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We introduce Mann-type viscosity approximation methods for finding solutions of a multivalued variational inclusion (MVVI)
which are also common ones of finitely many variational inequality problems and common fixed points of a countable family
of nonexpansive mappings in real smooth Banach spaces. Here the Mann-type viscosity approximation methods are based on the
Mann iteration method and viscosity approximation method. We consider and analyze Mann-type viscosity iterative algorithms not
only in the setting of uniformly convex and 2-uniformly smooth Banach space but also in a uniformly convex Banach space having
a uniformly Gateaux differentiable norm. Under suitable assumptions, we derive some strong convergence theorems. In addition,
we also give some applications of these theorems; for instance, we prove strong convergence theorems for finding a common fixed
point of a finite family of strictly pseudocontractive mappings and a countable family of nonexpansive mappings in uniformly
convex and 2-uniformly smooth Banach spaces. The results presented in this paper improve, extend, supplement, and develop the

corresponding results announced in the earlier and very recent literature.

1. Introduction

Let X be a real Banach space whose dual space is denoted by
X*. The normalized duality mapping J : X — 2% is defined
by
J(x) = {x* € X" {x,x*) = |xI° = ||x*||2}, Vx € X,
@)
where (:,-) denotes the generalized duality pairing. It is an
immediate consequence of the Hahn-Banach theorem that
J(x) is nonempty for each x € X. LetU = {x € X : ||x]| = 1}
denote the unite sphere of X. A Banach space X is said to be
uniformly convex if, for each € € (0,2], there exists > 0
such that, forall x, y e U,

<+l
2

lx-y]2e= <1-6. (2)

It is known that a uniformly convex Banach space is reflexive
and strict convex. A Banach space X is said to be smooth if
the limit

lim ”x + t)’” — llxIl (3)
t—0 t

exists for all x,y € U; in this case, X is also said to
have a Gateaux differentiable norm. X is said to have a
uniformly Gateaux differentiable norm if, for each y ¢
U, the limit is attained uniformly for x € U. Moreover,
it is said to be uniformly smooth if this limit is attained
uniformly for x,y € U. The norm of X is said to be the
Fréchet differential if, for each x € U, this limit is attained
uniformly for y € U. In addition, we define a function p :



[0,00) — [0, 00) called the modulus of smoothness of X as
follows:

1
p @ =sup {3 (x+ 7] + x5
(4)
“1:x,ye X, |xll = 1|y = T}.

It is known that X is uniformly smooth if and only if
lim, _, ,p(7)/7 = 0. Let g be a fixed real number with 1 < g <
2. Then a Banach space X is said to be g-uniformly smooth if
there exists a constant ¢ > 0 such that p(z) < ct? forall 7 > 0.
It is well-known that no Banach space is g-uniformly smooth
for q > 2. In addition, it is also known that ] is single-valued
if and only if X is smooth, whereas if X is uniformly smooth,
then the mapping J is norm-to-norm uniformly continuous
on bounded subsets of X. If X has a uniformly Gateaux
differentiable norm then the duality mapping J is norm-to-
weak™ uniformly continuous on bounded subsets of X.

Let C be anonempty closed convex subset of a real Banach
space X. A mapping T : C — C is called nonexpansive if

|Tx - Ty| <|x -y, VxyeC. 5)

The set of fixed points of T' is denoted by Fix(T'). We use the
notation — to indicate the weak convergence and the one —
to indicate the strong convergence.

Definition 1. Let A: C — X be amapping of C into X. Then
A is said to be

(i) accretive if for each x, y € C there exists j(x — y) €
J(x — y) such that

(Ax = Ay, j(x-y)) 20, (6)

where ] is the normalized duality mapping;

(ii) a-strongly accretive if for each x, y € C there exists
j(x = y) € J(x — y) such that

(Ax - Ay, j(x - y)) = afx - y|’, @)

for some « € (0, 1);

(iii) B-inverse strongly accretive if for each x, y € C there
exists j(x — y) € J(x — y) such that

(Ax= Ay, j(x - ) 2 lAx - Ay[, (®)

for some 5 > 0;

(iv) A-strictly pseudocontractive if for each x, y € C there
exists j(x — y) € J(x — y) such that

(Ax - Ay, j(x-y)) < |x -y = Ax - y - (Ax - Ay)|°
9

for some A € (0, 1).

Abstract and Applied Analysis

Let X be a real smooth Banach space. Let C be a nonempty
closed convex subset of X and let A : C — X be a nonlinear
mapping. The so-called variational inequality problem (VIP)
is the problem of finding x* € C such that

(Ax",J(x—=x")) 2 0,Vx € C, (10)

which was considered by Aoyama et al. [1]. Note that VIP
(10) is connected with the fixed point problem for nonlinear
mapping (see e.g., [2]), the problem of finding a zero point of
a nonlinear operator (see e.g., [3]), and so on. In particular,
whenever X = H a Hilbert space, the VIP (10) reduces to the
classical VIP of finding x* € C such that

(Ax",x-x") >0, VxeC, (11)

whose solution set is denoted by VI(C, A). Recently, in order
to find a solution of VIP (10), Aoyama et al. [1] introduced
Mann-type iterative scheme for an accretive operator A as
follows:

X1 = 0%, + (1 —o,) e (x, — A,Ax,), Vn>=1, (12)

where I, is a sunny nonexpansive retraction from X onto C.
Then they proved a weak convergence theorem.

Definition 2. Let C be a nonempty convex subset of a real
Banach space X. Let {T;})Y, be a finite family of nonexpansive
mappings of C into itself and let A, ..., A be real numbers
such that 0 < A; < 1foreveryi =1,..., N. Define a mapping
K :C — Casfollows:

U =0T, +(1-1))1,
U, = L, TLU, +(1-1,)U,,

Us = T30, + (1 - 45) U,,
(13)

Un-1 = AnoiTne1Unea + (1= Ansy) Uncas
K =Uy = ANT\yUnoy + (1= Ay) Uny

Such a mapping K is called the K-mapping generated by
T,,....,Tyand Ay,..., Ap.

Lemma 3 (see [4]). Let C be a nonempty closed convex subset
of a strictly convex Banach space. Let {Ti}fil be a finite family
of nonexpansive mappings of C into itself with N, Fix(T}) # 0

and let Ay,..., Ay be real numbers such that 0 < A; < 1
foreveryi = 1,...,N —1land 0 < Ay < 1. Let K be
the K-mapping generated by T, ..., Ty and A, ..., Ay. Then

Fix(K) = N, Fix(T}).

From Lemma 3, it is easy to see that the K-mapping is a
nonexpansive mapping.

On the other hand, let CB(X) be the family of all
nonempty, closed, and bounded subsets of a real smooth
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Banach space X. Also, we denote by H(-,-) the Hausdorft
metric on CB(X) defined by

H (A, B) := max {sup infd (x, y), sup infd (x, y)} ,
veB VEA xeAYEB (14)

VA,B e CB(X).

LetT,F: X — CB(X) be two multivalued mappings, let A :
D(A) ¢ X — 2% be an m-accretive mapping, let g : X —
D(A)beasingle-valued mapping, andlet N(-,-) : XxX — X
be a nonlinear mapping. Then for any given v € X, A > 0,
Chidume et al. [5] introduced and studied the multivalued
variational inclusion (MVVI) of finding x € D(A) such that
(x, w, k) is a solution of the following:

ve N (wk)+AA(g(x)), Vw e Tx, k€ Fx. (15)

If v = 0and A = 1, then the MVVI (15) reduces to the
problem of finding x € D(A) such that (x,w, k) is a solution
of the following:

0€eNwk)+A(g(x)), VYwe Txke Fx. (16)

We denote by I' the set of such solutions x for MV VI (16).

The authors [5] established an existence theorem for
MVVI (15) in a smooth Banach space X and then proved that
the sequence generated by their iterative algorithm converges
strongly to a solution of MVVI (16).

Theorem 4 (see [5, Theorem 3.2]). Let X be a real smooth
Banach space. Let T,F : X — CB(X), and A : D(A) ¢
X — 2% be three multivalued mappings, let g : X — D(A)
be a single-valued mapping, and let N(-,-) : X x X — X
be a single-valued continuous mapping satisfying the following
conditions:

(C)Aog : X — 2% is m-accretive and H-uniformly
continuous;

(C2) T: X — CB(X) is H-uniformly continuous;

(C3) F: X — CB(X) is H-uniformly continuous;

(C4) the mapping x — N(x, y) is ¢-strongly accretive and
y-H-Lipschitz with respect to the mapping T, where ¢
[0,00) — [0, 00) is a strictly increasing function with
$(0) = 0;

(C5) the mapping y +— N(x,y) is accretive and &-H-
Lipschitz with respect to the mapping F.

For arbitrary x, € D(A), define the sequence {x,} iteratively
by

Xpe1 = X, = 0, (N (W k) +1,) 1, € Ag (x,)),  (17)
where {u,} is defined by
"un - un+1"
<(1+&)H(A(g(xp41)),A(g(x,))),Vn =0,

foranyw, € Tx,, k, € Fx,, and some ¢ > 0, where {0,} is a
positive real sequence such that lim,,_, . 0, =0, Y 0, = 00.

(18)

Then, there exists d > 0 such that, for 0 < ¢, < d and for all
n > 0, {x,} converges strongly to x € T, and, for any w € Tx
and k € Fx, (x,w, k) is a solution of the MVVI (16).

Let C be a nonempty closed convex subset of a real
smooth Banach space X and let I be a sunny nonexpansive
retraction from X onto C. Let f : C — C be a contraction
with coeflicient p € (0,1). Motivated and inspired by the
research going on this area, we introduce Mann-type viscosity
approximation methods for finding solutions of the MVVI
(16) which are also common ones of finitely many variational
inequality problems and common fixed points of a countable
family of nonexpansive mappings. Here, the Mann-type
viscosity approximation methods are based on the Mann iter-
ation method and viscosity approximation method. We con-
sider and analyze Mann-type viscosity iterative algorithms
not only in the setting of uniformly convex and 2-uniformly
smooth Banach space but also in a uniformly convex Banach
space having a uniformly Gateaux differentiable norm. Under
suitable assumptions, we derive some strong convergence
theorems. In addition, we also give some applications of
these theorems; for instance, we prove strong convergence
theorems for finding a common fixed point of a finite family
of #;-strictly pseudocontractive mappings (i = 1,..., N) and
a countable family of nonexpansive mappings in uniformly
convex and 2-uniformly smooth Banach spaces. The results
presented in this paper improve, extend, supplement, and
develop the corresponding results announced in the earlier
and very recent literature; see, for example, [6-11].

2. Preliminaries

Let X be a real Banach space with dual X*. We denote by J
the normalized duality mapping from X to 2% defined by

J(x) = {x* e X" {x,x*) = |x|° = ”’C*“z} (19)

where (-, -) denotes the generalized duality pairing. Through-
out this paper, the single-valued normalized duality map is
still denoted by J. Unless otherwise stated, we assume that X
is a smooth Banach space with dual X™.

A multivalued mapping A : D(A) € X — 2% is said to
be

(i) accretive, if
(u=-v.J(x-y)) 20,

(ii) m-accretive, if A is accretive and (I +rA)(D(A)) = X,
for all ¥ > 0, where I is the identity mapping;

Yu € Ax, v € Ay; (20)

(iii) ¢-inverse strongly accretive, if there exists a constant
¢ > 0 such that

(u=vJ(x=y))2lu-v,

(iv) ¢-strongly accretive, if there exists a strictly increasing

Vu € Ax, ve Ay; (21)

continuous function ¢ : [0,00) — [0,00) with
¢(0) = 0 such that
(u=vJ(x-y)),
(22)

2¢(||x—y||)||x_y||) Yu € Ax, v € Ay;



(v) ¢p-expansive, if
lu=vil = ¢ (Jx -yl

It is easy to see that if A is ¢-strongly accretive, then A is
¢-expansive.

A mapping T : X — CB(X) is said to be H-uniformly
continuous, if for any given € > 0, there exists a § > 0 such
that whenever |x — y|| < & then H(Tx,Ty) < e.

A mapping N : X x X — X is ¢-strongly accretive, with
respectto T : X — CB(X), in the first argument if

(N@wz)-Nwz2),](x= ) =¢(lx=y])|x- ]

VueTx, veTy.
(24)

Yu € Ax, v € Ay. (23)

A mapping S : X — 2% is called lower semicontinuous,
if S10) == {x € X : SxNO#0} is open in X whenever
O C Y is open.

We list some propositions and lemmas that will be used
in the sequel.

Proposition 5 (see [12]). Let {A,} and {b,} be sequences of

nonnegative numbers and {a,} C (0, 1) a sequence satisfying

the conditions that {\,)} is bounded, ¥, &, = 00, and b, —
0, asn — ©00. Let the recursive inequality

2

An+1

< A2 =20,y (M) + 20,4, VR 20, (25

be given where v : [0,00) — [0,00) is a strictly increasing
function such that it is positive on (0, 00) and w(0) = 0. Then

A, = 0,asn — oo.

Proposition 6 (see [13]). Let X be a real smooth Banach space.
LetT, and F : X — 2% be two multivalued mappings, and let
N(,-) : X x X — X be a nonlinear mapping satisfying the
following conditions:
(i) the mapping x — N(x, y) is ¢-strongly accretive with
respect to the mapping T;
(ii) the mapping y — N(x, y) is accretive with respect to
the mapping F.

Then the mapping S : X — 2% defined by Sx = N(Tx, Fx)
is ¢-strongly accretive.

Proposition 7 (see [14]). Let X be a real Banach space and let
S: X — 2%\ {0} be a lower semicontinuous and ¢-strongly
accretive mapping; then, for any x € X, Sx is a one-point set;
that is, S is a single-valued mapping.

Lemma 8 can be found in [15]. Lemma 9 is an immediate
consequence of the subdifferential inequality of the function

/201>

Lemma 8. Let {s,} be a sequence of nonnegative real numbers
satisfying

Spp1 S (1 - “n) Syt (xmBn T Vo

where {a,}, {,}, and {y,} satisfy the following conditions:

Vn =0, (26)
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(i) {o,} € [0,1] and ¥ 2 e, = 00;
(ii) limsup,, _, . B, < 0;

(iii) y, > 0, foralln > 0, and Y.,° y, < co.
Then limsup,,_, s, = 0.

Lemma 9. In a smooth Banach space X, there holds the
inequality
lx+y|* <lxl>+2 (T (x+y)), VxyeX. (27)
Lemma 10 (see [1]). Let C be a nonempty closed convex subset
of a smooth Banach space X. Let I1 be a sunny nonexpansive
retraction from X onto C and let A be an accretive operator of
C into X. Then, for all A > 0,
VI(C, A) = Fix (TI (I - AA)). (28)
Let D be a subset of C and let I be a mapping of C into
D. Then IT is said to be sunny if
ITIT(x) + ¢ (x - I (x))] = I (x), (29)
whenever T1(x) + t(x — II(x)) € Cforx € Candt > 0. A
mapping IT of C into itself is called a retraction if I[T* = IT. If
a mapping IT of C into itself is a retraction, then Il(z) = z for
every z € R(IT) where R(IT) is the range of II. A subset D of
C is called a sunny nonexpansive retract of C if there exists a

sunny nonexpansive retraction from C onto D. The following
lemma concerns the sunny nonexpansive retraction.

Lemmall (see [16]). Let C be a nonempty closed convex subset
of a real smooth Banach space X. Let D be a nonempty subset
of C. Let T1 be a retraction of C onto D. Then the following are
equivalent:

(i) IT is sunny and nonexpansive;

(i) ITI(x) = TP < (x = y, J(T(x) = TI(y))), for all
x,y€C

(iil) (x - II(x), J(y = I(x))) <0, forallx € C, y € D.

It is well known that if X = H a Hilbert space, then
a sunny nonexpansive retraction Il is coincident with the
metric projection from X onto C; that is, IIo = P.. If C
is a nonempty closed convex subset of a strictly convex and
uniformly smooth Banach space X and if T : C — Cis
a nonexpansive mapping with the fixed point set Fix(T') # 0,
then the set Fix(T) is a sunny nonexpansive retract of C.

Lemma 12 (see [17]). Let X be a uniformly convex Banach
space and Er(O) = {x € X : |x|l £ r},r > 0. Then there
exists a continuous, strictly increasing, and convex function
¢ : [0,00] — [0,00], 9(0) = 0 such that

lox + By + yz||* < allxl® + Bly|* + ylizl* — aBe (Jx - ¥])
(30)

forallx,y,z € B,(0) and all a, B,y € [0, 1] witha++y = 1.
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Lemma 13 (see [18]). Let C be a nonempty closed convex
subset of a Banach space X. Let S, S,,... be a sequence of
mappings of C into itself. Suppose that Y., sup{||S,x—S,_, x| :
x € C} < 00. Then for each y € C, {S,y} converges strongly
to some point of C. Moreover, let S be a mapping of C into
itself defined by Sy = lim,_, S,y for all y € C. Then
lim, _, ., sup{Sx — S,x|| : x € C} = 0.

Let C be a nonempty closed convex subset of a Banach
space X andlet T : C — C be a nonexpansive mapping with
Fix(T') # 0. As previous, let £ be the set of all contractions on
C.Fort € (0,1) and f € B, let x, € C be the unique fixed
point of the contraction x — tf(x) + (1 — £)Tx on C; that is,

x, =tf (x,) + (1 —t) Tx,. (31)

Lemma 14 (see [19]). Let X be a uniformly smooth Banach
space or a reflexive and strictly convex Banach space with a
uniformly Gdteaux differentiable norm. Let C be a nonempty
closed convex subset of X, let T : C — C be a nonexpansive
mapping with Fix(T) # 0, and let f € Ec. Then the net {x,}
defined by x, = tf(x,) + (1 — t)Tx, converges strongly to a
point in Fix(T). If one defines a mapping Q : Eo — Fix(T') by
Q(f) = s-lim,_, ox,, forall f € B, then Q(f) solves the VIP
as follows:

((I-HQf).JQ(f)-p)) <0,
VfeZBq peFix(T).

(32)

Lemma 15 (see [20]). Let C be a nonempty closed convex
subset of a strictly convex Banach space X. Let {T,} >
be a sequence of nonexpansive mappings on C. Suppose
(oo Fix(T,,) is nonempty. Let {A, )} be a sequence of positive
numbers with ) 7>, A, = 1. Then a mapping S on C defined by
Sx = Y02 AT, x for x € Cis defined well and nonexpansive,

n=0""n

and Fix(S) = (2, Fix(T,) holds.

Lemma 16 (see [21]). Given a number r > 0. A real Banach
space X is uniformly convex if and only if there exists a
continuous strictly increasing function ¢ : [0,00) — [0, 00),
¢(0) = 0, such that

I+ (1 A) |
i (33)
<A+ =Dy -2 -V (x-y])

forall A € [0,1] and x, y € X such that |x|| < r and ||y|| < r.

3. Mann-Type Viscosity Algorithms in
Uniformly Convex and 2-Uniformly
Smooth Banach Spaces

In this section, we introduce Mann-type viscosity iterative
algorithms in uniformly convex and 2-uniformly smooth
Banach spaces and show strong convergence theorems. We
will use the following useful lemma.

Lemma17. Let C be a nonempty closed convex subset of a real
2-uniformly smooth Banach space X. Let A : C — X be an
a-inverse strongly accretive mapping. Then, one has

(I = A4) x - (1 - AA) y|*

< |x- y“z +2A (/\Kz - oc) [[Ax - Ay||2, Vx,y € C,
(34)

where A > 0. In particular, if 0 < A < a/«’, then I — AA is
nonexpansive.

Theorem 18. Let X be a uniformly convex and 2-uniformly
smooth Banach space and let C be a nonempty closed convex
subset of X such that C + C < C. Let Il be a sunny
nonexpansive retraction from X onto C. Let T, F : X —
CB(X), and A : C — 2° be three multivalued mappings,
let g : X — C be a single-valued mapping, and let N(-,-) :
X x X — C be asingle-valued continuous mapping satisfying
conditions (CI1)-(C5) in Theorem 4. Consider that

(C6) N(Tx,Fx) + A(g(x)) : X — 2€\ {0} is C-inverse
strongly accretive with { > «*.

Let A; : C — X be an o;-inverse strongly accretive
mapping for each i = 1,...,N. Define the mapping G; :
C - CbyG; = II-(I -AA)) fori = 1,...,N, where
A; € (0, 0/ x?) and k is the 2-uniformly smooth constant of X.
Let B: C — C be the K-mapping generated by G;,...,Gy
and p;, ..., py> Where p; € (0,1), foralli =1,...,N - 1and
pn € (0,1]. Let f: C — C be a contraction with coefficient
p € (0,1). Let {S;};5, be a countable family of nonexpansive
mappings of C into itself such that A := ()5, Fix(S;) N T N
(nf\ilVI(C,Ai))q&(Z). Suppose that {e,},{B,}, 1.} {6,}, {0}
and {e,} are the sequences in [0,1],«, + B, + v, + J, = 1
and satisfy the following conditions:

(1) Z;.;Z](Iocn _(xn—ll + |ﬁn _ﬁn—l | + Iyn _YH—ll + |8n _8n—1 | +

|0n - Gn—ll + |€n - en—l') < 00;

(i) lim,, _, oo, = Oand Y e, = 00;

(iii) {y,}{6,} € [c, d] for some ¢, d € (0, 1);

(iv) 0 < liminf, _, B3, < limsup, _, B, < 1;

(v) 0 < liminf

w000y < limsup, | o, <1;

(vi) 0 < liminf

n— 00

€, <limsup,_, €, < L.

For arbitrary x, € C, define the sequence {x,} iteratively by
yfl = (Xﬂf (le) + ﬁi’lxn + yann + 6Vlsﬂxﬂ’

0 (N (wys k) + 1)) (35)

Xn+1 = €4 [xn -

+(1_€n)yn> Uy, EA(g(xn))’ Vn =0,
where {u,} is defined by
=l <0+ O H (A0 ) A (D)
Vn >0,

for any w, € Tx,, k, € Fx,, and some ¢ > 0. Assume
that Y72 sup,.pllS,.1x — S,xll < co for any bounded subset



D of C and let S be a mapping of C into itself defined by
Sx = lim,,_, ,S,x for all x € C and suppose that Fix(S) =
o Fix(S;). Then {x,} converges strongly to g € A, which
solves the following VIP:
(9-1(q).7(q-p)) <0, VpeA (37)

and, for any w € Tq and k € Fg, (g, w, k) is a solution of the
MVVI (16).

Proof. First of all, by Lemma 17 we know that I — 1;A; is
a nonexpansive mapping, where A, € (0,q;/x*) for each
i = 1,...,N. Hence, from the nonexpansivity of Il, it
follows that G; is a nonexpansive mapping for each i =

.»N.Since B : C — C is the K-mapping generated
by G,,...,Gy and py,..., py, by Lemma 3, we deduce that
Fix(B) = nf\z’l Fix(G;). Utilizing Lemma 10, and the definition
of G;, we get Fix(G;) = VI(C, A;) for each i = 1,..., N. Thus,
we have

N

N
Fix (B) = (| Fix (G;) = [ | VI

i=1 i=1

(C,A). (38)

Now, let us show that for any v € C, A > 0, there exists a
point X € C such that (X, w, k) is a solution of the MVVI (15),
for any w € TX and k € FX. Indeed, following the argument
idea in the proof of Chidume et al. [5, Theorem 3.1], we put
Vx := N(Tx, Fx) for all x € X. Then by Proposition 6, V is ¢-
strongly accretive. Since T'and F are H-uniformly continuous
and N(.,-) is continuous, Vx is continuous and hence lower
semicontinuous. Thus, by Proposition 7, Vi is single-valued.
Moreover, since V is ¢-strongly accretive and by assumption
Aog:X — 2%is m-accretive, we have that V + 1A o g is an
m-accretive and ¢-strongly accretive mapping, and hence by
Cioranescu [22, page 184], for any x € X, we have that (V +
AA- g)(x) is closed and bounded. Therefore, by Morales [23],
V + AAo g is surjective. Hence, for any v € X and A > 0, there
exists X € D(A) = Csuchthatv € VX+1A(g(X)) = N(w, k)+
AA(g(X)), where w € TX and k € FX. In addition, in terms
of Proposition 7, we know that V + AA o g is a single-valued
mapping. Assume that N(Tx, Fx) + AA(g(x)) : X — Cis{-
inverse strongly accretive with { > x*. Then by Lemma 17, we
conclude that the mapping x — x — (N(Tx, Fx) + AA(g(x)))
is nonexpansive.

Without loss of generality, we may assume that v = 0 and
A =1.Letp e Aandletr(= || f(p) - pll/(1-p)) be sufficiently
large such that x, € B,(p) =: B. Then p € D(A) = C such
that 0 € N(w,k) + A~ g(p) for any w € Tp and k € Fp.
Let M := sup{llull : u € N(w, k) + A(g(x)), x € B,w € Tx,
k € Fx}. Thenas Ao g, T, and F are H-uniformly continuous
on X, for & := ¢(r)/8(1 + ¢), &, := ¢(r)/8u(l + €), and &; :=
¢(r)/8E(1 + ¢), there exist &, §,, §; > 0 such that for any
%y eXlx—-yl<d,lx—yl <d,and |x - yll < & imply
H(A-°g(x),A°g(y)) <&,H(Tx,Ty) < & and H(Fx, Fy) <
&, respectively.

Let us show that x,, € B for alln > 0. We show this by
induction. First, x, € B by construction. Assume that x,, € B.

Abstract and Applied Analysis

We show that x,,,, € B. If possible we assume that x,,,, ¢ B,
then | x,,; — pll > r. Further from (35) it follows that

1y - 2l
= [, (f () = p) + Bu (x, — P)
+Y, (Bx, = p) + 8, (Syx,, = p)
< a, | f (x0) = pll + Bu %0 =
+ Vo 1B, = pl| + 8, [|Sux =

<a, (| f (x) = £ (P + £ (p) - Pl
+ Bn ”xn - P" + Vn “an - p” + 8n ”Snxn - p”
(39)
<a, (plx, - ol + £ (p) - )
+Bn ”Xn _P" T Vn “xn —P" +6n ”xn _P"

:(1_‘xn(l_p))“xn_p"+“n”f(p)_p"
= (1=, (1-p)) [, - Pl
+(Xn(l —P) "f(p)_P”

l-p
s {1, L2
-p
and hence
%1 = 2|

= (e [xy = P~ 0, (N (w,. k,) +u,)]
+(1=¢€,) (7a—P)>J (41 = P))
= (&, (x, = p) + (1 =€) (3, = )T (X011 = P))
= €,0, AN (W, k) + 4 ] (X1 = P))
<l (x5 = p) + (1 = @) (7 = P %11 = 2
= €,0, (N (W, k) + 14, ] (%1 = P))
< (e[l = P+ (1 =€) |7 = 21D %01 — 2
= 0,0, (N (W k) + 14, ] (X041 = P))

< (al-pl+0-e)
- LA s

p
n) + un’] ('xn+1 - P))

max {"xn
a,0, (N (w,, k

<max b, -1, L2

- 6,0y <N (wn’ kn) + un’] (xn+1 - p)>
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1
=3 <max {llxn -l

&0 <N (wn’kn) + un>I (xn+1 -

(p)-p
l-p

et

p))

which immediately yields

%51 - 2l

2

< max {”xn - p||2, ]»

1-p
- 2(Xn0'n <N (wn’kn) + un’] (an - P)>
2
2
- max s, . [l

-p))

- 206n0'n <N (wn+1’ kn+l) + un+1’ ( Xp+1

- 20(”0'" <N (wwkn) +u,

- (N (wn+1’ kn+1) + un+1) v (xn+1

Since N(,-) is ¢-strongly accretive with respect to T and

A(g(+)) is accretive, we deduce from (41) that

Hoef)

= D %51 - £l

-’

”xn+1

2
< max {“x,1 - p|| >

- zanan¢ (“xn+1

+ ZOCnUn [HN (wn+1> kn+1) -N (wn’ n)”

st = a1 %01 =
2
< max {“xn - p||2, ]»
1-p
= 20,0, (|01 = PI) %11 — £

+ 2(Xrtarl [“N (wn+1> kn+1) -N (wn+1’ kn)”

k)|
-p|-

+ ”N (wn+1’kn) -N (wn’

+ “un+1 - un“] "xn+1

Again from (35), we have that
-7l

”xnﬂ

<€, "Xn —pP-0y (N (wn’kn) + un)"

+(1=¢,) |y - 2l

7
ol ) <e,[|x, - pll + 0, N (wp, k,,) + 1,.]|]
1 eymae e, 2]
(40) <e, [r+to,M]+(1-¢,)r
< 2r.
(43)

Also, from Proposition 7, Vx = N(Tx, Fx) is a single-valued
mapping; that is, for any k, k" € Fx and w,w’ € Tx, we have
N(w,k) = N(w, k") and N(w,k) = N(w', k). On the other
hand, it follows from Nadler [24] that, for k,,,, € Fx,,, and
W,y € Tx,,,, there exist k|, € Fx, and w,, € Tx,, such that

(44)

Koot = k|| < (1+&) H (Fx,,,, Fx,),

"wnH - w;" <(1+&)H(Tx,,,Tx,), (45)

respectively. Therefore, from (42) and (36), we have

|51 - 2l

- p)> ° 2

D e L2 20
+ 2(xnodn [ (wn+1> n+1) N n+1’ “
||N n+1’ n) N ||
+ ||u,,Jrl - un” ] 2r

2

< max <|||xn - p||2, H } -2u,0,p(r)r

+2a,0, [E(1 +¢) H (Fx,,,, Fx,)
+!"(1+8)H(Txn+1’ )

+ (1+e)H(A(g(x,01))>Ag(

< mas{ - | 2

(42)

xp)))] 2r

} -2a,0,p(r)r

+2x,0, [(l)ér) + ¢>g) + ¢ér)] 2r
5 _ 2
- max s, - " | 222

—2a,0,(r)r+ ocncrngqﬁ (r)r

)—pz}.

l-p

smuhmfpm

(46)



So, we get | x,,,; — pll < r, a contradiction. Therefore, {x,} is
bounded.

Let us show that lim, , lx, — x,4,1 = 0 and
lim, _, llx,, — y,ll = 0.

Indeed, we define G : C — Cby Gx := x — (N(Tx, Fx) +
A(g(x))) for all x € C. Then, G is a nonexpansive mapping
and the iterative scheme (35) can be rewritten as follows:

y}’l = (xnf (xn) + ﬂn‘xn + Yann + ansn'xn’
Xn+1 = €4 [(1 - an) X, + GnGxn] (47)
+(l-€,)y, VYn=0.

Taking into account condition (iv), we may assume that
{B,} ¢ la,b] for some a,b € (0,1). From (47), we can rewrite

Y by
Yn = :ann + (1 - ﬂn) Zp> (48)

where z,, = («, f(x,) + y,Bx, + J,S,x,)/(1 — f3,). Now, we
have

“Zn+1 - Zn“

‘xn+1f (xn+1) + YnJrlenJrl + 8n+lsn+1xn+l

I- ﬁn+1

“nf (xn) + YHan + 6nsnxn
I- ﬁn

Yne1 ~ ﬁn+1xn+1 _Vn ﬁnxn
1- ﬂnﬂ 1= :Bn

Ynt1 ~ ﬁn+1xn+l I ﬁnxn
1- ﬂn+1 1= ﬁn+1

+yn B ﬁnxn _ Yo~ ﬁnxn
1- ﬁn+1 1- ﬁn

Ynt1 — ﬁn+1xn+1 I ﬁnxn
1- ﬂn+1 1= ﬁn+1

Yo~ ﬁnxn Yn— ﬁnxn

l_ﬁnﬂ l_ﬁn

<

+

1
- 1— ﬁn+1 ||yn+l - ﬁn+1xn+1 - (yn - ﬁnxn)”
1 a 1
1- [;n+1 1- ﬁn

1
- 1— ﬁn+1 ||yn+l - ﬁn+1xn+1 - (yn - ﬂnxn)”

”yn - :ann“

+ l

|Bn+1 _ﬂnl
' (1 - /371) (1 - Bn+1

) "yn - ﬁnxn"

Abstract and Applied Analysis

1
= 1 ||‘xn+1f (Xn+1) + Va1 BXi1 + 80181 X001
- ﬁn+1

- ((xnf (xn) + Yann + SnSnxn)"

lﬁn+l _ﬁnl
=B (- B
1

< 1——[;,,4.1 (“n+1 “f (xn+1) - f(xn)”

) "yn - ﬁn'xn"

+ Vs [ Bpr = B, |

+ Ot [ S Xner = S

+ et = | |f ()]

Vs = al Bl + 10001 = 8ul S, ])

|ﬁn+1 _ljnl
=B (- Bn)

"yn - ann"

< 7o [ 1 (o) = £ G+ b =)
Bt (15001 = Sy
IS Sl
oty = ol |1 el + s = 0l
B + 811 = 8, 5]

|ﬁn+1 _/))n|
B (- B

) "yn - ann"

1
= [anJrlP ”xn+1 - xn" + Va1 ||xn+1 - xn"
I- ﬁn+1

+ 6n+1 ("xn+1 - xn” + ”Sn+1xn - Snxn")
+Jatr = ol [ f ()
+ |Yn+1 - ynl ann“ + |6n+1 - 6n| "Snxn"]

|ﬁn+l _ﬁnl
=B (- B

_ 1- ﬁn+1 ~ %1 (1 B P) “x

) ||(Xflf (xn) + YHan + (Snsnxn”

- 1- ﬁn+1 e xn”
d
+ 1 _n[;:“ ||Sn+1xn - Snxn“
1
+

1- ﬁ [I‘xn+1 - (Xn| "f (xn)” + I%ﬁ—l - Yn|
n+l1
X "an" + |6n+1 - 8n| ”Snxn"]

|ﬁn+1 _/))n|
=B (- Bun)

"(xnf (xn) + Yann + snsnxn”
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- (1 - ocn1+1 (;_ P) > "anrl B xn” + H5n+1x _ " From (51) and (53), we deduce that
~ Pn+l

+ MO [|an+1 - an| + lﬁn+l - ﬁn|

+ |yn+1 - Ynl + |8n+1 - 8n|] >

"2n - 2n—l "

<0y, ”Gxn - Gxn—l" + |Gn - Un—ll

X |Gx,y = x| + (1= 0,) || %, = %4 |
(49) || n—1 n—1 n n n—1 (54
) <0, ||xn - xn_1|| + |0n - on_1|
where 1/(1 = b)“sup,.ofll f (x,)Il + [ Bx,[| + [IS,x,[l} < M, for
some M, > 0. By simple calculation, we have x||Gx,_, — x| + (1 = 0,) || %, = %1 |
yn 1 ﬁn (.X n—l) + (ﬁn - ﬁn—l) < "x" - xn—l“ + la” - 0”_1| "Gxn_l - xn—l” >
(50)
X (xn—l - Zn—l) + (1 - ﬁn) (zn - anl) . and hence
So, from (49), we get s =
<e, lz,—-Z, ||+, — €,
||yn_yn—1|| n” n nl” | n n 1| ”
< Zas = Yucal + (1 =€) [0 =
< :8n “xn - xn—l” + |ﬁn - ﬁn—l' "xn—l - Zn—l" o o " " ot "]
<e, |lx,—x, |l +|0,—0, | |Gx,_; —x,_
+(1_ﬁn)||z —Zn1|| n[”n ﬂl” |Vl nll" n-1 n—1
+ |€n - €n71| ”/Z\nfl - yn71||
= ﬁn “xn - xrﬁl” + |ﬁn - /3n71| "xnfl - Zrhl"
(1 ) +(1_€n) {(l_an(l_p)) "xn_xn—lll
& ~-pP
+(1-5.) 1(1 - ﬁ) e =i 18y = Bual 11 — 20|
+[1S% -1 = Spc1 % | + ||Snxn—1 - Sn—lxn—lu
M +
Myl a8, - Bual D * Mo letn =] + 18— o
+ h/n - Yn—1| + l(sn - 6n—1|
16,1 <[1-(1-e)a, (1= )] sy 5, 2
< (1 -, (1 — p)) ||xn — xn_ln + |Gn - Un—ll ”Gxn—l - xn—l“
+ lﬁn - ﬁn—l' "xn—l - Zn—l” + |€n - enfll ”271*1 - yn*1|| + Iﬁn - Bn—1|
+ ”Sn'xn—l - Sn—1xn—1|| X "xnfl - znflll + "Snxml - Snflxnflll
+M |n n1|+|18n ﬁn 1| +M |n n1|+|ﬁn ﬁn ll
+ h’n - yn—l| + |8n - 871—1” . " h}n B yykll " |8n - 6n71|
. . < [1_(1_€n)“n(1_p)] ”xn_xn—lll
Also, for convenience, we write
~ + "Snxn—l - Sn—lxn—lll
Xpi1 = €2, T (1 - en) V>
(52) + M, [Ja, = oy |+ |By = B
z, =0,Gx, + (1 -0,) x,,.
+ |yn - Yn—ll + |8n - 8n—1|
By simple calculation, we get
' F § +|0n_0n—1|+|6n_€n—l|]’
oet = = 6 (= Fpca )+ (64 =G where sup,., (1G5, %, 111+ 12,1 = 1| 16y ~2, 41+
X (Zyey = Yoor) + (1= €,) (P = Vot s My} < M, for some M; > 0. Utilizing Lemma 17, we

(53) conclude from (55), conditions (i), (ii), and (vi), and the

Z,— 2y = 0,(Gx, - Gx,_;) + (0, — 0,_1) assumption on {S,} that

X (Gxnfl - xnfl) + (1 - an) (xn - xnfl) . nILHéO "xn - xn+1" =0.

(56)

)
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Furthermore, utilizing Lemma 16, we obtain from (39) and
(47) that

%1 - Pl
= llen [(1 = 0,) (x, = p) + 0, (Gx, = p)]
+(1-¢,) - p)I’
<e,l(1-0,) (x, - p) + 0, (Gx, - p)|°
+(1-e)yn-pl* - (1-¢,)
x @ (I = 0,) (x5 = ) + 0,0 (G, = y)[)
< e, [(1-0,) %, - oI +0,1Gx, - oI
-0, (1-0,) 91 (|x, = Gx, ) |
+(1-e)yn-pl* - (1-¢,)
x @ (11 = 0,) (% = ) + 0, (G, = y)[)
<&, [(1-0,) |, = I + o)1, - pI
=0, (1-0,) 91 (|, - Gx, )|
+(1=¢,) [lx, = pll + o, | f (p) - 2II°
—e,(1-¢€) e (|(1-0,) (x, = 3)
+0, (Gx,, = y)|)
=&, [l%:— pI” = 0, (1= 0,) 9, (Jx, = G, )]
+(1=e) [Ix = pl* + e £ () - 2
x (2]}, = pll + . £ (2) - 2l ]
—e,(1-¢) o ([(1-0,) (x,— y4)
+0,, (Gx, = y)|)

(57)

< I = I* — €40, (1= 0,) @ (1, — G, )
+a, £ (p) = pll 2%, = pll + @ |7 (p) - pl)
—e,(1-¢€,) o ([(1-0,) (x, = 1)
+0, (Gx,, = 7))

which immediately yields

€00, (1=0,) 91 (|x, = Gx, ) + €, (1 -¢,)
<@ ([(1=0,) (%, = ) + 0, (G = y)|)
< x5 = pI° = %01 = 2I” + o0 £ (p) -
x (2]x, = pll + e, | £ (p) - Pl

Abstract and Applied Analysis

< (I = Pl + Ieer = D 6 =

+a, £ (p) - Pl 2]lx, = pll + @, [ f (p) - 2]

(58)
So, from (56) and conditions (ii), (v), and (vi), we get
Jim ¢, (|lx, - Gx,[) = 0,
(59)

lim <P(||(1 - On) (xn - yn) + 0y (Gxn - yn)“) =0,

n— 00

which together with the properties of ¢ and ¢, implies that

nli_{lgo "xn - Gxn“ =0,
(60)
lim [|(1-0,) (%, = y,) + 0, (Gx,, - ,)]| = 0.

n— 0o

Note that

"xn _yn"
= ||(1 - Un) (xn - yn) + 0y, (Gxn - yn) +0, (Xn - Gxn)"
< ”(1 - on) (xn - yn) + 0y (Gxn - )’n)” + 0, ”xn - G-xn"

= ”(1 - Un) (xn - yn) + 0, (Gxn - yn)" + "xn - Gxn” .

(61)

Hence, from (60), it follows that
dimlx, =y, =o. (62)
Letus show thatlim,, _, . llx,,—Bx,|l = 0Oandlim,, _, llx,—

Sx,|l = 0.
Indeed, from the definition of y,, we can rewrite y, by

yn = (an ('xn) + ﬁnxn + Yann + Snsnxn

YanTl + 8}’[871 xn

= (xnf (xn) + ﬁnxn + (y” + 6") +0

(63)

n n

= “ﬂf (xn) + ﬁn'xn + enZ:l’

wheree, =y, + J, and z; = (y,Bx, + 38,S,x,)/(y,, + 6,).
Utilizing Lemma 12, from (63) we have
2
Iy - Pl
2
&y (f(xn) _p) + ﬂn (xn _p) té, (Z; _p)“
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< a,|f (%) = pI* + Bullxu — 2
N

=, f (x)

- ﬁnen(PZ ("Z; - xn“)

- P"2 + ﬁn"xn - p”2

Yann + 8nsnxn ?

Yn+ Oy
- ﬁnenq)z (

%, S, B
t+e, <1 - m)(an —p) + " +6n (Snxn
< “n"f (xn) - P"2 + ﬁn"xn - pHZ
9,
_ﬁnen(pz( Zy = Xn )+en<<1_ " +6n> ”an_p"

5, 2
5,

- ﬁnen(PZ ("Z; - xn”) +

)

:(Xn"f(x _p"2+ﬁn"xn_p“2 2y~ X

< an"f (Xn) - P"2 + ﬁn"xn - p”2

- ﬁnen(PZ ("Z; - xn”) + en“xn - P"2

< (xn"f (xn) - p"2 + "xn - P”Z - ﬁnenq)Z ( Z Xn )’
(64)
which implies that
ﬁnenq)z ( 2y~ Xn )
< a|f (x,) = I + | = I = |3~ pI
< ol f (5) = 21" + (1 = 2l + I = 21D I = 22l -
(65)
From (62) and conditions (ii), (iii), and (iv), we have
nlergo¢2 ( z, — X, ) =0. (66)
From the properties of ¢,, we have
Jim [z, -] =0. (©7)

By Lemma 16, we deduce from the definition of z; the
following

’ 2
|- - ol

_|lvaBx, + 8,S,x, 2

Yu + 0,

1

o,
H( 8+Yn>(Bx _p)+ +yn(nxn_

< (1m0 B o+ 5o s o
5 (152 e e -l
<=l - 52 (1= 52 Jos (I, =S,
(68)
which implies that
7o (152 e (s -s.s)
<llx = 2 =}z, - o ©)
< (I o+ -
From (67) and condition (iii), we have
Jlim o5 (||Bx,, = S,x,.[)) = 0. (70)
From the properties of ¢, we have
Jim [[Bx,, = 8, = 0. (71)
From the definition of y,,, we can rewrite y, by
Y = 0 f (%) + By, + Y, Bx, +8,8,%,
- B By + (3, +8,) L L) 008 o

a,+9,
= ﬁnxn + YuBx, + an:l,,
whered, = a, + 8, and z = («, f(x,) +8,S,%,)/ (e, +8,,).
Utilizing Lemma 12, from (72) and the convexity of || - 1%
we have
2
Iy - 2l
= "/311 (xn - p)

< /jn"xn - pllz + Yn"an - p”2

T Vn (an _P) + dn (ztl’ll _P)“z
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2
- p" - ﬂnyn904 (nxn - an”)
- p”Z + YVL“an - p"2

(xnf (xn) + ansnxn
o, +96,

= Ballx.

+d

2
- ﬂnyn(pzl ("xn - an")

= ﬁn"xn - P”2 + Yrt“an - P"2
s (5= )

o, _
+<1_“n+8n>(snxn p)

- an")

+d

n

2

- ﬁnYn(P4 ("xn
< /3n||xn

x, _ 2
dn 06n+6n ||f (xn) p”

(1= 5 ) Ise - o
= Buvu®a (%, = Bx, )
= Bulles I + B, ~ oI + e (5,) ~ oI
v 8,5, ol -
< B,
+8, %, - I’

- pllz + Yn“an - p"2

+

ﬁnYn(pél (”’xn - an”)
- p”2 + YVL“xVL - p"2 + “n“f (xn) - P”z

- ﬂnYn(P4 ("xn - an")

- ﬁHYH¢4 (“xn - an“) >
(73)

< s = ol + oL () = I

which implies that
ﬁnYn(P4 ("xn - an")
£ "xn - p”2 - “yn - p"2 + (Xn"f (xn) - P"2

- yn" + (xn”f (xn) - p||2
(74)

< (I = 2l + 17 = 2D I,

From (62), (74), and conditions (ii), (iii), and (iv), we have

lim ¢, (|x, - Bx,|) = (75)

n—00

By the properties of ¢,, we have

lim |x, - Bx,| = (76)

n— 00

From (71), (76), and

[, = Sl < |1, = Bx,|| + |Bx,, = S| » (77)
we have
nll,r%o ||xn - Snxn" =0. (78)

Abstract and Applied Analysis
Observe that

2, = Sxx,|| < [l = Spall + [|S,%0 = S]] - (79)

Utilizing Lemma 13, we conclude from (78) that
Jim |x, - Sx, || = 0. (80)

Define a mapping Wx = (1 - 0, — 0,)Bx + 0,Sx + 0,Gx,
where 0,,0, € (0, 1) are two constants with 6, + 6, < 1. Then
by Lemma 15, we have Fix(W) = Fix(B)NFix(S)NFix(G) = A
We observe that

”xn N Wxn"
= “(1 - 61 - 02) (xn - an)
+61 (xn - S'xn) + 62 (xn - Gxn)“ (81)
<(1-6,-6,)|x, - Bx,|

+ 0, [lx, = Sx, | + 6, [}, — G-
From (60), (76), and (80), we obtain
Jim x, - Wx, | = 0. (82)
Now, we claim that
limsup (£ (q) =4.J (x, =9)) <0, (83)

where g = s — lim, _, yx, with x, being the fixed point of the
contraction

x—tf (x) + (1 —1) Wx. (84)

Then x, solves the fixed point equation x, = tf(x,) + (1 —
t)Wx,. Thus we have

x,—x,=(1—t)(Wx, —x,) +t(f (x;) —x,). (85)

By Lemma 9, we conclude that

e =l
= [0 —1) (W, = x,,) + £ (f (x,) - n)"
<(1- t)2||Wxt - xn"

+2t (f (x,) = x,, ] (x, = x,))
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< (1= (JWx, - W, | + [Wax,, = x,[))*
+2t (f (x,) -

< (1= (|, = x| + W, = 5, ])°
#26 (f (%) = % T (%, = %))

- =7 [, 2 - x,]

X T (% = %))

x [Wax,, = x| + [Wax, = x, ]
+2t (f (%)) = %, T (%, = x,))
+2t (x; — x,, ] (%, — x,,))
= (12t +8) o, =, + £, (®)

+2t <f (xt) Xp ] (xt - xn)) + 2t"xt - xn||2’
(86)

where
Ja@®) = (=07 2%, = x| + |1,
x ||x, — Wx,|| — 0,

- Wxn")
(87)
asn — 0.

It follows from (86) that

(e = f (%), T (%

Lettingn — oo in (88) and noticing (87), we derive

fe) s T (x —

-x,)) < let x| +—fn(t) (88)

lim sup (x, — x,)) < éM . (89)

where M, > 0 is a constant such that ||x, — X,,||2 < M, forall

t € (0,1) and n > 0. Taking t — 0 in (89), we have

F(x).J(

lim sup lim sup (x, -

t—0 n—

Xy — xn)> <0. (90)

On the other hand, we have
(f@)-47J(x,-q))

=(f@)-aJ(x,-q))-(f()-

+{(f (@) - q.J (x, - x,))

= (f @) = xp T (x, = %)) + (f (@) = x0T (%, — x,))

= (f (%) = x0T (%, = x,))

+(f (%) = x0T (%, = x,))
=(f@)-aJ(x,—a) -] (x, - x,))

+{x =g ] (%, — x,))

+(f (@) = f(x),7 (3, = x,))

+(f () = x0T (3, = x,)) -

T (%, = x,))

o1
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It follows that
lim sup (f () = 4. ] (x, ~ 4))
<lim sup (f (q) = q.J (x4 = @) = J (x4 = x,))
+ %~ gf[lim sup [, — x| (92)

+plg - x| lim sup [lx, - x|
n— 00

+ linm_)scgp (f (%) = x0T (%, = X)) -

Taking into account that x, — gast — 0, we have
lim sup (f(q) = 4. J (x, — 9))
n— 00
= lim suplim sup (f (q) - 4. (x,, - q))
t—0 n— 0o
< lim suplim sup (f(q) =4, J (%, = q) = J (%, = x,)) -
t—0 n— 00
(93)
Since X has a uniformly Fréchet differentiable norm, the
duality mapping ] is norm-to-norm uniformly continuous
on bounded subsets of X. Consequently, the two limits are
interchangeable and hence (83) holds. Noticing that ] is

norm-to-norm uniformly continuous on bounded subsets of
X, we deduce from (62) that

lim sup (f (q) = 4.7 (3 ~ 4))
= lim sup ((f (q) -

+(f@-aT(y,—-q) -
= hm suP (f@-47(x,—q) <o0.

q.J (x,—9q)
(94)

J (= 4q)))

Finally, let us show that x, — gqasn — o©0. Indeed,
utilizing Lemma 9, we obtain from (47) that

17, - al’
= ||(xn (f (xn) - f (q)) + ﬁn (xn - q) T Vn (an - q)
+6n (Snxn - q) + o, (f (q) - q)"2

< Jlew, (f (x) = £ (@) + B, (x5 — q)
Y (Bx, = q) + 8, (S, = )|
+2a, (f (@) = 4. (v, —4))
<ol f () = £ @I + Bulxu—all’
+ vl B, —al + 8,]S,%, — gl
+ 20, (f (@) =T (¥, — 9))
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< aupllx, = gl + Bullx, — all” + v I,
+ 8,15, — all* + 20, (f (9) = 0.7 (3, — )
= (1-a, (1-p)) |x, -l
+20, (f (@) -4, (v, - 4))>

(95)
and hence
%l
= [lex [(1 - 0,) (x, — q) + 0, (Gx, ~ )]
+(1-¢) (-9
<ef(1-0,) (x,~9) +0,(Gx, - q)|’
+(1-¢,) |y, —al’
<e,[(1-0,) |x,—al’
+0,Gx, —ql’] + (1 =€) |3, - al’
<e, [(1-0,) %, —all + ,]x, —al’]
+(1-¢,) |y, -dal’
= &,llxu -l + (1 - Iy, - al’
<elx,—ql’ +(1-¢,)
x [(1= e, (1= p)) [, — g’
+20,, (f (@) = 4] (yu — )]
=[1-(1-e) e, (1= )], — gl
+2(1-¢,) o, (f (@) -] (¥, — )
=[1-(1-e) e, (1-p)] [, — gl
c(-e)a (1-p) 2<f(q)—£;(yn—q)>.
(96)

Applying Lemma 8 to (96), we conclude from conditions (ii)
and (vi) and (94) that x, — gasn — o0. This completes
the proof. O

Corollary 19. Let X be a uniformly convex and 2-uniformly
smooth Banach space and let C be a nonempty closed convex
subset of X such that C + C < C. Let Il be a sunny
nonexpansive retraction from X onto C. Let T,F : X —
CB(X), and A : C — 2C be three multivalued mappings,
let g : X — C be a single-valued mapping, and let N(-,-) :
X x X — C be asingle-valued continuous mapping satisfying
conditions (C1)-(C5) in Theorem 4 and (C6) N(Tx, Fx) +
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Algx)) : X — 2\ {0} is -inverse strongly accretive with
{ >«

Let T; : C — X be a g;-strictly pseudocontractive
mapping for eachi = 1,..., N. Define the mapping G; : C —
CbyG; = IIc(I-A(I-T;) fori =1,...,N, where A; €
0,n;/ ), and k is the 2-uniformly smooth constant of X. Let
B: C — C be the K-mapping generated by G,,..., Gy and
Pi>---»Pn> Where p; € (0,1), foralli = 1,...,N - 1 and
pn € (0,1]. Let f: C — C be a contraction with coefficient
p € (0,1). Let {S;};2, be a countable family of nonexpansive
mappings of C into itself such that A = ()2, Fix(§;) N T N
(nfﬁl Fix(T;)) # 0. Suppose that {a,},{5,}, {y,}, {6,.}, {0,,}, and
{e,} are the sequences in [0, 1], &, + 3, +7, +6,, = 1 and satisty
the following conditions:

(i) 2221“% 0y | + |ﬁn _ﬁrkl' + h’n _Ynfll + |8n —8,[,1 | +
|Un - Gn—ll + |€n - en—l') < 00;

(i) lim,, _, oo, = Oand Yo e, = 00;

(iii) {y,}{6,} € [c, d] for some ¢, d € (0, 1);

(iv) 0 < liminf, _, 3, <limsup,_, B, < L;

(v) 0 < liminf, _, o, <limsup, , 0, <1;
n— o0n

(vi) 0 < liminf €, <limsup,_, €, < L.

For arbitrary x,, € C, define the sequence {x,} iteratively by

yﬂ = “ﬂf (xn) + ﬁnxn + yanﬂ + 6nsnxn’

Xn+1 = €, [xn — 0y (N (wn’kn) + un)] (97)

u, € A(g(x,), VYn=0,

+ (1 - en) Yoo

where {u,} is defined by

|t = thpn]| < (1 + &) H (A (g (1)) A9 (x,)))
Vn >0,

for any w, € Tx,, k, € Fx, and some ¢ > 0. Assume
that Y20 sup,.pllS,1x — S,xll < co for any bounded subset
D of C and let S be a mapping of C into itself defined
by Sx = lim,, _, .S, x for all x € C and suppose that Fix(S) =
(oo Fix(S;). Then {x,} converges strongly to g € A, which
solves the following VIP:

(q-f(@).J(a-p)) <0, VpeA, (99)

and, for any w € Tq and k € Fq, (g, w, k) is a solution of the
MVVI (16).

Proof. Since T; is a #;-strictly pseudocontractive mapping for
eachi = 1,...,N, itis known that A; := I — T; is #;-inverse
strongly accretive for each i = 1,..., N. In Theorem 18, we
put G, = (I - L,A,) fori = 1,..., N, where A, € (0,7;/x%).
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It is not hard to see that Fix(T;) = VI(C, A;). As a matter of
fact, we have, for A; > 0,

ueVI(C,A))
— (Au,J(y-u)) 20 VyeC
= (u-2Au-uJ(u-y)) >0 VyeC
= u=T(u-MVAu)
S u=Ic(u-Au+ATu)
= (u-Au+AMTu-u,J(u-y))>0 VyeC
= (u-Tu,J(u-y)) <0 VyeC
= u=Tu

& u € Fix(T;).
(100)

Accordingly, we conclude that A := (75 Fix(§) n T n
(Y, VI(C, A))) = (2, Fix(S;) NT N (NY, Fix(T;)). Therefore,
the desired result follows from Theorem 18. O

Remark 20. Theorem 18 improves, extends, supplements, and
develops [5, Theorem 3.2] and [25, Theorem 3.1] in the
following aspects.

(i) Kangtunyakarn’s problem of finding a point of Fix(S) N
Fix(V) n (ﬂf\_jl VI(C, A))) (see [25, Theorem 1.1]) is extended
to develop our problem of finding a point of )5, Fix(S;)nI'n
(ﬁf\:’1 VI(C, A;)) in Theorem 18 because B, := S((1-a)I+aV)
is nonexpansive with a € (0, 11/1<2) and Fix(B,) = Fix(S) N
Fix(V) (see [25, Lemma 2.12]). It is clear that the problem
of finding a point of (%, Fix(S;) N T n (nY, VI(C, A,)) in
Theorem 18 is more general and more subtle than the problem
of finding a point of I in [5, Theorem 3.2].

(ii) The iterative scheme in [25, Theorem 3.1] is extended
to develop the iterative scheme (35) of Theorem 18 by virtue
of the iterative schemes of [5, Theorem 3.2]. The iterative
scheme (35) of Theorem 18 is more advantageous and more
flexible than the iterative scheme of [10, Theorem 3.2] because
it can be applied to solving three problems (i.e., MVVI (16), a
finite family of VIPs, and the fixed point problem of {S,;}) and
involves several parameter sequences {e,}, {f,}, {v,}> 0.},
{o,}, and {¢,}.

(iii) Theorem 18 extends and generalizes [5, Theorems
3.2] to the setting of a countable family of nonexpansive
mappings and a finite family of VIPs. In the meantime,
Theorem 18 extends and generalizes Kangtunyakarn [25,
Theorem 3.1] to the setting of the MV VI (16).

(iv) The iterative scheme (35) in Theorem 18 is very
different from every one in [5, Theorem 3.2] and [25, Theorem
3.1] because every iterative scheme in [25, Theorem 3.1] and
[5, Theorem 3.2] is one-step iterative scheme and the iterative
scheme (35) in Theorem 18 is the combination of two iterative
schemes in [25, Theorem 3.1] and [5, Theorem 3.2].
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(v) No boundedness condition on the ranges R(I —
N(T(-), F(-))) and R(A(g(+))) is imposed in Theorems 18 .

4. Mann-Type Viscosity Algorithms in
a Uniformly Convex Banach Space Having
a Uniformly Gateaux Differentiable Norm

In this section, we introduce Mann-type viscosity iterative
algorithms in a uniformly convex Banach space having a
uniformly Géteaux differentiable norm and show strong
convergence theorems. First, we give the following useful
lemma.

Lemma 21. Let C be a nonempty closed convex subset of a
smooth Banach space X and let A : C — X be a E-strictly

pseudocontractive and v-strongly accretive mapping with & +
v > 1. Then, for A € (0, 1], one has

It = 2A) x — (I - 1A) y|

S{\/lgv+(1—/\)<1+%>]»||x—)’”, Vx,y € C.

(101)

In particular, if 1 — (E/(1 +&))(1 — /(1 —v)/&) < A < 1, then

I — AA is nonexpansive.

Theorem 22. Let X be a nonempty closed convex subset of a
uniformly convex Banach space which has a uniformly Gateaux
differentiable norm and let C be a nonempty closed convex
subset of X such that C + C < C. Let Il be a sunny
nonexpansive retraction from X onto C. Let T,F : X —
CB(X), and A : C — 2C be three multivalued mappings,
let g : X — C be a single-valued mapping, and let N(:,-) :
X x X — C be asingle-valued continuous mapping satisfying
conditions (C1)-(C5) in Theorem 4. Consider that

(H6) N(Tx, Fx) + A(g(x)) X — Cis &y -strictly
pseudocontractive and v-strongly accretive with &, + v > 1.

Let A; : C — X be &;-strictly pseudocontractive and
v;-strongly accretive with &; + v; > 1 for eachi = 1,...,N.
Define the mapping G; : C — Cby G; = IIo(I - A;A;)
where 1 — (§;/(1 + &)1 — V(1 —-2)/&) < A; < 1 for
eachi = 1,...,N.Let B : C — C be the K-mapping
generated by G,,...,Gy and p,,..., py, where p; € (0,1),
foralli = 1,...,N—-1land py € (0,1].Let f : C — C
be a contraction with coefficient p € (0, 1). Let {S;};°, be a
countable family of nonexpansive mappings of C into itself
such that A := 2%, Fix(S)NTN(NY, VI(C, A,)) # 0. Suppose
that {«,}, {8,.}, {y.}, {6,}, {0}, and {e,,} are the sequences in
[0, 1], &t,, + 3, +},+3, = 1 and satisfy the following conditions:

(i) Zgilﬂ% _‘xn—ll + |/3n _ﬁn—l | + h’n _Vn—ll + |8n _871—1 | +
|on - Gn—ll + Ien - €n—1|) < 005

(i) lim,, _, oo, = Oand Yo @, = 00;

(iii) {y,},{8,} < [c,d] for some c,d € (0,1);
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(iv) 0 < liminf, _, B, <limsup, _, .3, < 1;

(v) 0 < lim inf o, <limsup,_, 0, <1;

n— 00 n

(vi) 0 < liminf, _, €, <limsup,_, e, < 1.

For arbitrary x, € C, define the sequence {x,,} iteratively by

y‘ﬂ = (xﬂf (xn) + ﬁnxn + )}ann + 8nsnxn’

Xn+1 = €y [xn — 0y (N (wwkn) + un)] (102)
+(1_€n)yn’un€A(g(xn))’ Vn >0,
where {u,} is defined by
It = iy | < 1+ ) H (A (g (x,01)) . A (9 (%)) »
(103)

Vn =0,

for any w, € Tx,, k, € Fx,, and some ¢ > 0. Assume
that Y72 sup,.pllS,1x — S,xll < co for any bounded subset
D of C and let S be a mapping of C into itself defined by
Sx = lim,,_, ,S,x for all x € C and suppose that Fix(S) =
(oo Fix(S;). Then {x,} converges strongly to g € A, which
solves the following VIP:

(104)

(a-f(),7(g-p)) <0, Vpea,

and, for any w € Tq and k € Fq, (g, w, k) is a solution of the
MVVI (16).

Proof. First of all, by Lemma 21, we know that I — 1;A;
is a nonexpansive mapping, where 1 — (§;/(1 + &))(1 -
V(=)&) < A; < 1foreachi = 1,...,N. Hence, from
the nonexpansivity of I, it follows that G; is a nonexpansive
mapping for each i = 1,...,N.Since B : C — Cis
the K-mapping generated by G,,...,Gy and p,,..., px» by
Lemma 3, we deduce that Fix(B) = ﬂfi | Fix(G;). Utilizing
Lemma 10 and the definition of G;, we get Fix(G;) = VI(C, A;)
foreachi =1,..., N. Thus, we have

N

N
Fix (B) = (| Fix (G,) = | VI(C, 4,).

i=1 i=1

(105)

Repeating the same arguments as those in the proof of
Theorem 18, we can prove that for any v € C, A > 0, there
exists a point X € C such that (X, w, k) is a solution of the
MVVI (15), for any w € TX and k € FX. In addition, in terms
of Proposition 7, we know that V' + AA o g is a single-valued
mapping due to the fact that V + 1A e g is ¢-strongly accretive.
Assume that N(Tx, Fx) + A(g(x)) : X — C is & -strictly
pseudocontractive and v,-strongly accretive with &, + v, > 1.
Then by Lemma 21, we conclude that the mapping x — x —
(N(Tx, Fx) + AA(g(x))) is nonexpansive.
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Without loss of generality, we may assume that v = 0 and
A=1.Letp e Aandletr(> || f(p)—pl/(1-p)) be sufficiently
large such that x, € B,(p) =: B. Observe that

Iy - 2l
<a, |l f () = pll + Ba 0 = Pl
+ ¥ [|Bx, = p[| + 8, Sy, = Pl
<a, (pllxn—pl+1f (P) =PI + Bullxn -
) B M B
= (1-a, (1= p)) |x, — pl + e, | f (p) - Pl

If (p) - £l
: 1-p }

(106)

< max{"xn—p

Utilizing (106) and repeating the same arguments as those in
the proof of Theorem 18, we can derive x,, € B for alln > 0.
Hence {x,} is bounded.

Let us show that lim
lim, , llx, — v,|l = 0.

Indeed, we define G : C — Cby Gx := x — (N(Tx, Fx) +
A(g(x))) for all x € C. Then, G is a nonexpansive mapping
and the iterative scheme (102) can be rewritten as follows:

= 0 and

n—»oo”xn - xn+1 ”

Yn = ‘an (xn) + ﬁnxn + Yann + 8nsnxn’
Xn+1 = €y [(1 - Gn) X, t+ UnGxn] + (1 - en) Y (107)

Vn > 0.

Repeating the same arguments as those of (56), (60), (62),
(76), and (80) in the proof of Theorem 18, we can obtain that

nh—{%o "xn ~ Xut “ =0, nli—>ngo "x" a y"" =0, (108)
Jim, ey =Gy =0, Jim, |, ~ B = 0,
(109)

Jim [lx, - Sx, || = 0.

Define a mapping Wx = (1 - 0, — 0,)Bx + 0,Sx + 0,Gx,
where 0,,0, € (0,1) are two constants with 8, + 6, < 1.
Then by Lemma 15, we have that Fix(W) = Fix(B) n Fix(S) n
Fix(G) = A. We observe that

”xn _Wxn"
= "(1 - 61 - 62) (xn - an)

+ 0, (x, - Sx,) + 6, (x, — Gx,, )| (110)
<(1-6,-6,) "xn - an"
+ 60, ||xn - an" +0, ||x,1 - Gxn" .
From (109), we obtain
Jim|lx, - Wx, | = 0. (1)
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Now, we claim that
ligsolip (f@)-qJ(x,—q)) <0,

where g = s — lim, _, yx, with x, being the fixed point of the
contraction

(112)

x — tf (x) + (1 —t) Wx. (113)

Then x, solves the fixed point equation x, = tf(x,) + (1 -
t)Wx,. Repeating the same arguments as those of (93) in the
proof of Theorem 18, we can deduce that

limsup (£ (q) 4. ] (x, ~9))
J (x, - q))
T (%, = q) = T (%, - x,)) -

(114)

= lim suplim sup (f(a)-

< hm sup lim sup (f(a)-

Since X has a uniformly Gateaux differentiable norm, the
duality mapping J is norm-to-weak * uniformly continuous
on bounded subsets of X. Consequently, the two limits are
interchangeable and hence (112) holds. Noticing that | is
norm-to-weak * uniformly continuous on bounded subsets
of X, we conclude from (108) that

lim sup (f@)-a97(.—aq))
= limsup ((f (9) = ¢.J (x, )
(115)

+{f(@)-aT(—a) - (x,—9)))
= limsup (f(q) -4 (x,—q)) <0.

Finally, let us show that x, — gasn — ©0. Indeed,
repeating the same arguments as those (96) in the proof of
Theorem 18, we can deduce from (107) that

61 = all
<[1-(1

- en) Xy (1 - P)] "xn - q"2

2(f(@-a)(u-a)
1-p '
Applying Lemma 8 to (116), we infer from conditions (ii) and

(vi) and (115) that x, — gqasn — o0o0. This completes the
proof. O

(116)

+(1 _en)‘xn(l_P)

Corollary 23. Let X be a uniformly convex Banach space
which has a uniformly Gateaux differentiable norm and let
C be a nonempty closed convex subset of X such that C +
C c C. Let Il be a sunny nonexpansive retraction from X
onto C. Let T,F : X — CB(X),and A : C — 2% be
three multivalued mappings, let g : X — C be a single-
valued mapping, and let N(-,-) : X x X — C be a single-
valued continuous mapping satisfying conditions (C1)-(C5) in
Theorem 4 and (H6) N(Tx, Fx) + A(g(x)) : X — Cis ;-
strictly pseudocontractive and v,-strongly accretive with &, +
v 2 L.
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Foreachi=1,...,N,letT; : C — C be a self-mapping
such that I — T; : C — X is &;-strictly pseudocontractive
and v;-strongly accretive with £; +v; > 1. Define the mapping
G :C - CbyG; = (1 -2A)I + AT, where 1 — (§/(1 +
ENA - (1 -v)/E) < A; < 1foreachi = 1,...,N. Let
B : C — C be the K-mapping generated by G,,...,Gy
and p;,..., py> where p; € (0,1), foralli = 1,...,N — 1 and
Py € (0,1]. Let f: C — C be a contraction with coeflicient
p € (0,1). Let {S;};2, be a countable family of nonexpansive
mappings of C into itself such that A := ﬂl o Fix(§;) nT'n
(ﬂl L Fix(T;)) # 0. Suppose that {e, }, {8}, {¥,},{0,,}, {0,,}, and
{e,} are the sequences in [0, 1], &, + 8, + 7V, +38,, = 1 and satisty
the following conditions:

() X2y oty =ty |+ 1By = Bt |+ Y = Yua [+10, 6,1 |+
|0y, = 01| + l€, = €,11) < 005
(i) lim,, _, oo, = Oand Y20 e, = 00;
(iii) {y,}{6,} € [c, d] for some ¢, d € (0, 1);
(iv) 0 < liminf, _, B, <limsup, _, .3, < 1;
(v) 0 < liminf, _, 0, <limsup,_, 0, <1;
(vi) 0 < lim inf

n—o o€y < limsup, | e, < 1.

For arbitrary x, € C, define the sequence {x,} iteratively by

Yn = nf(xn)-"ﬁnxn‘f')/an +0.S x

X1 = € [%, = 0, (N (W, k) +14,)] (117)
+(1-€,) ywu, € Alg(x,)), Yn=0,
where {u,} is defined by
et = vyl < 1+ &) H(A(g (x,1)) A (g (%)) wg)

Vn >0,

for any w, € Tx,, k, € Fx,, and some ¢ > 0. Assume
that Y72 sup..pllS,1x — S,xll < co for any bounded subset
D of C and let S be a mapping of C into itself defined by
Sx = lim,,_, S,x for all x € C and suppose that Fix(S) =
Mo Fix(S;). Then {x,,} converges strongly to g € A, which
solves the following VIP:

(q-f(q).J(a-p)) <0,

and, for any w € Tq and k € Fgq, (g, w, k) is a solution of the
MVVI (16).

VpeA (119)
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