Volterra model
given by

Xy — BXnYn _ 8yn +€xayn

Xni1 = , =
n+1 4 yx, Yn+1 140y,

where parameters &, B,y ,8,€,n € R*, and initial conditions xg, yo are positive real
numbers. Moreover, the rate of convergence of a solution that converges to the
unique positive equilibrium point is discussed. Some numerical examples are given to
verify our theoretical results.
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1 Introduction and preliminaries
Many authors investigated the ecological competition systems governed by differential
equations of Lotka-Volterra type. Many interesting results related with the global charac-
ter and local asymptotic stability have been obtained. We refer to [1, 2] and the references
therein. Already, many authors [3, 4] have argued that the discrete time models governed
by difference equations are more appropriate than the continuous ones when the popula-
tions are of non-overlapping generations. Particularly, the persistence, boundedness, local
asymptotic stability, global character, and the existence of positive periodic solutions.

The discrete Lotka-Volterra models have many applications in applied sciences. Such
models were first established in mathematical biology, and then their applications were
spread to other fields [5—8]. Several variations of the Lotka-Volterra predator-prey model
have been proposed that offer more realistic descriptions of the interactions of the popu-
lations. If the population of rabbits is always much larger than the number of foxes, then
the considerations that entered into the development of the logistic equation may come
into play. If the number of rabbits becomes sufficiently great, then the rabbits may be in-
terfering with each other in their quest for food and space. One way to describe this effect
mathematically is to replace the original model by the more complicated system. Most
predators feed on more than one type of food. If the foxes can survive on an alternative
resource, although the presence of their natural prey (rabbits) favors growth, a possible
alternative model is the discrete dynamical system

ax, — Bxnyu _ Oyn + €XnYy

Xpp] = ———————, =, 1.1
n+l 1+ Y Yn+1 1+ ﬂyn ( )
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where parameters «, 8,y,6,€,n € R*, and initial conditions %y, yo are positive real num-
bers.

It is a well-known fact that the discrete-time type models described by difference equa-
tions are more suitable than the continuous-time models. Nonlinear difference equations
of order greater than one are of paramount importance in applications. Such equations
also appear naturally as discrete analogues and as numerical solutions of differential and
delay differential equations which model various diverse phenomena in biology, ecology,
physiology, physics, engineering, and economics. Rational difference equations are a spe-
cial form of nonlinear difference equations. We refer to [9-14] for basic theory of differ-
ence equations and rational difference equations. Recently, many authors have discussed
the dynamics of rational difference equations [15-27].

2 Linearized stability
Let us consider a two-dimensional discrete dynamical system of the form

Xn+l =f(xn;yn)t (2 1)

Yn+l =g(xn:yn); n=0,1,...,

where f:1 x ] — Iand g:I x ] — ] are continuously differentiable functions and 7, J are
some intervals of real numbers. Furthermore, a solution {(x,, y,)}5, of the system (2.1) is
uniquely determined by initial conditions (x¢,y0) € I x J. An equilibrium point of (2.1) is
a point (¥, y) that satisfies

x =f(3_675/)¢
5’ :g(kr)_’)

Definition 2.1 Let (X, y) be an equilibrium point of the system (2.1).
(i) An equilibrium point (x,y) is said to be stable if for every & > 0 there exists § > 0
such that for every initial condition (xo, yo) if ||(x0,y0) — (%, )|l < § implies
| (%5 ¥) = (%, 7) | < & for all m > 0, where || - || is the usual Euclidean norm in R2.
(i) An equilibrium point (%, y) is said to be unstable if it is not stable.
(iii) An equilibrium point (%,) is said to be asymptotically stable if there exists n > 0
such that || (x9,%0) — (%, %)|| < n and (x,,, y,) = (%,¥) as n — o0.
(iv) An equilibrium point (x,7) is called a global attractor if (xy, y,) — (¥,%) as n — oo.
(v) An equilibrium point (¥, ) is called an asymptotic global attractor if it is a global
attractor and stable.

Definition 2.2 Let (,y) be an equilibrium point of a map F(x,y) = (f(x,y),g(x,y)), where
f and g are continuously differentiable functions at (x,%). The linearized system of (2.1)
about the equilibrium point (¥, ) is given by

Xn+1 = F(Xn) = F]Xn;

where X, = (;:) and F; is a Jacobian matrix of the system (2.1) about the equilibrium point
(%,)-
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Let (x,y) be an equilibrium point of the system (1.1), then

_ ax-—Bxy _ 8y+exy

X=—7, = —.
1+yx 4 1+ny

Hence, O = (0,0), P = (&= ﬁg;yl;“)”, vl 1;5€+yn1+a ), Q=( 1“" ,0), andR:(O,%*‘s)are equi-

librium points of the system (1.1). Then, clearly, P = (ﬂ Bor(lia)y y(ELd)+(Flra)ey o he

Be+yn 7 Be+yn s
unique positive equilibrium point of the system (L1), if  >1, 8 <1, € > X2 or a > 1,
§>1,n> ’311’35

The Jacobian matrix of the linearized system of (1.1) about the fixed point (¥, y) is given

by
—yﬂ __*p
ren-[7E 1]

1+yri (1+ym)?

Theorem 2.3 For the system X,,1 = F(X,,), n=0,1,..., of difference equations such that
X is a fixed point of F. If all eigenvalues of the Jacobian matrix Jr about X lie inside the
open unit disk |1| <1, then X is locally asymptotically stable. If one of them has a modulus
greater than one, then X is unstable.

3 Main results
Theorem 3.1 Assume that a <1 and § <1, then the following statements are true.
(i) The equilibrium point O = (0,0) is locally asymptotically stable.
(ii) The equilibrium point Q = ("1;0‘, 0) is unstable.
(iti) The equilibrium point R = (0, -1n+5) is unstable.

Proof (i) The Jacobian matrix of the linearized system of (1.1) about the fixed point (0, 0)
is given by

F(0,0) = B g} .

Moreover, the eigenvalues of the Jacobian matrix /¢(0,0) about (0,0) are 1; = o <1 and
A2 =& < 1. Hence, the equilibrium point (0, 0) is locally asymptotically stable.

(ii) The Jacobian matrix of the linearized system of (1.1) about the fixed point (‘ly“", 0)
is given by

“l+a 1 ’3;3‘3
Fy y 0) = 0 (a—De+dy | *

The eigenvalues of the Jacobian matrix ]p(’l;"‘, 0) about (_1;“,0) are Aj = é >land A, =
yS—€+ae

¥
(iii) The Jacobian matrix of the linearized system of (1.1) about the fixed point (0, %)

is given by

145 [Efe
F/<0: . >= (115)e .

on

(=]

ST
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The eigenvalues of the Jacobian matrix J¢(0, = n*‘s) about (0, =
B-BS+an
=

n+5) are A; = % >1and Ay =
O
Theorem 3.2 The following statements are true.

(i) Ifa>1,8<1,and e < Va_—_”l’s, then the equilibrium point Q = (_1%,0) is locally
asymptotically stable.

(i) Ifé >1and a <1, then the equilibrium point R = (0, %*8) is locally asymptotically
stable.

Theorem 3.3 Assume that a >1,8 > 1, and n > —_;‘31:;25’ then the unique equilibrium point
—B+(= _146)+(-1 . . .
p=(t ﬂﬁiyl,;a)n, rt ;;3;(/” )¢ is locally asymptotically stable if

Q< (,3()/ —y8+e€) +ayn)2(y8r/ + e(ﬁ + (-1 +a)77)),

where

Q= Be(y?8® + ays®e + (5a + 8)e?)
+B2(y?8% + v (L+ (5 + 20 +78))€* + 3a%€® )y
+ By (¥* (20 +8%) +ay (7 + (B + a)d)e + (1 + o + a®)e?)n?
+oy’ (Y1 +a+8)+ae)n’.

Proof Assume that « > 1,8 > 1, and n > % Let L=8- 88+ (-1+a)p>0.Then a

characteristic polynomial of the Jacobian matrix F;(P) about the unique equilibrium point
_148)+(— .
= (ﬂeiyn’ “ 1736):}(”71“1)6) 1s given by

YO)=22—(A-B+COr+D-E+F-G+H,
where

o
- Ly y2’
L+ ﬁfﬂ/n)

B Bly(=1+8) + (-1 + a)e)(Be + )”7)’
(Be +y(L+n))?

(Be + yn)(BSe +yén + Lel)

(yon+e(B+(-1+a)y)? '
~ ad(Be +yn)*
C(Be+y(L+n)2(ydn+e(B+(-1+a)n)?
__ By(-1+8) + (1 +a)e)(Be + yn)®

(Be +y(L+m)>(yén +e(B+(-1+a)n)?’

_ Lae(Be +yn)?
S (Be+yL+m)(yn +e(B+(-1+a)y)?’
_ LBe(y(-1+8) + (-1 + a)e)(Be + yn)*
C(Be+y(L+m)2(yon+e(B+(-L+a)n)?’

Page 4 of 13
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and

_ (Be +yn)(Le + de + yén)
(yon+e(B+(-1+a)n)?

Let
S(h) =22, T(A)=(A-B+C)A-D+E-F+G-H.
Assume that Q < (B8(y — ¥8 + €) + ayn)?(y8n + €(B + (<1 + a)n)). Then one has

’T(A)‘ <A+B+C+D+E+F+G+H
Q
< 3 <1
(Bly —vé+e€)+ayn)*(ydn +e(B + (-1 +a)n))

Then, by Rouche’s theorem, S(1) and S(1) — T(A) have the same number of zeroes in an
open unit disk |A| < 1. Hence, the unique positive equilibrium point P is locally asymptot-
ically stable. O

3.1 Global character
Theorem 3.4 Let I = [a,b] and ] = [c,d] be real intervals, and let f : 1 x ] — I and g :
Ix ] — ] be continuous functions. Consider the system (2.1) with initial conditions (xo, yo) €
I x J. Suppose that the following statements are true.
(i) f(x,y) is non-decreasing in x and non-increasing in y.
(i) g(x,y) is non-decreasing in both arguments.
(iii) If (1, My, my, M) € I? x J? is a solution of the system
my = f(my, M), M = f (M, my),
my = g(my, my), M; = g(My, M)

such that my = My and my = My, then there exists exactly one equilibrium point
(%,9) of the system (2.1) such that lim,_, oo (X, yn) = (%, 7).

Proof According to the Brouwer fixed point theorem, the function F : I x ] — I x J defined
by F(x,y) = F(f(x,y),g(x,y)) has a fixed point (¥, ¥), which is a fixed point of the system (2.1).
Assume that m) = a, MY = b, m) = ¢, M9 = d such that
myt =f(my, M), My =f (M, ),
and
iyt =g(my,my), My =g (M, Ms).
Then

= = (o, M) = (M0, i) < = A,

Page 5of 13
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and
my =c <g(m),my) <g(M},M)) <d=M).
Moreover, one has

<MY,

— -

m) <mj <M
and

my < my < My < M9.
We similarly have

my = f (), M3) < f (my, M) < f (M3, m3) < f (MY, m5) < M,
and

my =g(mf,m3) < g(m,m;) < g(My, M) < g(M7, M3) < Mj.

Now observe that for each i > 0,

a=md<mp<---<m <M, <M <...<M?=b,

—_

and

c=my<my<---<mh<My<Ms'<...<Mj=d.

O .

Hence, m! < x, < Mi, and m), <y, < M} for n > 2i + 1. Let my = lim,_, oo mi, M; =
limn_woM{, my = lim,,_, o mé, and M, = lim,,_woMé. Thena <m; <M; <bandc<my <
Mj < d. By the continuity of f and g, one has

my = f(my, My), M = f(My, my),

my = g(my, my), M; = g(My, My).
Hence, my = M, my = M. O

Theorem 3.5 Assume that ny — Be # 0, then the unique positive equilibrium point P of
the system (1.1) is a global attractor.

Proof Let f(x,y) = “f:f 2 and g(x,y) = ‘Sﬁ—;;y Then it is easy to see that f(x,y) is non-

decreasing in x and non-increasing in y. Moreover, g(x,y) is non-decreasing in both x

and y. Let (my, My, my, M>) be a positive solution of the system

mp =f(W11,M2), M, =f(M1,m2),

my = g(my, my), My = g(My, My).

Page 6 of 13
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Then one has

_amy — M, _ oMy - BMym,

T e T T e
and

R 62)
From (3.1), one has

1+ ym =a—- BM,, 1+yM; =a- Bms. (3.3)
On subtraction, (3.3) implies that

y (my — My) = B(my — My). (3.4)
Similarly, from (3.2), one has

1+nmy =38 +emy, 1+ My =38 +eM;. (3.5)
On subtraction, (3.5) implies that

n(my — M) = €(my — M,). (3.6)

Comparing (3.4) and (3.6), one has

(ny — Be)(my — M) = 0.

Then one has m; = M; and m, = M,. Hence, from Theorem 3.4 the equilibrium point

(& _,3225—}/1]7+a)q, V(fl;i):}(;;m)g) of the system (1.1) is a global attractor. d

Theorem 3.6 Assume thata > 1,8 > 1, and ny — Be #0. Then the unique positive equilib-
B=B8+(-1+a)n y(-1+8)+(-1+a)e
Be+yn 7 Be+yn

rium point (x,y) = ( ) is globally asymptotically stable.

Proof The proof follows from Theorem 3.3 and Theorem 3.5. O

3.2 Rate of convergence
In this section we determine the rate of convergence of a solution that converges to the
unique positive equilibrium point of the system (1.1).

The following result gives the rate of convergence of solutions of a system of difference

equations:
Xn+1 = (A + B(”))Xm (37)

where X, is an m-dimensional vector, A € C"™*" is a constant matrix, and B : Z* — C™*"

is a matrix function satisfying

| B[ — 0 (3.8)
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as n — 00, where || - || denotes any matrix norm which is associated with the vector norm

||(x,y) H = a2 +y2%.

Proposition 3.7 (Perron’s theorem [28]) Suppose that condition (3.8) holds. If X, is a so-
lution of (3.7), then either X,, = 0 for all large n or

1/n

p = lim (11X, ) (3.9)

exists and is equal to the modulus of one of the eigenvalues of matrix A.

Proposition 3.8 [28] Suppose that condition (3.8) holds. If X,, is a solution of (3.7), then
either X,, = 0 for all large n or

X,
o= lim M (3.10)
n—oo || X,||

exists and is equal to the modulus of one of the eigenvalues of matrix A.

Let {(x,,y,)} be any solution of the system (1.1) such that lim,,_, oc X, = %, and lim,,_, 00 ¥, =

BS+(=1+a)n  y(-1+8)+(-1+«

y, where (%,y) = (&= Je ). To find the error terms, one has from the sys-

Betyn 7 Be+yn
tem (1.1)
Xy —F = %Xy = PXnYn  OX — ﬁf@
1+yx, 1+yx
(o — B ) - Bx -
N AP ~(Vn %)
1+ yx,)d + yx) 1+yx
and
_ Oynt€xyyn Sy +exy
R TS L+ny
€y _ S +e€xy, _
Y (x, - %) (s = ).

= — +
L+ny (L +nya)(1 + €3)

Let e} = x, —x and €2 = y,, — ¥, then one has
¢l

1 2
el = Ane, + bye,

and

2 _ 2
€., =Cne, +dye,,

where
(a — Byn) Bx
an = T . - bn =T
1+ yx,)d+ yx) 1+yx
€y S+ €xy,
Cn

i E— dn: T N1 "
1+ny (L+ny,)1 + €y)
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Moreover,

-y X
lima—a_yﬂ, lim b, = — '3_
n—00 (1 +xy)? n—00 1+xy

y€ S +xe
lim ¢, = ——, limd,=———.
n—00 1+yn n—00 1+ yn)2

Now the limiting system of error terms can be written as

1 a-yB __xB 1
|:en+1:| _ |:(1+x;/)2 1+xy €y

2 - ye S+xe 2|
En+1 ton  Gon?d Lo

which is similar to the linearized system of (1.1) about the equilibrium point (x, y).

Using Proposition 3.7, one has following result.

Theorem 3.9 Assume that {(x,,y,)} is a positive solution of the system (1.1) such that

limy,— 00 %y = X and lim,,_, » y, = y, where

_ B-BS+(-1+a)np y(-1+38)+(-1+a)e
(x,y)=< , )
Be+yn Be+yn

1
Then the error vector e, = ( :;) of every solution of (1.1) satisfies both of the following asymp-
totic relations: ’

llensall

n=00 |le,|l

|21,2F7(%,7)

’ ’

1 _
lim (lleall)” = [A12F/(%,)
n—00
where M Fj(%,y) are the characteristic roots of the Jacobian matrix F;(%,Y).

4 Examples

In this section, we consider some numerical examples which show that under a suitable

B-BS+(=1+a)n

choice of parameters «, 8, y, 3, €, n, the unique positive equilibrium point ( e

W) of the system (1.1) is globally asymptotically stable.

)

Example Leto =1.001, 8=0.03,y =0.6,5 =1.002, € =1.7, n = 0.9. Then the system (1.1)
can be written as
1.001x, — 0.03x,,y, 1.002y, + 1.7x,y,

_ , o 0t L, 41
el 1+0.6x, il 1+0.9y, 1)

with initial conditions x = 0.0002, yo = 0.0006.

In this case, the unique positive equilibrium point P of the system (4.1) is given by

</3—,35+(—1+a)n y(=1+8) +(-1+a)e

, ) =(0.00142132,0.00490694).
Be +yn Be +yn

Moreover, the plot is shown in Figure 1.

Page9of 13
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10000 20000 0000
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Figure 1 Plot of the system (4.1).

0.55

i)
0.54

0.53
0,52
0.51

0.50 ¢

0.49 Ha)

Figure 2 Plot of the system (4.2).

Example Letw =2.5,8=0.7,y =2.3,5 =2.7, € =4.2, n = 6.8. Then the system (1.1) can

be written as

2.5%, — 0.7x,y,

Xn+l =

1+2.3x,

’

Yn+1 =

2.7y, + 4.2%,y,

1+6.8y,

’

with initial conditions xy = 0.84, y = 0.5.
In this case, the unique equilibrium point P of the system (4.2) is given by

(ﬁ—ﬂ8+(—1+a)n y(-1+8) +(-1+a)e

) = (0.48493,0.549516).
Be+vyn Be+yn

Moreover, the plot is shown in Figure 2.

(4.2)

Example Leto =22,8=17,y =20.5,8 =6, € = 0.2, n = 2.8. Then the system (1.1) can be

written as

2.5%, — 1.7x,y, B 6y, + 0.2x,y,

Xn+l = ’ Yne1 = ’

1+20.5x%, 1+2.8y,

with initial conditions xy = 0.7, y = 0.8.

(4.3)

Page 10 0of 13


http://www.advancesindifferenceequations.com/content/2013/1/95

Din Advances in Difference Equations 2013, 2013:95 Page 11 0f 13
http://www.advancesindifferenceequations.com/content/2013/1/95

18 - i)

16[

12F

1o

Figure 3 Plot of the system (4.3).

In this case, the unique equilibrium point P of the system (4.3) is given by

(/3—/35+(—1+a)n y(-1+68) + (-1 +a)e

) ) =(0.871147,1.84794).
Be +yn Be+ym

Moreover, the plot is shown in Figure 3.

Example Let o =170, =11,y =2.7,8 =50, € =1.7, n = 7. Then the system (1.1) can be
written as
170x,, — 11. 50y, + 1.7x
Xn+l = M; Yn+l = M: (44)
1+2.7x, 1+7y,
with initial conditions xy =7, yo = 5.

In this case, the unique positive equilibrium point P of the system (4.4) is given by

(ﬁ—ﬁ8+(—1+a)n y(=1+8) +(-1+a)e

, ) =(17.1276,11.1597).
Be+vyn Be+yn

Moreover, the plot of the system (4.4) is shown in Figure 4. An attractor of the system is

shown in Figure 5.

5 Conclusions
This work is related to the qualitative behavior of a discrete-time Lotka-Volterra model.

The continuous form of this model is given by

dx dy

— =ax—bx* - cxy, = = mxy + ny - py*,

di Y di y+ny—py

where a, b, ¢, m, n, p are positive constants. Moreover, the discrete form (1.1) of the con-
tinuous model is obtained by using some nonstandard difference scheme such that the
equilibrium points in both cases are conserved. We proved that the system (1.1) has four

equilibrium points, which are locally asymptotically stable under certain conditions. The
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i)

i)

200 300 400 500

Figure 4 Plot of the system (4.4).

P N

10 a0 30 40

Figure 5 An attractor of the system (4.4).

main contribution in this paper is to prove that the unique positive equilibrium point

P (ﬂ—ﬂ8+(—1+a)n y(—1+3)+(—1+a)e>
B Be+yn ' Be +yn

of the system (1.1) is globally asymptotically stable. Furthermore, we have investigated
the rate of convergence of the solution that converges to the unique positive equilibrium
point of the system (1.1). Some numerical examples are provided to support our theoretical
results. These examples are experimental verifications of theoretical discussions.
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