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The aim of the present paper is to investigate coefficient estimates, Fekete-Szeg6 inequality, and upper bound of third Hankel
determinant for some families of starlike and convex functions of reciprocal order.

1. Introduction

Let o/ denote the class of functions f(z) which are analytic in
the open unit disk U = {z € C : |z| < 1} and normalized by

f@=z+Yaz (zeU). )
k=2

Also let " («) and % («) denote the usual classes of starlike
and convex functions of order &, 0 < & < 1, respectively. In
1975, Silverman [1] proved that f(z) € 8™ («) if it satisfies the
condition

%—1<1—0¢, (z € U). (2)

Geometrical meaning of inequality (2) is that zf'(z)/ f(z)
maps U onto the interior of the circle with center at 1 and
radius 1 — a.

By &, («) and # , («x), we mean the classes of starlike and
convex functions of reciprocal order «, 0 < & < 1 which are
defined, respectively, by

S, (@) = {f(z) € o : Re ch,(zi) Sa (z€ [U)},
B ) f (@)
K, (@) = {f(z)e&f.Re—Zf,,(z)+f,(z) > a (ze[U)}.

3)

Recently in 2008, Nunokawa and his coauthors [2] improved
inequality (2) for the class &, () and they proved that, for
f(z) € §,(x),0 < a < 1/2, if and only if the following
inequality holds:

zf' (2) 1

fz) 2«

1
<£, (zel). (4)

In view of these results we now define the following subclass
of analytic functions of reciprocal order and investigate its
various properties.



Definition 1. A function f(z) € & is said to be in the class
Z(A,y), withy € C\ {0} and A € [0, 1], if it satisfies the

inequality
Re<1+l<F{(z) _1))>0, (5)
y \ 2F) ()
where
Fi(2)=(1-)) f(2) + Azf (2). (6)
Example 2. Let us define the functions F, (z) by
z
F,(z) = .
A (1 + (2)/ _ 1) Z)ZY/(Zy—l) (7)
This implies that
zF; (2) 1-
A S 8)
Fi(z) 1+(2y-1)z
Hence
F
+ 1 (& - 1) _1+z 9)
y \ 2F) (z) 1-z
and this further implies that
F
Re(1+1< 1 (2) —1)) “Re1TE S0 (zew).
y \ zF, (z) 1-z
(10)

The gth Hankel determinant Hq(n), q 2 1,n>1,fora
function f(z) € ¢ is studied by Noonan and Thomas [3] as

a, Q1 " an+q—1
i1 Opyp " an+q
Hym=| " " . an
Anig-1 g """ Gni2g-2

In literature many authors have studied the determinant
Hq(n). For example, Arif et al. [4, 5] studied the gth Hankel
determinant for some subclasses of analytic functions. Han-
kel determinant of exponential polynomials is obtained
by Ehrenborg in [6]. The Hankel transform of an integer
sequence and some of its properties were discussed by
Layman [7]. It is well known that the Fekete-Szeg6 functional
las — a§| is H,(1). Fekete-Szegé then further generalized the
estimate |a; — Aa§| with A real and f(z) € &. Moreover, we
also know that the functional |a,a,—a3| is equivalent to H,(2).
The sharp upper bounds of the second Hankel determinant
for the familiar classes of starlike and convex functions were
studied by Janteng et al. [8]; that is, for f(z) € & and
f(z) € G, they obtained |a,a, — a3| < 1 and 8|a,a, — a3| < 1,
respectively. In 2007, Babalola [9] considered the third Hankel
determinant H,;(1) and obtained the upper bound of the
well-known classes of bounded-turning, starlike and convex
functions. In 2013 Raza and Malik [10] studied the Hankel
third determinant related with lemniscate of Bernoulli. In the
present investigation, we study the upper bound of H;(1) for
a subclass of analytic functions of reciprocal order by using
Toeplitz determinants.
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In this paper we study some useful results including coef-
ficient estimates, Fekete-Szeg6 inequality, and upper bound
of third Hankel determinant for the functions belonging to
the class Z(A, y).

Throughout in this paper we assume that y € C \ {0} and
A € [0, 1] unless otherwise stated.

For our results we will need the following Lemmas.

Lemma 3 (see [11]). Ifq(z) is a function with Re q(z) > 0 and
is of the form

q(z)=1+c1z+gz2+-~ (12)
then
le,| <2, forn>1. (13)

Lemma 4 (see [12]). If q(z) is of the form (12) with positive
real part, then the following sharp estimate holds:

|cz—vc12| <2max{l,|2v-1|}, forallveC. (14)

Lemma 5 (see [13]). Ifq(z) is of the form (12) with positive real
part, then

2(‘2:clz+x(4—c12),

4c3:c13+2(4—c12)c1x—c1(4—clz)x2 (15)
+2(4—c12)(1 - |x|2)z,
for some x, z with |x| < 1 and |z| < 1.
2. Some Properties of the Class Z(A,y)
Theorem 6. Let f(z) € Z(A, ). Then
2|yl
—r (16
o] < 1+A )
and for alln = 3,4,5,...
2|yl (., 2k
< 1+ ——. 17
|“”|<(n—1)(1+}\(n—1))g k-1 17)
Proof. Let us define the function g(z) by
1( F(z)
=1+~ -1/, 18
1) +V<zF1(z) ) )
where F, (z) is given by (6) with
Fy(@)=z+ ) [1+A(k-1)]az" (19)

k=2

and g(z) is analytic in U with q(0) = 1, Reg(z) > 0.
Now using (1) and (12), we have

z+ iAkzk = [1 +y(§ckzk>] <z+ ikAkzk>, (20)
k=2

k=1 k=2
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where
Ar=[1+A(k-1)]a. (21)
Comparing coefficient of like power of z”, we obtain

A-mA, =yl +24A,6,,++(n-1)A, q}.

(22)
Using triangle inequality and Lemma 3, we get

(1 =m) Ay <2y {1+ 2]Ao] 4o+ (= D) ][4, ]}

(23)
For n = 2 and n = 3 in (23), we easily obtain that
2yl [y[(1+4]y]) ”
wls oy lels T @
Making n = 4 in (23), we see that
4yl (1 +21)
21 <21 2l < 2 {1 OV,
(25)
equivalently, we have
2 1+3 1+4
g, < 202D O+ 4] 26)

3(1+3))

Using the principal of mathematical induction, we obtain

20yl = 2|yl k
ads LT (1308). e

Now from the use of relation (21), we obtain the required
result. O

If we take A = 0 and y = 1 — &, we get the following result.

Corollary 7 (see [14]). Let f(z) € &, («). Then, for n =
3,4,5,..., one has

—_— n71 —_—
o] < Z(S_ 1")‘)1_[ (1 ¥ %) (28)
k=2

with |a,| < 2(1 — ).
Making A = 1 and y = 1 — «, we get the following result.

Corollary 8 (see [14]). Let f(z) € K .(«). Then, forn =
3,4,5,..., one has

2(1-a)f
|a,| < n(n—l)H<l+

with |a,| < (1 - «).

2(1—oc)k) (29)

k-1

Theorem 9. Let f(z) € Z(A,y) and be of the form (1). Then

2 h’l
|a3 —yaz' < m max{l, |2V— 1|}, (30)
where
y=2y(1+2A) L __# (31)
=Y 1+20 (1+0)?%)°

Proof. Let f(z) € Z(A,y). Then from (22) we have

__ra ___ Y
2Tav . BT 20+

(a-2v¢f). (32
We now consider

2
a; — pa,

|Y| 1 “ 2
=1 e 2y +20) —— -
2(1+21) |2 v+ on (1+ 1) “

(33)
Using Lemma 4, we obtain
|a3 - yaz' < M max {1, |2v — 1]}, (34)
217 (1+20)
where v is given by (31). O
Putting y = 1, we obtain the following result.
Corollary 10. Let f(z) € Z(A,y). Then
2 |yl

|a3—a2'£(1+2}0. (35)

Theorem 11. Let f(z) € ZL(A,y) and be of the form (1). Then

2
'aa‘h - a3'

7+281 + 2512 + 4 (1 + 44 + 100%) |y| + 4822 y|*
<
3(1+20)% (1 +4A +312)

2
[yl
(36)
Proof. Let f(z) € Z(A, ). Then, from (22), we have
__TYa
2Ty
=Y (6 - 2ye2), (37)
2T 21422 !
-y

Y (Y 23)
M= 301 <03 ,aetra ).



Consider

2
|a2a4 - a3|

2

Y

T2+ A (4202 (1430

(38)

X (4(1 +2M0)% 6 -2y (1 +4A1 + 10);2)c1202

+12y°A%¢ - 3(1+44

+ 3/\2) c22) .

Now using values of ¢, and ¢; from Lemma 5, we obtain

2
aa, — a;

|2

ly

B 12(1+A) (1 +20)*(1+31)

+

X

{
(
-1
(s

X H(1 +22)7 =y (1+41 +101%)

129°1° - : (1 +4)\+ 3A2)}

+42(1+22)* -y (1+41+101%) -

4-c)ex

(142107 + (1 +41+ 31

4

le

(1+41+ 3A2)}

)a-e)}

X —cl)x +2c1(1+2)t) ( —clz)(l—|x|2)z|.

(39)

Applying triangle inequality and replacing ¢, by ¢, |x| by p,
and |z| by 1, we get

2
a,a, — a,

IN

|2

ly

12(1+A) (1 +21)% (1 +3A)

X H(l +20) + [y| (1 + 44 + 101%)

X

+

X

4 -

{
(4-
{
(

+12[p[ A%+ Z (1+41+ 3A2)}c4

) e

)’ +2c(1+20) (4-

+42(1+22) + [y| (1 +4X + 1047 )+§(1+4A+3/\ )}

(1+210)%¢ +—(1+4/\+3A2)(4—c2)}

)(1_p2)]zp(c,p).

(40)
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Differentiating with respect to p, we get

OF (c, p)
dp

2

_ Iyl
121+ A (1+ 2107 (1 +34)

[{2(1+2/\ +[y] (1 + 41 +101%)

NIUJ

(1+4/\+3/\2)}( -J) ¢
{(1+2/\)2c2+ (1+41+32%)(4- 2)}
x(

4-c%)p—dc(1+21) (4~ )p].
(41)

Now since 0F(c, p)/dp > 0 for ¢ € [0,2] and p € [0,1],
maximum of F(c, p) will exist at p = 1 and let F(c, 1) = G(c).
Then

2

G(o) = i _
121+ A) (1 +21)7 (1 +3A)

X H(l +20) + [y (1+ 41 +101%)
+12[p A%+ 4(1+4/\+3/\2)}
+{2(1+2A)2+|y|(1+4)t+10/\2)
+2(1+ar+300)} (4-0) ¢
{(1+2/\)2c2+3(1+4/\+3/\2)( 2)}

x(4—c2)].

le

(42)
Now by differentiating with respect to ¢, we obtain
2
& (@ = i
12(1+A) (1 +24)7(1+3A)

X [4 {(1 +20)% + y] (1 + 41 + 101%)
2 3
+12[p A% + i (1+41+ 3)3)}8

+ {2(1 +20)7 + [y (1 + 41 + 1010%)

le

+>(1+41+ 3A2)} (8c—4c’)
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+{(1+21) (8c - 4c’)

=3(14 a1+ 307) (4= )} .
(43)

Since 0G(c)/oc > 0 for ¢ € [0, 2], G(c) has a maximum value
at ¢ = 2 and hence

2
aa, — a;

7+281 + 2502 + 4 (1 + 4 + 100%) |y] + 4822 y|*
<
- 3(1+21)% (1 +4A +312)

2
x|yl
(44)

O

Theorem 12. Let f(z) € Z(A,y) and be of the form (1). Then

2| [(4 ]+ 1) ((6]y] +2) ¥* + 31+ 1))]
3(1+A)(1+210)(1+3A) ’

|a2a3 - a4| s
(45)

Proof. From (37), we can write

|6’2“3 —a4|

12°2%¢] = 2y (2+ 61+ 7A%) 6 + 2 (1 + 31+ 24%)
N 6(1+A)(1+21)(1+31)

x|yl

(46)
Using Lemma 5 for the values of ¢, and ¢;, we have

|a2a3 - a4|

_ Iyl
T 6(1+A)(1+21)(1+3))

X |l (4y-1)(2@y-1)A-Gr+1)q
+((1+32+22%) - y(2+ 61 +71%)) (47)
( - cl)clx

S(1+30+20%) (4- ) g
+(

1430+ 20%) (4-) (1 - af) 2.

Applying triangle inequality and then putting |z| = 1, |x| = p,
and ¢; = ¢, we have

|a2a3 - a4|

vl
T6(1+A)(1+21)(1+3A)

3

x [(4|y| +1)((6]y] +2)A* + 3L+ 1)) %
+((1+31+22%) +|y| (2+61+71%))
X (4—cz)cp+ % (1 +3A+2)L2)(4—c2)cp2

¢)(1-¢7)

=F(cp).
(48)

+(1+30+22%) (4

Now by using the same procedure as we did in the proof of
Theorem 11, we obtain the required result. O

Theorem 13. If f(z) € £ (A, y) and is of the form (1), then

|H; (1)]

7+281 + 2502 + 4 (1 + 44 + 10A%) |y| + 4822 y|*
<
N 3(1+21)° (1 +4A +312)

< |y[* (1+4]y))

. [4 [(aly] + 1) (B ly] + 1) 222 + B2+ 1)] ]

9(1+A)(1+21)(1+31)?

x|y (1+3]y])

(1+4]y)) (1+3]y]) (3+8]y]) |V|
6(1+21)(1+4A)

(49)

Proof. Since

|H; (1)] < |as] |a2a4 - a§| +|ay| |ayas — ay| + |as| 'a1a3 - (122| ,
(50)

using Theorem 6, Corollary 10, and Theorems 11 and 12, we
have

|H; (1)]

c M@+4h)
(1420

7+281 + 2507 + 4 (1 +4A + 10A%) [y] + 4812 y*
X
3(1+21)° (1 +4A +3)2)



20| (1+4]y]) (1+3]y])
3(1+3M)

2l [(4ly] + D) (G vl +1)24% + 31+ 1))
3(1+A)(1+21)(1+31)

2
x|y|” +

L e +3lyh+8ly) vl
6(1+4A) (1+2})

7+281 + 2507 + 4 (1 +4A + 10A%) [y] + 4812 y*
3(1+24)° (1 +4A +3)2)

[y’ (1 +4y))

a[(4ly]+1)* (G| +1)24% + 31+ D)]
9(1+A)(1+21)(1+31)?

1+4ly) (1 +3W)(3+8 ’
(3l s Iyl6)((1+m|)y<|3(+“) D Ivl”

(51)

This completes the proof of this result. O
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