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available at the end of the article properties of higher-order Bernoulli and Euler polynomial bases in

P, = {pk) € QIx]| deg p(x) < n}. In this paper, we derive some interesting identities of
higher-order Bernoulli and Euler polynomials arising from the properties of those
bases for P,,.

1 Introduction

For r € R, let us define the Bernoulli polynomials of order r as follows:

t " ot ° . P
(et _ 1) € = ;B;)(x)a (see [1-18]). 1)

In the special case, x = 0, Bﬁ,’)(o) = Bi,r) are called the nth Bernoulli numbers of order r. As

is well known, the Euler polynomials of order r are defined by the generating function to
be

2N L St
(etﬂ)et:;g;)(x)a (see [1-10]). @

For X (#1) € C, the Frobenius-Euler polynomials of order r are also given by

l_k rxt > 7 tn
(g_;\)e ZMZ(;HL)(JCI)»)E (see [1,7]). 3)

The Hermite polynomials are defined by the generating function to be:

o]

2t ZH"(’C)Z_’; (see [8-10, 19]). @)
n=0

Thus, by (4), we get

n

Ho@) = (H+22)" =Y (”

l>H,,_121xl (see [14]), (5)
1=0
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where H,, = H,(0) are called the nth Hermite numbers. Let P, = {p(x) € Q[x]| degp(x) <
n}. Then P, is an (n + 1)-dimensional vector space over Q. In [8, 10], it is called that
{E(()r) (x),EY)(x),...,E,(f)(x)} and {Bg)(x),BY)(x),...,Bgf)(x)} are bases for P,. Let © denote
the space of real-valued differential functions on (0o, —00) = R. We define four linear op-

erators on €2 as follows:

x+1
1)) = / F@ds ARG = f+ D) — ), 6)
AW =farD+f@), DG =f ). @)

Thus, by (6) and (7), we get

I"(f)(x) = Z (Z) (—1)"” (e + 1) (see8,10,12,13]), (8)

k=0

where f{ =f.f, =fi,....f, =faer, meN.
In this paper, we derive some new interesting identities of higher-order Bernoulli, Euler
and Hermite polynomials arising from the properties of bases of higher-order Bernoulli

and Euler polynomials for IP,.

2 Some identities of higher-order Bernoulli and Euler polynomials
First, we introduce the following theorems, which are important in deriving our results in

this paper.

Theorem 1 [8] Forr e Z, = NU/{0}, let p(x) € P,,. Then we have
pl) = Z Z 5 )Dk (E ().
k=0 j=0

Theorem 2 [10] Forr € Z,, let p(x) € Py:
(a) If r > n, then we have

p(x)—ZZ—( 1)“( ) (" p())BY ).
k=0 j=0 ¢
(b) If r < m, then

r-1 k k
= 25 ()t iel e

k=0 j=0

n r ) k
+ %(—1)”< ) (D" p(j))BY ().

k=r j=0 J

Let us take p(x) = H,(x) € P,,.
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Then, by (5), we get

©O(x) = D'p(x) = 2n(n 1) - - (n =k + DH, 4 (x)

!
k n.

=2 mHn_k(x). (9)

From Theorem 1 and (9), we can derive the following equation (10):

H,(x) = {Zk,o R nk(n} @)

_ 21 3 (Z) 2 [Z C)an(/)}fi”(x). (10)
k=0 j=0

Therefore, by (10), we obtain the following theorem.

Theorem 3 For n,r € Z.., we have

TS (Z) 2 {Z C)an(n]fs;’)(x).
k=0 =0

We recall an explicit expression for Hermite polynomials as follows:

H()—i 1 a2, 1
I'(n -

By (11), we get

(2551

Hn—k (]) =

1=0

! !
(_1) (Vl - k) (2 «)n—k—ZI' (12)

IN(n—k-2I)!
Thus, by Theorem 3 and (12), we obtain the following corollary.

Corollary 4 Forn,r € Z,, we have

)2"( ! (n - k)2j)"**

(1K)
e Z:ZIZ o — K~ 20! B
0

k=0 U j=0

Now, we consider the identities of Hermite polynomials arising from the property of the
basis of higher-order Bernoulli polynomials in P,,.
For r > k, by (6) and (8), we get

r—k

—k ~ r—k el Hyri(x+1)
! H"(")‘;( ! >("1) 2K +1)- (n+r—k)

< (r-k rkt MH e ric(x + 1)
ZIXO:( ! >(_1) 2K+ r -k (13)

Therefore, by Theorem 2 and (13), we obtain the following theorem.
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Theorem 5 For n,r € Z,, with r > n, we have

" (G K O )T G+ D)
Z:ZZ 2r-kkl(n + r — k)! }Bi)(x).

k=0 Lj=0 I=0

Let us assume that r, k € Z,, with r < n. Then, by (b) of Theorem 2, we get

r-1 k  r-k V k 1)~ j— lHn+r [
{ ) ()1 WG+ )}Bk "

Hn(x)=”!Z ZZ 27k k(n + r — k)!

k=0 U j=0 [=0

" { ! ( l)r_]( )2k an+r—k(]

NS ki(n +r—k)! ]Bk (). (1)

k=r U j=0
Therefore, by (14), we obtain the following theorem.

Theorem 6 For n,r € Z,, with r < n, we have

=1 ( k r-k V k 1 r_j_lHnJrr— "y
{ ()1 k<1+)}B(k,)(x)

Hy,(x) = n! Z Z Z 2kl + 1 — k)!

k=0 U j=0 [=0
n ( )r—/( )2k r
; (r)
+n‘;{zm Hyir—i(j) By (%)
Remark From (12), we note that
U e r—
Hyyi(+ 1) = _ () + 20y 15
KG+D) % m!(n+r—k—2m)!(]+ ) (15)
and
U i - k!
Hn — ) = ~ ~ ‘ 2j n+r—k—2m' 16
or-40) ; m!(n+r—l<—2m)!(}) (16)

Theorem 7 [10] For n,r € Z,, with r > n and p(x) € P,,, we have

r—k)Sy(l+r—k,r—k) e 0
p(x)-Z{ZZ Trr—om D ’<]) (/)}B

k=0 U j=0 [=0

where Sy(l, ) is the Stirling number of the second kind and p(j) = D'p(j).

Theorem 8 [10] For n,r € Z,, with r < n and p(x) € P, we have

r-1

_ (=Kl +r—kr—k) o
o _Z{zoz (I+7-k)k! (-1) ]<> (l)} ?(x)

k=0

+ {Z (_}()‘r—l C)p(k—r) (]) }Bg)(x)
k=r \ j=0 :
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Let us take p(x) = H,(x) € P,. Then, by Theorem 7 and Theorem 8, we obtain the fol-
lowing corollary.

Corollary 9 Forn,r € Z,:
(a) For r > n, we have

(r=iS(l+r-k,r-k) k y
Z{ZZ (U+r— kKo=) -1k <]> H,_ 1(;)} ().

j=0 [=0

(b) For r < n, we have

=y RISyl +r—kr=k), KN
Hn(x):”'Z[Z (l+r k)k!(r = I)! =) l(f)zH”_l(]) B

j=0 [=0

" d ( l)r ]( )2k an k+r(/
+”EZ{] K=k +1)! }Bk ().

k=r =0

Theorem 10 [9] For p(x) € P, we have

p(x) = a- )»)r :ZMQ)( ) _117 }H(r ([ 2).

Let us take p(x) = H,(x) € P,. Then
! ,
H, ) - :2 a())ewrz k)!Hn_k(f)}H,E (x12)

:<1_1A) ()Zk{ZO e k(’} HO

["35) () 9k (7 r—j(_1)! k=21
1 GG & @207 D - k) ,
Ty g: B Ty H (x]2)

17)
j=0 =0

Therefore, by (17), we obtain the following corollary.

Corollary 11 For n € Z,, we have

j=0

k
e G L i S
) = 2 A)VZ[Z - I(n — k - 2I)! Hi (x12).

For r =1, the Frobenius-Euler polynomials are defined by the generating function to be

1-
et

Thus, by (18), we get

i )e’“ - ;H,,(xu)i—r; (see [9]). (18)

L 1 12) =

- (HP (x|2) — Hy(x|1)). (19)

1-A
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For n € Z,, let p(x) € P,,. Then we note that
"1
(A=2p@) =Y AP0 - 2pP(O0)} Hilxl2)  (see [9). (20)
k=0 "

Let us take p(x) = H,(x). Then, by (20), we get

n

N Lot o
(l—k)Hn(x)—kZ;k!{Z ) <22t k)!Hn_k}Hk(xm
:Z(Z)zk(Hn_k(l)—/\Hn_k)Hk(xp\) (see [9]). (21)
k=0

Therefore, by (21), we obtain the following theorem.

Theorem 12 For n € Z.,, we have

=20, 0) = Y- ()2 Hon0) 2, ) 1),

k=0 k

Let us take d% on the both sides of Theorem 12.
Then, we have

—H,(x) = - (") 2 H,,  Hi(x])

k=0 k
" (n d
+ 2K (Hyor(1) = AH,ik) <—Hk(x|k)). (22)
>(3) i
By (22), we get
Ho(x) = (’;)zan_ka(xm
k=0
‘ d
Y <Z> (AH,i_ — (1)) 28 (aHk(xM)). 23)
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