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Abstract

In this paper, we investigate the problem of finding some common element in the set
of common fixed points of an infinite family of nonexpansive mappings and in the set
of solutions of variational inequalities based on an extragradient-like iterative
algorithm. Strong convergence of the purposed iterative algorithm is obtained.
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1 Introduction

Iterative algorithms have been playing an important role in the approximation solvability,
especially of nonlinear variational inequalities as well as of nonlinear equations in several
fields such as mechanics, traffic, economics, information, medicine, and many others. The
well-known convex feasibility problem which captures applications in various disciplines
such as image restoration and radiation therapy treatment planning is to find a point in
the intersection of common fixed point sets of a family of nonlinear mappings; see, for
example, [1-11]. The Mann iterative algorithm is an efficient method to study the class of
nonexpansive mappings. Indeed, Picard cannot converge even that the fixed point set of
nonexpansive mappings is nonempty.

It is known that Mann iterative algorithm only has weak convergence for nonexpansive
mappings in infinite-dimensional Hilbert spaces; see [12] for more details and the refer-
ences therein. In many disciplines, including economics [13], image recovery [14], quan-
tum physics [15-20], and control theory [21], problems arise in infinite dimension spaces.
To improve the weak convergence of the Mann iterative algorithm, many authors consid-
ered using contractions to approximate nonexpansive mappings; for more details, see [22]
and [23] and the references therein.

In this paper, we focus on the problem of finding some common element in the set of
common fixed points of an infinite family of nonexpansive mappings and in the set of so-
lutions of variational inequalities based on an extragradient-like iterative algorithm. Some
deduced sub-results and applications are obtained.
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2 Preliminaries
Throughout this paper, we assume that H is a real Hilbert space whose inner product and
norm are denoted by (,-) and || - ||, respectively. Let K be a nonempty, closed, and convex
subset of H. Let Px be the metric projection from H onto K.

Recall that a mapping B: K — H is said to be inverse-strongly monotone iff there exists
a positive real number p such that

(Bx —By,x—y) > || Bx - By|*>, Vx,yeK.

For such a case, B is also said to be p-inverse-strongly monotone.
Recall that a mapping 7 : K — K is said to be nonexpansive iff

ITx- Ty < llx—yl, VayeKk.

In this paper, we use F(T) to denote the fixed point set of the mapping 7.
Recall that a mapping f : K — K is said to be a contraction iff there exists a coefficient
o € (0,1) such that

Ifx) -fO)| <ellx-yl, VxyekK.

For such a case, f is also said to be an «-contraction.
Recall that a linear bounded operator A : K — K is strongly positive iff there exists a
constant y > 0 such that

(Ax,x) = 7|lx|*>, VxeK.

Recall that a set-valued mapping S : H — 2/ is said to be monotone iff f € Sx and g € Sy
imply

(x—yf-g) >0, VxyeH.

A monotone mapping S : H — 2/ is maximal iff the graph of G(S) of S is not properly
contained in the graph of any other monotone mapping. It is known that a monotone
mapping S is maximal iff for (x,f) € H x H, (x—y,f —g) > 0 for every (y,2) € G(S) implies
f €Sx.Let Q: C — H be amonotone mapping and Niv be the normal cone to K atv € K,
ie, Nywv={weH:{v—u,w) >0, Vu € K}, and define

Qv+ Ngv, veK,
0, vé K.

Sv=

Then S is maximal monotone and 0 € Sv iff v € VI(K, A); see [24] for more details.
Recall that the classical variational inequality is to find a € K such that

(Bu,v—u) >0, Vvek, (2.1)

where B: K — H is a monotone mapping. It is known that u € K is a solution to (2.1)
iff u is a fixed point of the mapping Px (I — AB), where A > 0 is a constant and I stands
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for the identity mapping. In this paper, we use VI(K, B) to denote the solution set of the
variational inequality (2.1).

Iterative algorithms for nonexpansive mappings have recently been applied to solve con-
vex minimization problems. A typical problem is to minimize a quadratic function over
the set of fixed points of a nonexpansive mapping T on a real Hilbert space H,

1
min —(Ax,x) — (x, u), (2.2)
xeF(T) 2
where A is a linear bounded self-adjoint operator on H and u is a given point in H. In [25],
it is proved that the sequence {x,} defined by the iterative algorithm

xo €H, x4 =0U-a,A)Tx,+o,u, n>0,

strongly converges to the unique solution of the minimization problem (2.2) provided that
the sequence {«,} satisfies certain restriction.

Recently, Marino and Xu [26] reconsidered the problem by viscosity approximation
method. They investigated the following iterative algorithm:

x0€H, xp11=U-0,A)Tx, +a,yf(x,), n=>0,

where A is a linear bounded self-adjoint operator on H, T : H — H is a nonexpansive
mapping, and f : H — H is a contraction. They proved that the sequence {x,} generated
in the above iterative process converges strongly to the unique solution of the following
variational inequality:

((A —yf)x*,x —x*) >0, xek,
which is the optimality condition for the minimization problem

o1
xrer}rl(r%) 3 (Ax,x) — h(x),
where / is a potential function for yf, that is, #'(x) = yf(x) for x € H.

Recently, the problem of finding a common element in the fixed point set of a nonex-
pansive mapping and in the solution set of a variational inequality has been considered by
many authors; see, for example, [27—-40] and the references therein. In 2003, Takahashi
and Toyoda [35] considered the following iterative algorithm:

x1 €K, Xy =apx, + (L—a,)TPr(xy — AyBx,), n>1, (2.3)

where T': K — K is a nonexpansive mapping, B: K — H is a u-inverse-strongly mono-
tone mapping, {o,} is a sequence in (0,1), and {1, } is a sequence in (0,2u). They showed
that the sequence {x,} generated in (2.3) weakly converges to some point z € F(T) N
VI(K, B).

liduka and Takahashi [36] reconsidered the common element problem via the following
iterative algorithm:

x1=x€K, x40 =ax+1-a,)TPx(x, —A,Bx,), n>1, (2.4)
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where T': K — K is a nonexpansive mapping, B: K — H is a u-inverse-strongly mono-
tone mapping, {«,} is a sequence in (0,1), and {A,} is a sequence in (0,2u). They proved
that the sequence {x,} strongly converges to some point z € F(T) N VI(K, B).

In this paper, we will consider an infinite family of nonexpansive mappings. More pre-
cisely, we consider the mapping W,, defined by

un,n+1 = I:
Un,n =Vn Tn un,n+1 + (1 - yn)L

Upp-1 =Y Ty + (1- VW—I)I;

Un,k = )’kaUn,k+1 + (1 - yk)lr (25)

Uy = Vier Tear U + (1= v,

Uy =y Tollys + 1 — ),

Wy =U =Tl + 1-p)i,

where y1, s, ... are real numbers such that 0 <y, <1, T}, T5,... is an infinite family of
mappings of K into itself. Nonexpansivity of each T; ensures the nonexpansivity of W/,.
Regarding W,,, we have the following lemmas which are important to prove our main

results.

Lemma 2.1 [41] Let K be a nonempty, closed, and convex subset of a strictly convex Banach
space E. Let Ty, T», ... be nonexpansive mappings of K into itself such that (-, F(T,) is
nonempty, and let y1, v, ... be real numbers such that 0 < y, < b <1 for any n > 1. Then,
for every x € K and k € N, the limit lim,,_, o U, X exists.

Using Lemma 2.1, one can define the mapping W as follows:

Wx = lim W,x = lim U,x, Vxe€K. (2.6)
n—00 n—00
Such a mapping W is called W-mapping generated by Ti, T5,... and y1, ys,....
Throughout this paper, we will assume that 0 < y, <b <1 for each n > 1.

Lemma 2.2 [41] Let K be a nonempty, closed, and convex subset of a strictly convex Banach
space E. Let Ty, T, ... be nonexpansive mappings of K into itself such that ﬂ:il F(T,) is
nonempty, and let 1, s, ... be real numbers such that 0 <y, < b <1 for each n > 1. Then
F(W) = (V5 F(T,).

In this paper, motivated by the above results, we investigate the problem of approximat-
ing a common element in the solution set of variational inequalities and in the common
fixed point set of a family of nonexpansive mappings based on an extragradient-like itera-
tive algorithm. Strong convergence theorems of common elements are established in the
framework of Hilbert spaces.
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In order to prove our main results, we also need the following lemmas.

Lemma 2.3 In a real Hilbert space H, the following inequality holds:
e+ 911> < %1% + 2(p,2 +3), Vx5 € H.

Lemma 2.4 [26] Assume A is a strongly positive linear bounded self-adjoint operator on
a Hilbert space H with the coefficient y >0 and 0 < p < ||A||™}. Then ||I — pA|| <1-p7y.

Lemma 2.5 [26] Let H be a Hilbert space. Let A be a strongly positive linear bounded
self-adjoint operator with the coefficient y > 0. Assume that 0 <y < y/a. Let T be a non-
expansive mapping with a fixed point x; € H of the contraction x — tyf(x) + (I — tA)Tx.
Then {x;} converges strongly as t — 0 to a fixed point x of T, which solves the variational
inequality

(A-yf)x,z-x)<0, VzeF(T).

Equivalently, we have Ppiry(I — A + yf)x = x.

Lemma 2.6 [42] Assume that {«,} is a sequence of nonnegative real numbers such that
i1 < (L= yu)otn + 8y,

where {y,} is a sequence in (0,1) and {8,} is a sequence such that
(@) 305 V=005
(b) limsup,,_, o 8,/vu <0 0r Y 2118, < c0.

Then lim,_, oo o, = 0.

Lemma 2.7 [39] Let K be a nonempty closed convex subset of a Hilbert space H, {T; :
C — C} be a family of infinitely nonexpansive mappings with (\;o; F(T;) # 9, {y.} be a real
sequence such that 0 < y, < b <1 for each n > 1. If C is any bounded subset of K, then
limy,, oo SUp,cc | Wx — Wy,x|| = 0.

3 Main results

Theorem 3.1 Let K be a nonempty, closed, and convex subset of a real Hilbert space H. Let
B;: K — H be ;-inverse-strongly monotone mappings for each i =1,2, and f : K — K be
an a-contraction. Let A : K — K be a strongly positive linear bounded self-adjoint operator
with the coefficient y > 0. Let {x,} be a sequence generated in the following extragradient-
like iterative algorithm:

X1 € K,
Yn = Prc(xn = 1uBaxy), (3.1)
%Xpi1 = P,y f(x,) + ([ — 0,A)W,.Pc(I — 1,B1)y,), n>1,

where Py is the metric projection from H onto K, W, is a mapping defined by (2.5), {a,}
is a real number sequence in (0,1), and {)\,.}, {n,} are two positive real number sequences.
Assume that F = (5, F(T;) N VI(K,B,) N VI(K,B,) # ¥, 0 < y < y/a and the following
restrictions are satisfied:
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(@) limyoo 0y =0, Y o0y =00, and Y o) lotus1 — aty| < 00;
(B) D02 Mns1 = Ml <00, Yooy [As1 = Ayl < 00
(©) {nu}, {Au} C lu,v], where 0 < u < v < 2min{uq, uo}.
Then the sequence {x,} strongly converges to x* € F, where x* = Pr(yf + (I — A))x*.

Proof First, we show that I — A,B; and I — ,,B, are nonexpansive. Indeed, we see from the
restriction (c) that
2 2
| = 3uB)x = (I = 1uB0)y||” = % =y = Au(Brix = Biy) |

= x = y1I* = 24, (x =y, Bix = Biy) + A, l|Bix — Buy||?

< llx =y + An(hn — 211) | Bix — Byyll®

<lx-yI> VxyeC.
This shows that I — A,B; is nonexpansive, so is I — 1,B,. Noticing the condition (a), we
may assume, with no loss of generality, that o, < ||4|! for each # > 1. It follows from

Lemma 2.4 that | - o, A|| <1-a,y.
Next, we show that the sequence {x,} is bounded. Letting p € F, we see that

s = Pl = | PrcI = 1,B2)xn — P = 0uBa)p| <l — pl.

It follows that

%01 =Pl < [ (vf () = Ap) + (I = 2, A)(WoPc (I = 1B)y, —p) |
< au||vf (@) - Ap| + (1 = 0 ?) | WP = 2uB)yu - p |
<auy|f@) —f@)| +an|vf ) - Ap| + (1= 7))y - pl
= (- oy — ye)) s — pll + o | v () - Ap| .

By simple induction, we have

Ap —vf D)l
[l — pl smaX{llxl—pll,_; ,
Yy -ya

which yields that the sequence {x,} is bounded, so is {y,}. Notice that
”ynﬂ —Yn ”
= ”PK(I - nn+182)xn+l - PK(I - nnBZ)xn ||

= H (I - nn+132)xn+l - (1 - 77n+lBZ)xn + (1 - 77n+lBZ)xn - (I - nnBZ)xn ”

< M%ne1 = Xull + M4 = Ml | B2xu |l (3.2)

Putting p, = Px(I — A,B1)y., we have

10ns1 = pull

= | P = 1Byt — P = 7uB1)y||
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= “ (I = 2p1BD)Yns1 = I = X1 B1)Yn + (I = A1 B1)yn — (I = AuB1)yn ”

S MYnsr = Iull + A1 = Al |1 Bryn . (3.3)

Substituting (3.2) into (3.3), we arrive at

lons1 = Pull < 1%ns1 — xull + M1(|77n+1 = Ml + A1 = )Ln|); (3.4)
where M is an appropriate constant such that

My = max fsup | Buya |, sup | Bas .
n=>1 n=1
Notice that

1042 = Xl
< | = @nir D) Woi1 pui1 = Winpn) = (a1 — ) AW,
+ V(Oln+1 (f(xn+l) _f(xn)) +f () (@1 — dn)) ||
< (1= a1 ?) (10ms1 = Pl + I Wor10n = Waaull) + ltns1 — et AW, 0]l

+ V(O‘nﬂ‘x”xnﬂ = x| + “f(xn) ” lotye1 — anl)' (3.5)

Since T; and U,,; are nonexpansive, we have from (2.6) that

” Wn+1pn - Wrzpn” = ”)/1 Tlun+1,2pn -"Nn Tlun,2pn||
<1200 — Up2 04|l
= YllvaTalyn3on = vaTalyz pnll

<nyallUys1,30n — Uy30nl

< YiVe: " Vn ” un+1,n+1pn - Un,n+1pn ”

n
<M, 1_[ Vis (3.6)
i=1

where M, > 0 is an appropriate constant such that || U1 4100 — Uy ne10nll < M for each
n > 1. Substituting (3.4) and (3.6) into (3.5), we arrive at

”xn+2 - xn+l|| =< (1 - an+1()7 - Ol)’)) ||xn+1 _xn”

n
+ M3 (1_[ Vit 101 = ol + [Apst = Al + W41 — 77n|): (3.7)
i=1

where M3 is an appropriate constant such that

My = max [ M1, My, y sup{ /(e + 1AW,pall}}-
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From the restrictions (a) and (b), we obtain from Lemma 2.6 that
lim ||x,41 =%, = 0. (3.8)
n—00

Notice that

1041 = Wnpull = ”PK (Oln]/f(xn) + ([ - a,A)W,Pr (I - )LnBl)yn) - Px(W,.04) ”
E oy H yf(xn) _AWnpn H .

It follows from the restriction (a) that
lim | W, 01 = %411l = 0. (3.9)
n—0o0

Notice that

2
”.yn —P||2 = H (xn —P) - nn(Ban _BZP)H
< 1%y = plI* = 20up2 | Bax, — Bop||* + 02| Bax,, — Bapl|*

= Il = pI* + (1 = 20u142) 1 Baxn ~ Bop|*. (3.10)
In a similar way, we find that
llon = pI* < 12 = pII* + (A, = 22101) [ Bryw — Bup||*. (3.11)
On the other hand, we have

%1 =PI < |lotn(7f (@) = Ap) + (I = 2, A)(Winps - )|
< (|l yf @) - Ap|| + (1 = @ ?)ll pn — plI)?
< || yf @) = Ap|” + 1w = pI? + 20| v () — Ap||llpw — Pl (312)

Substituting (3.11) into (3.12) gives
2
6041 =PI < | vf @n) = Ap||” + 0 = pI* + (A} = 24101) | B1yn — Bip|?
+2a, || vf () — Ap| L on — .

It follows from the restriction (c) that

u(2u1 = v)||Biyn — Bipl?

2
<a, | vfen) —Ap|” + 1%, = pII* = %1 — pI* + 20| v.f (x0) — Ap|| Il o —

< |1/ Gon) = Bp||” + (12 =PIl + 61 = P11 1560 = He |

+ 20, || vf (%) = Ap| Il o — PI-
In view of the restriction (a), we obtain from (3.8) that

lim [[Biy, — Bipll = 0. (3.13)
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From (3.12), we also have
2
[%0s1 = PII* < o] vf n) = Ap||” + Iy — pII?
+ 200, || v () = Ap| Il o = pI. (3.14)
Combining (3.10) with (3.14), we arrive at
2
%41 =PI < || vf (n) = Ap|” + 1% = pII* + (02 = 20u142) | Boxn — Bop|?
+ 20, || vf (%) = Ap|| Il on — P,
which implies from the restriction (c) that
u(242 — )| Baxy — Bopl|*
2
<au|yfn) = Ap|” + 1% = pI* = l%0i1 - pII?
+ 20, || v f () = Ap | Il pw = Pl

< a,|lyf @) = Ap|* + (1%, = pIl + %01 = plI) 1% = %l

+ 20, | vf () = Ap| I on - pII.
In view of the restriction (a), we obtain from (3.8) that

lim ||Byx, — Byp|| = 0.

(3.15)
On the other hand, we see from the firm expansivity of Px that
19 =PI = | Pic(l = 1B} ~ Pl = nuBo)p|”
= <(1 = NuB2)xy — (I = 0,B2)p, Y —P)
= (1= mBoy%~ U= Bp |+ =l
4= nuB)s — (I = nuB2)p = G - )|)
< 5 (=PI + Iy =PI = [~ ) B~ Bop)| )
= %(len —pI* + 11yx = pII* = %0 = 311> = 311 Box, — Bopl®
+ 20 (% — Vs BaXn — Bop)),
which yields
19 = PIP < 1% = P11 = 1% = 9 l1® + 20156 = Y| | Bax = Bp]. (3.16)

In the same way, we can obtain that

Il10n = pI* < 1% = pI* = 110n = Yull* + 24nll £ = Yull1B1y = Bupl. (3.17)
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Substituting (3.16) into (3.14) yields

2
041 =PI < o vf @en) = Ap||” + llen =PI = 1% = yull®

+ 20 1% = ¥l |1 Boxy — Bop|l + 2at,|| v f (%) = Ap | Il o = pII.

It follows that

1w = 9l < o] £ @) = A + 0 =PI = 01 = P11
+204l1% = Yulll1B2xn — Bap|l + 2, H vf (xn) —AP” lon = pll
=y, ”Vf(xn) _APH2 + (”xn =Pl + 1% _p”)”xnﬂ — %Xl

+ 200120 = ulll| Boky = Bopll + 200 | v (6) = Ap [l s = P

In view of (3.7) and (3.15), we see from the restriction (a) that
lim ||x, —y,|l = 0. (3.18)
n— 00

Similarly, we can obtain that
lim [0, - yull = 0. (319)
n— 00

Observe that
lon = Wupnll < Nyn = oull + 1% = Yl + 1% = Zpar | + %041 = W0l

It follows from (3.7), (3.9), (3.18) and (3.19) that
lim | W, 0, — pull = 0. (3~20)
n—0o0

From Lemma 2.7, we have | Wp, — W, p,,|| = 0 as n — oo. This in turn implies that
lim [|Wp, — pull =0. (3.21)
n—00

Next, we show that

lim sup(yf(x*) —Ax*,x, — x*> <0. (3.22)

n—00

To show it, we choose a subsequence {x,,} of {x,} such that

lim sup(yf(x*) - Ax", %, — x*) = lim<yf(x*) —Ax*, %, —x*).

=00 i—00

As {x,,} is bounded, we have that a subsequence {x,,l.j} of {x,,} converges weakly to p.
We may assume, without loss of generality, that x,, — p. From (3.18) and (3.19), we also
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have y,, — p and z,, — p, respectively. Notice that p € F. Indeed, let us first show that
p € VI(K, B;). Put

Biv+Nygv, velk,
7 veK.

Sw=

Then S is maximal monotone. Let (v, w) € G(S). Since w — Byv € Ngv and p,, € K, we have
(v— pu,w—Byv) > 0.

On the other hand, we have from p,, = Px(I — 1,,B1)y, that
(v=pus pu = I = 2yB1)yu) = 0

and hence

<V_ Pn> pn;yn +Bl_yn> = 0.

n

It follows that

(V - pnp W) Z <V - pnixB1V>

> (V= Py Biv) — <V — Pny> pni);’iym + B1J’m>
i <V By P —Blyni>
n;
= (V= Py B1v = B1pu;) + (V= Pny» B1on; = B1Yn;) = <V I pni)“_"'yni >
> (V= Pu; B1ow; — B1yn;) — <V = P> p"");‘y"" >,

which implies that (v — p,w) > 0. We have p € B'0 and hence p € VI(K, By). In a similar
way, we can show p € VI(K,By). Next, let us show p € (7, F(T}). Since Hilbert spaces
satisfy Opial’s condition, we see from (3.21) that

liminf || oy, — || < liminf || p,, — Wp|
=00 1—>00
= timinf [|py, = W ps, + W o, = Wl
< liminf | Wp,, - Wpl||
1—>00
= hmlnf”pn, —[9”:
1—>00

which derives a contradiction. Thus, we have p € F(W) = (-, F(T;). From Lemma 2.5, we
see that there exists a unique x* such that x* = P(yf + (I — A))x™*. It follows that

limsup(yf (x*) — Ax*, %, — x*) = (yf (x*) - Ax*,p —x*) < 0.

n—0o0

Page 11 0of 15
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That is, (3.22) holds. It follows from Lemma 2.3 that

||xn+1 —-X ” = ”an()/f(xn) Ax”* ) +(— anA)( nPn =% )”
< (L= 07| Wi = |* + 200 (yf (%) — Ax*, 211 —7)
< (- ) =2 [* + ayan ([ = |+ s —2°)

+ 20tn<yf(x*) _Ax*’xnﬂ - x*>

It follows that
(1—a,y)? +a,ya 20 «
”x,,+1 —x* ”2 < 1;4_ anya" ”xn —x* ”2 + ﬁ(yf(x ) —AX", Xy — X >
_ (1-2a,y +a,ay) ”x i ”2 + O{Z]?z ” _x*||2
l-a,ya " l-a,ya "
20,
) A
< |:1 20,(y — O{)/):|” ”
- l-a,ya

=2

204(y —ay) (1 . any
— Ax*, —x )+ ——M, |,
+ e J7_(W(yf(x) X, Xl x>+2()7_ay) 4

where M, is an appropriate constant such that My > sup,,., |lx, — x*|/*. Put b, = = 2anly-ay)

l-ayay
and ¢, = ey ay (yf(x*) — Ax*, %01 — &%) + O;”’:W M,. That is,
%1 — || (1= by) | — 5" || + bucy. (3.23)

In view of the restrictions (a) and (b), we see from (3.22) that

o0
lim b, =0, Zby, =00 and limsupc, <O.
n—00

n—0o0

Apply Lemma 2.6 to (3.23) to conclude that x, — x* as n — co. This completes the
proof. O

If B, = 0, the zero mapping, then Theorem 3.1 is reduced to the following.

Corollary 3.2 Let K be a nonempty, closed, and convex subset of a real Hilbert space H. Let
B, : K — H be py-inverse-strongly monotone mappings and f : K — K be an «-contraction.
Let A : K — K be a strongly positive linear bounded self-adjoint operator with the coeffi-

cient y > 0. Assume that 0 < y < y/a. Let {x,} be a sequence generated in the following
iterative algorithm:

xleK,

Xn+l = PK(aan(xn) +( -, A)W, Pr(I = 1,B1)xy), n=>1,
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where Py is the metric projection from H onto K, W, is a mapping defined by (2.5), {«,} is
a real number sequence in (0,1), and {A,} is a positive real number sequence. Assume that
F =N F(T;) N VI(K, By) # ¥ and the following restrictions are satisfied:

(@) limyeo @y =0, 00 oy =00,and Y oo |Qps1 — | < 00;

(b) Dp2y [Aner = Al < 003

() {Au} Clu,v], where O <u<v<2uy.
Then the sequence {x,} strongly converges to x* € F, where x* = Pe(yf + (I — A))x*.

Remark 3.3 Corollary 3.2 includes the corresponding results in liduka and Takahashi
[36] as a special case.

As an application of our main results, we consider another class of important nonlinear
operators: strict pseudocontractions.

Recall that a mapping S : K — K is said to be a « -strict pseudocontraction if there exists
a constant « € [0,1) such that

I1Sx = Syl? < llx = yI% + x| (L = S)x - (I = S)y|”,

Vx,y € K.

It is easy to see that the class of «-strict pseudocontractions strictly includes the class of
nonexpansive mappings as a special case.

Putting B=1-S, where §: K — K is a k-strict pseudocontraction, we know that B is
1-«

= -inverse-strongly monotone; see [43] and the references therein.

Corollary 3.4 Let H be a real Hilbert space and K be a nonempty closed convex subset of H.
Let S; : K — K be k;-inverse-strongly monotone mappings for each i =1,2 and f : K — K be
an o-contraction. Let A : K — K be a strongly positive linear bounded self-adjoint operator
with the coefficient y > 0. Assume that 0 <y < y/a. Let {x,} be a sequence generated in the
following iterative process:

X1 € I(,
Vn = (1= 0u)Xn + 0nSa2%n,
Xn+l = PK(anyf(xn) + (1 - anA)Wn((l - )Vn)_yn + )\nslyn)): n 2 1:

where Py is the metric projection from H onto K, W, is a mapping defined by (2.5), {«,}
is a real number sequence in (0,1), and {),}, {n,} are two positive real number sequences.
Assume that F = (;2 F(T:) NF(S1) NF(S,) # ¥ and the following restrictions are satisfied:
() limyoo =0, o0ty =00, and y ey oty — oty| < 00;
(B) oo et = Ml < 00, Doy |Amsr — Al < 00;
(© {nu}, {Au} C lu,v], where 0 < u < v < 2min{uq, 4o}
Then the sequence {x,} strongly converges to x* € F, where x* = Pr(yf + (I — A))x*.

Proof Put B; =1-S; and By =1 - S,. Then B; is (1 — k1)/2-inverse-strongly monotone and
B, is (1-«,)/2-inverse-strongly monotone, respectively. We have F(S;) = VI(K, By), F(S;) =
VI(K, By), Px(I = AuB1)yn = (1 = )y + huT1yn and Pic(I = 0,B2)xy = (1 = 1)y + 0 oy
The desired conclusion can be immediately obtained from Theorem 3.1. O
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