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1 Introduction

In [1], Hecke introduced groups H (1), generated by two linear fractional transformations

T(z) = 1 and S(z) = —L,
z zZ+ A

where 1 is a fixed positive real number. Hecke showed that H()) is discrete if and only if
A=Ay =2cos %, q €N, g>3,o0r x> 2. These groups have come to be known as the Hecke
Groups, and we will denote them H(X,), H()) for g > 3, A > 2, respectively. The Hecke
group H(A,) is the Fuchsian group of the first kind when A = A, or A = 2, and H(}) is the
Fuchsian group of the second kind when X > 2. In this study, we focus on the case A = 4,
q = 3. The Hecke group H(},) is isomorphic to the free product of two finite cyclic groups
of orders 2 and ¢, and it has a presentation

H)=(T,S|T*=81=1)=C,xC,, [2]. (1)

The first several of these groups are H(A3) = I' = PSL(2, Z) (the modular group), H(A4) =
H(/2), H(As) = H(“f ), and H(Ag) = H(+/3). It is clear that H(%,) C PSL(2,Z[A,]), for
g > 4. The groups H(+/2) and H(+/3) are of particular interest, since they are the only
Hecke groups, aside from the modular group, whose elements are completely known (see,

[3]).
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The extended Hecke group, denoted by H (A¢), has been defined in [4] and [5] by adding
the reflection R(z) = 1/z to the generators of the Hecke group H(A,). The extended Hecke
group H(,) has a presentation

(T,S$,R| T?>=S7=R*=1,RT = TR,RS = ST'R) = Dy %z, D,. 2)

The Hecke group H(,) is a subgroup of index 2 in H(},). It is clear that H(,) C
PGL(2,Z[*,]) when g > 3 and H()3) = PGL(2,Z) (the extended modular group T').

Throughout this paper, we identify each matrix A in GL(2, Z[A,]) with —A, so that they
each represent the same element of H(},). Thus, we can represent the generators of the
extended Hecke group H (Ag) as

0 -1 0 -1 0 1
T = , S= and R= .
1 0 1 2y 10
In [6], Koruoglu and Sahin found that there is a relationship between the generalized

Fibonacci numbers and the entries of matrices representations of some elements of the
extended Hecke group H (A4). For the elements

n=tsr=("" ') and forrs=(° !
1 0 1 A,

in H(),), then the kth power of / and f are

ar  ak-1 ar-1 Ak
W = and f*= ,
ak-1  Ak-2 Ak Akl
where a¢ =0, a; =1, and for k > 2,

ag = Agar-1 + ag_a. (3)

For all k > 2,

(4)

ai =

1 |:<Aq+ /k§+4>k+1 (Aq— /A§+4>k+1:|
/32 + 4 2 2

Notice that this real numbers sequence is a generalized version of the common Fibonacci
sequence. If A, = 1, this sequence coincides with the Fibonacci sequence.

The Fibonacci and the Lucas sequence have been studied extensively and generalized in
many ways. For example, you can see in [7-12]. In this paper, firstly, we define a sequence
bk, which is a generalization of the Lucas sequence. Then we give some properties of these
sequences and the relationships between them. To do this, we use some results given in
[13-15]. In fact, in [14] and [15], Ozgiir found two sequences, which are the generalization
of the Fibonacci sequence and the Lucas sequence, in the Hecke groups H(), A > 2 real.
But the Hecke groups H(1) are different from the Hecke groups H(A,), A, = 2 cos %, qgeN,
q=3.
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2 Some properties of generalized Fibonacci and generalized Lucas sequences

Firstly, we define a sequence by by
by = )xqbk,1 + br_o (5)
for k > 2, where by =2, b = 1,.

Proposition1 Forall k > 2,
A+ A§+4 k Ag— )»3+4- k
b= —— — . 6
() () ©)

Proof To solve (6), let by be a characteristic polynomial 7X. Then we have the equation
= quk_l = Agr—1=0.
The roots of this equation are

rgE 1244

rp =
2

Using these roots r 5, we can find a general formula of the general term by. If we write by

as combinations of the roots r; 5, then we have
A+ /)\3+4 k hg— /)»§+4 k
bp=A —— ) +B| —— ) .
2 2

To determine constants A and B, we use two boundary conditions by = 2 and b; = A, thus,

b0=2=A+B,

)»q+ /)\.§+4) ()\q— /)\g+4)
— )} +B[——).

So,
Vg =A(rg+ 12 +4) + @A) (3 - 22 +4),
A=1 and B=1.

Then we obtain the formula of b; as
g+ JAZ + 4\ k hg— JAZ+4\k
o (2 (.

This completes the proof. d
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Notice that this formula is a generalized Lucas sequence. If 1, = 1 (the modular group
case g = 3), we get the Lucas sequence.
Now, we have two sequences a; and by, which are generalizations of the Fibonacci and

the Lucas sequences. Let us write out the first 8 terms of a; and by.

aj hk

ap=0 byg=2

a; =1 by =24

as =X, by =27 +2

az=2;+1 by =23 + 31,

as = A3 +2h, by =g +427 +2
as=hg+31;+1 bs =1 + 51> + 51,

as = A5 +42> + 34, be = 15 +6)g + 927 +2
a7 = A5+ 5k + 612 +1 by = M)+ 735 + 1445 + 74,

ag = A} +6i3 +1007 +4h, by =25 +8A5 + 2042 +1647 + 2.

Here, it is possible to extend a; and b backward with the negative subscripts. For ex-

ample,a_1=1,a_9=-Ay a3 = AZ +1, and so on. Therefore, we can deduce that

a_y = (-1)*a (7)
and

by = (-1)by. (8)

The sequences a; and by have some similar properties of the Fibonacci and the Lucas

numbers F, and L,. Now, we investigate some properties of these sequences a; and by.

Proposition 2

Ak + Apya = ()L; +2)ary  and by +bis = (Af] +2)bisa. 9)
Proof We will use induction on k. For k = 0, we have

g +ag=0+21)+20g =hg(A2 +2) =az(A] +2).
For k =1, we get

a1+a5:1+k3+3ké+1

= (A2 +2) (A +1) = (A + 2)as.

Now let us assume that the proposition holds for k = 2,...,n. We show that it holds for

k = n + 1. By assumption, we have

2 2
Ap1 + Apss = (Aq +2)apn and  d, + dpg = (Aq +2)nsa-
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From (3), we obtain

il + Anis = Mgy + Au) + (Mglpea + Ane3)
= )"q(an + an+4) +ady-1+anss
= Aq(k; + 2)an+2 + ()»; + 2)a,,+1
= ()\; + 2) ()\qan+2 + an+1)

= (A; +2) a3
Then we get
ar + agea = (A +2) g,
Similarly, it can be shown that
bi + bpya = (Afl +2)bisa. O
Proposition 3
b = a1 + aj-r. (10)
Proof We will use the induction method on k. If k =1, then
b1 =a, + ay.
We suppose that the equation holds for k =2,3,...,n -1, i.e,
bu1=au +an.
Now, we show that the equation holds for k = n. Then we have
by = (A) +2)byy —bya
= (A2 +2)(@n-1 + an-3) — (@n-s + ans)

= (A; +2)ap1 — Az + ()»; +2)dp3 — dns

=apq t a1, O
Proposition 4
bi + bryn = ()\621 +4) a1 (11)
Proof For k = 0, we have

b0+b2=2+A;+2
_ a2
—Aq+4

= (A; + 4)a1.

Page 5of 13
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For k =1, we have

3
by + b3 =Aq+kq+3kq
3

=22+ 4,
= 1g (A7 +4).

Now, we assume that the proposition holds for k = 2,...,n. We show that it holds for k =

n + 1. By assumption, we have
by+bua = (A, +4)ann  and by + by = (A, +4)a,.
Then we find

by + bn+3 = ()qun + bn—l) + ()qun+2 + bn+1)
= Aq(bn +by12) + (byor + bpa1)

=A (k; + 4)an+1 + ()»; + 4)a,,

q
= (A2 +4) (hgani + an)
= ()L; +4) . O
Proposition 5
Ai_3 + Afs3 = ()»; + l)bk. 12)

Proof We will use induction on k. For k = 0, we find

a_s +as = (-1)*as + as
= 2613

=2(A +1)bo.
For k =1, we get

a_s+ay=(-1)13ay +ay
=—ay +dy
= —hg+ Ao+ 2
= A+ 2y
= hg(A+1)
=bi(A] +1).

Now, let us suppose that the proposition holds for k = 2,...,n. We show that it holds for
k = n + 1. By assumption, a,,_3 + d,;3 = (A; +1)b, and a,_4 + dpsr = (Af] +1)b,,_;. Hence we

Page 6 of 13
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get

An-2 t Apps = )ann—S t a4+ )qurHB + dni2

= )\q(ﬂn—Ii + an+3) tady_a+dps

Ag(A2 + )by + (33 +1) by

(
(A; + )(A b, + bi_1)
= (A2 +1)byar. 0
Proposition 6
aox = arbr. (13)
Proof We will use the induction method on k. For k = 0, we have
aogby =0 =ay.
For k =1, we have
arby = Ay = ay.
We suppose that the equation holds for k =2,...,n -1, i.e,
A2(n-1) = Ap-1by1.

Now, we show that the equation holds for k = n. By equalities (3), (9) and (10),

ﬂn n = Qn (dn+1 + ('ln—l)

a, (A2+2)an 1— Gn- 3) +ay,_ 1((k +2)a,, 92— Gy 4)

2
Ay +2)anany + (Ap +2) @ 1802 — Anln_3 — Ay 1y s

Ay +2)au(an + an2) — andu_3 — ay104-4

A+ 2

ﬂn—lbn—l —Auan-3 — Ap-14p-4

ﬂn—lbn—l —ap-3 ()"qﬂn—l + an—Z) - “n—l(ﬂn—z - )\qan—B)

A

A+ 2)au_1byo1 — ap_o(an_3 + a,_1)

An+2 ﬂn—lbn—l - an—2bn—2

(
(*g
(+2)

(g+2)
(+2)
( ; +2)@p1by1 — Ay-38n-2 — Ay_10n—2
(1 +2)
(+2)
1+2)

= (A

=dyy. O

+2)ay, o —az,—a (by assumption)

Proposition 7

b — (A} + 4)a; = 4(-1). (14)
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Proof Using (10) and the definitions of a; and by, we have

2 2 2 2 2 2
bi - (Aq + 4)uk = (ai_1 + ags1)” — (Aq + 4)ak
2 2 2 9 2
= py + 2ap 1k + Ay — Agay — day
2 242 2 2
= aj_y + 2ar1(Mgax + axa) + (Agax + ax1)” — Agai —4ag
= ag_y + 20k ady + 207y + Moag + 2hqaxar + ai_y — Mg — 4ay
=4, 2 2
= daj_; + 4Agaray — day
2
= 4&1](,1 (ﬂk,l + )\qﬂk) - 4ﬂk
=4 —4a?
= day_1axa — 4ay
2
= 4(aain — @3).

In [10], Yayenie and Edson obtained a generalization of Cassini’s identity for the positive
real numbers a and b. If we take a = 1, and b = 1, in generalized Cassini’s identity, we get

Ak-1r — ag = (-1)",
and so,

by — (A2 +4)a; =4 - (-1)". O
Proposition 8

Ak - Ay3 — Aisr - Arsa = (1) (15)
Proof We will use the induction method on k. For k = 0, we have

ap - a3 —ay-ay=—hg = (—l)lkq.
For k =1, we have

ay- a4 —dy - ds = )\.;+2)\.q—)\.q()\.;+1)
= (-1)*2,

Now, we assume that the proposition holds for k = 2,...,n. We show that it holds for k =

n + 1. From assumption a,, - d,,3 — dp41 - Gyso = (—1)”*1Aq, and, thus,

Ansl * Apid — Apa2 * Aps3 = Apyl ()‘-qa;ﬂ?) + an+2) - an+3()\qan+l + an)
= )\qan+lan+3 t An+1Gns2 — Aqﬂn+3ﬂn+1 — An+3an
= Ap1Gn+2 — Aps3Gy
— _(_1)n+1)\‘q

= (-1)"*?2,. O
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Proposition 9
Aom+2 * Ak — Aoy * Ak-2 = a2m+k)tq' (16)
Let m be fixed. We will use the induction method on k. For k = 0, we have

Aoms2 - A0 — Ao + A_3 = hglom,

since ap = 0 and a_y = (-1)3a, = —Xq. For k =1, we find

Aoam+2 " A1 — Aoy * A1 = A2 — A2
= Aq“2m+1 t dom — Aom

= )"q“2m+11

since a1 =1 and a_; = 1. Now, we assume that the proposition holds for k = 2,...,n. We

show that it holds for k = n + 1. By assumption,
Aome2 * An — Ao * An-2 = Ag@omin
and
Aom+2 " Ap-1 — Ao * Ap-3 = }‘qd2m+n—1'
Thus, we have

Aoam+2 " Apyl — Aoy * Ap-1 = ﬂ2m+2(kqan + an—l) - “2m()\qﬂn—2 + an—S)
= )Vq(a2m+2“n - ﬂ2mﬂn—2) + (a2m+2an—l - ﬂgmd,,_g)
= )"q)"qﬂ2m+n + )\qa2m+n—1
= )"q()"q612m+n + ﬂ2m+n—1)

= Ag@omin+l-
Now, we give a formula for a; and by.

Proposition 10 For all k > 1,

2
FT 2o

>~
S

K\ k-(is1 .
(5i01) 2 e )()»3, +4)  ifkiseven,

= Gl kN5 k=(2i+1) 4 (17)
2/(%1 Zi:zo (2i+1))\'q ()\-; + 4‘)l lf‘k is odd
and
k
5 kyy ko2 : L
by = % 2o ()02 + 4y ifk is even, )

k-1
= k—(2i— P e
23 (F)s G2+ 4% ifkis odd.
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Proof Let k be even. By (4),

Ay (o

2 2

1 - k k—(2i+1) (2 2
= or > 0iv1) e (o +4)" |

i=0
Similarly, if k is odd, then we get
kT—l
52 o ) .
Proposition 11

kg, = Fs2 + Ak 1 19)
i=1 Ag

and

kilp, = bia + b1 — ()Lq +2) ) (20)

i=1 )\.q

Proof From (3), we have

Aks2 — ksl = hglgsl + Ak — iyl

= (hg = Dag + ax,
and so,

n=0 = ay-a =(*;-1as+ao,

n=1 = az—ay=@Rs—Day+a,

n=k-1 = ara—ar=0s—Dax+ar,

n=k = aro—ar1=0g—Dag +ax.

Page 10 0of 13
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If we sum both sides, then we obtain

a2 —ar = (Ag =)@ +as + - +aga) + (@ +ar + - +ax)

= )\-q(dl +dy+---+ ak+1) +ag —Aj+1.
Since ag = 0 and 4; = 1, we have

area —1=2glar +ay + - - - + agi1) — A,

Ape + Ape1 — 1= Aglay + az + -+ - + ag),

A2 + dge — 1
——————=ay+dy+ -+ dgs1,
)\q

-1

i=1 kq

Similarly, it is easily seen that

kelp, = brso + b — ()‘-q +2) '
i=1 Ag

3 Polynomial representations of a, and by

Before we find the polynomial representations of a; and by, note the following identities

G)2G0)-65)- () gl
G)Go)-6o)5 =

Theorem 1 Let {a;} denote the generalized Fibonacci sequence. Then, the polynomial rep-

and

resentations of axi and asy, are

Aoy = ()\.q)Zk_l + <2k1_ 2> (Aq)Zk—E + <2k2_ 3> ()\'q)Zk—S

k+2 k+1
T (kig)(xq)% (kfz)uq)

and
aot = ()™ + (k= 1)(h%2 + (2k - 2) 22
%U-3\2k-5 . k+1\ 3 . o
+< ) ) 3 (Aq) oot k2 k_l(kq) +1.

Proof We will use the induction method on k. For k = 1, we have ay = A4, and for k = 2,
we have a4 = ()\q)3 +2X,. Now, suppose that the equality is true for k = 1,2,...,n. We will

Page 11 0f 13
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show that it holds for k = n + 1. By assumption,

Aoy o = ()Lq)2n—3 + (21’11— 4) (}Lq)Zn—S + (2}’12— 5) (}\q)Zn—7

1
+~-+(Zi4)uag+(nfg)aa
and

= G o (M0 (1 0

2 1
+”+CiQQﬁ+CiJQ”

From (9), we have a2 = ()‘421 + 2)agk — agk—2, and by definition of ay, we get

o ()\q)Zn_l (21'1—2) ()L )2n—3 (2n—3) (}L )2n—5
A2p+2 = ()‘q + 2) |: + .- ("Jrz)()\q)3 (n+l)()\q)

_ ()Lq)Zn—S + (2711—4)( )2n—5 (2ﬂ2—5)()hq)2n—7
tooet (n+1)( )+ (5 ()

e () )
1 2 1
I [(::}) + Z(Zt )](}Lqﬁ + 2<”i2>xq.

From (21), we get

2n 2n-1
Aopsn = ()‘q)an + ( ) >()\'q)2n—1 + ( 5 )(kq)Zn—S

n+3 3 n+2
(o (o

Now, we compute ay,1. By definition of a;, we get

1
Ao+l = A_(“2k+2 — ak)
q

(()Lq)2k+1 + (21k)(kq)2k—1 (2k_1)(k )2/<—3
_1 ot (5) 0 + () ()

- Ay _((Aq)zk-l (2k_2)()\q)2k -3 (2k 3)()\ )2k—5
.. (k+2) ()‘-q)?’ (k+l)()‘-q))

From (22), we get

()\’q)Zk—él

2k -2\ 2k -
Ao = (hg) ™ + (2k = 1) (1) +( k )%

1

2k-3\2k-5 ~ k+1\ 3
+( 9 >T()»q)2k6+“~ ( )k_( q)2+1. O
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Theorem 2 Let {by} denote the generalized Lucas sequence. Then, the polynomial repre-
sentations of byx and by, are

b = g + (2002 + (2k - 3) X o

2k —4\ 2k, e k\ 2k
+( ) )?(Aq) +~~~+(k_2)m()»q) +2

and

()\‘q)Zk—S

2k —2\ 2k +1
buce = G+ ks 0P (27 2

1 2
2k =3\ 2k +1 k+1\2k+1
+< ) (,\q)2“+...+( )—(xq).

2 3 k-2) k-1

Proof From (10), it is easy to find the polynomial representations of byx and bog,1. a
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