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1 Introduction
The first part of this paper gives some basic results on the regularity of solutions of the

abstract semilinear second order initial value problem

L) _ Ay(f) + F(t t), 0<t<T
dt2 W()+ (!W)+f( )7 < = ’ (1'1)

w(0) =%,  Lw(0) =y,

in a Banach space X. Here, the nonlinear part is given by

F(t,w) = /Ot k(t - s)g(s, w(s)) ds,

where k belongs to L*(0, T) and g : [0, T] x X —> X is a nonlinear mapping such that w
g(t,w) satisfies Lipschitz continuity. In (1.1) A is the infinitesimal generator of a strongly
continuous cosine family C(¢), ¢ € R. Let E be a subspace of all x € X for which C(¢t)x is a
once continuously differentiable function of ¢.

In [1], when f : R — X is continuously differentiable, xy € D(A), yo € E, and k €
W12(0, T), the existence of a solution w € L2(0, T; D(A)) N W'2(0, T;E) of (1.1) for each
T > 0 is given. Moreover, one established a variation of constant formula for solutions of
the second order nonlinear system (1.1).

The work presented in this paper, based on the regularity for solution of (1.1), investi-
gates necessary and sufficient conditions for the approximate controllability for (1.1) with
the strict range condition on B even though the system (1.1) contains unbounded prin-
cipal operators and the convolution nonlinear term, which is a more flexible necessary
assumption than the one in [2].
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We will make use of some of the basic ideas from cosine family referred to [3, 4] and the
regular properties for solutions in [1, 5] for a discussion of the control results. In [6, 7] a
one-dimensional nonlinear hyperbolic equation of convolution type which is nonlinear in
the partial differential equation part and linear in the hereditary part is treated.

As a second part in this paper, we consider the approximate controllability for the non-
linear second order control system

WO _ Aw(t) + F(t,w) + Bu(t), 0<t<T
5 () + F(t,w) ®), =1 (1.2)

w(0) = xo, 2 w(0) = yo,

in a Banach space X where the controller B is a bounded linear operator from some Banach
space U to X. In [2, 8, 9] the approximate controllability for (1.2) was studied under the
particular range conditions of the controller B depending on the time 7.

In Section 3 we establish to the approximate controllability for the second order nonlin-
ear system (1.2) under a condition for the range of the controller B without the inequality
condition independent to the time 7', and we see that the necessary assumption is more
flexible than the one in [2, 9]. Finally, we give a simple example to which our main result

can be applied.

2 Preliminaries
Let X be a Banach space. The norm of X is denoted by || - ||. We start by introducing a
strongly continuous cosine family and sine family in X.

Definition 2.1 [1] Let C(¢) for each ¢ € R be abounded linear operators in X. C(¢) is called
a strongly continuous cosine family if the following conditions are satisfied:

c(1) C(s+t)+C(s—1t)=2C(s)C(¢), forall s,t € R, and C(0) = I;

c(2) C(t)xis continuous in ¢ on R for each fixed x € X.

Let A be the infinitesimal generator of a one parameter cosine family C(¢) defined by

dz

Ax=—
* dt?

C(0)x.

Then we endow it with the domain D(A) = {x € X : % C(t)x is continuous} endowed with

the norm

d
Il peay = lIxll + Sup{ H d—tC(t)x ‘te R} + || Ax]|.

We shall also make use of the set
d ) .
E={xeX: %C(t)x is continuous
with the norm

el = 2
x|lg = ||x|| + sup PR X

:teR}.
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It is well known that D(A) and E with the given norms are Banach spaces.
Let S(¢), ¢t € R, be the one parameter family of operators in X defined by

S(t)x = / C(s)xds, xeX,teR. (2.1)
0

The following basic results on cosine and sine families are from Propositions 2.1 and 2.2
of [1].

Lemma 2.1 Let C(t) (£ € R) be a strongly continuous cosine family in X. The following are
true:

c(3) C(-t)=C(2) forall t e R;

c(4) C(s) and S(t) commute for all s,t € R;

c(5) S(t)x is continuous in t on R for each fixed x € X;

c(6) there exist constants K > 1 and w > 0 such that

[c®| <=Ke”™ foraliteR,
and

t
||S(t1) - S(t2)|| < I(‘/ 1 e“llds|  forall t,t) e R;
2

c(7) ifx € E, then S(t)x € D(A) and

dC(t) =S(t)Ax=AS(t)x = @ S(2)
% X = X = X = ﬁ X,

moreover, if x € D(A), then C(t)x € D(A) and

dz
- C(t)x = AC(t)x = C(t)Ax;

c(9) ifxeXandr,seR, then

/SS(t)xdr € D(A) and A(/SS(f)xdr) =C(s)x — C(r)x.

r

First, we consider the following linear equation:

L)~ Aw(e) +£(), 20, (22)
w(0) = xo, w(0) = yo.

The following results are crucial in discussing regular problem for the linear case (for a
proof see [1]).

Proposition 2.1 Let f : R — X be continuously differentiable, xo € D(A), yo € E. Then the
mild solution w(t) of (2.2) represented by

w(t) = C(t)xo + S(t)yo + /tS(t —s)f(s)ds, teR,
0
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belongs to L*(0, T; D(A)) N WY2(0, T; E), and we see that there exists a positive constant C,
such that, forany T > 0,

1wl 200,700y < CL(1+ %0l + 1yolle + 11 w2, 7:x))- (2.3)

If f is continuously differentiable and (xo, yo) € D(A) x E, it is easily shown that w is con-
tinuously differentiable and satisfies

w(t) = AS(£)xo + C(t)yo + /t C(t-s)f(s)ds, teR.
0

Here, we note that if w is a solution of (2.2) in an interval [0, f; + ] with £, > 0. Then
for t € [0, + t;], we have

w(t) = C(t — ty)w(tr) + S(¢t — t)w(ty) + ftS(t -8)f(s)ds

i

- - m{cm)xo et [ st - r)f(r)dr}
+ S(t - tl){AS(tl)xo + C(tl)yo + / 1 C(tl - ‘L’)f(‘L')d‘L’}
0
+ /tS(t —-s)f(s)ds

t
= C(t)xo + S(t)yo + / S(t—s)f(s)ds;
0
here, we used the following relations, for all 5,¢ € R:

Cls+1t) + C(s— 1) =2C(s)C(2),
S(s +1) = S(s)C(2) + S(E)C(s),
Cls +1) = C(6)C(s) - S(2)S(s),
C(s+1t) = C(t —s) = 2A5(£)S(s),

and
S(£)AS(s) = AS(£)S(s) = %C(t +5) — %C(t—s) =C(t+s)—C(@)C(s).

This means the mapping ¢ — w(t; + £) is a solution of (2.2) in [0, + £;] with initial data
(w(t1), w(t1)) € D(A) x E.
From now on, we introduce the regularity of solutions of the abstract semilinear second
order initial value problem (1.1) in a Banach space X. We make the following assumptions.
The nonlinear mapping g from [0, T] x D(A) to X is such that £ — g(¢, w) is measurable
and

lg(t, w1) — g(t, wa)llpay < Lllwy — wall,
g(t,O) =0,

(2.4)

for a positive constant L.
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For w € L*(0, T; D(A)), we set
F(t,w) = /tk(t - s)g(s, w(s)) ds,
0

where k belongs to L2(0, T). We will seek a mild solution of (1.1), that is, a solution of the
integral equation

w(t) = C(t)xo + S(t)yo + /OtS(t - s){F(s, w) +f(s)} ds.

Lemma 2.2 Ifw € L*(0, T; D(A)) for any T > 0, then F(-,w) € L*(0, T; X) and
IEC W 20,10 < LIKI 200V TIWl 20,7300

Moreover, let wi, wy € L*(0, T; D(A)). Then we have
[ECowa) = FCwa) | 20,7 < LIK 200,00V Tlwn = wall 20 75001y

Proof By using the Holder inequality and (2.4), it is easily shown that

2

dt

T pt
||F(.,w)||iz(0yT;X) S/(; “/0 k(t - s)g(s, w(s)) ds

T t
Wl [ [ 21w dsa

2 2 2
= L ||k”L2(O,T)T||W||L2(O,T;D(A))'

By a similar argument, the second paragraph is obtained. O

Now, as in Theorem 3.1 of [1], we give a norm estimation of the solution of (1.1) and
establish the global existence of solutions with the aid of norm estimations.

Proposition 2.2 Suppose that the assumption (2.4) are satisfied. If f : R — X is continu-
ously differentiable, xy € D(A), yo € E, and k € WY2(0, T), then the solution w of (1.1) exists
and is unique in L*(0, T; D(A)) N WY2(0, T;E) for T > 0, and there exists a constant Cs
depending on T such that

Wl 20, 7:004)) < C3(1 + [|%ollpay + Iyolle + ||f”W1'2(0,T;X))' (2.5)

3 Approximate controllability
In this section, we deal with the approximate controllability for the semilinear second
order control system

w0 - Aw(t) + F(t,w) + Bu(t), 0<t<T
dtz () () ) ()t = ’ (3'1)

w(0)=x0,  £w(0) =y,

in a Banach space X where the controller B is a bounded linear operator from some Banach
space U to X, where U is another Banach space. Assume the following.
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Assumption (G) The nonlinear mapping g: [0, T] x X — X is such that ¢t — g(¢,w) is

measurable and
lg(t, ) — gt wo)|| < Llwy —=mall,  [k(2)| =M, 32)
for a positive constant L.

Here, we remark that since the Assumption (G) is a more general condition than (2.4),

the equation of (3.1), written
w(t) = C(t)xo + S(t)yo + / S(t - s){F(s, w) + Bu(s)} ds, (3.3)
0

belongs to L2(0, T; D(A)) N WY2(0, T;E) for T > 0.
Given a strongly continuous cosine family C(¢) (¢ € R), we define linear bounded oper-
ators C and § mapping L2(0, T; X) into X by

T T
Cp= /0 C(T - t)p(t) dt, Sp = /O S(T - t)p(¢) dt,

for p(-) € L*(0, T; X) and S(¢) is the associated sine family of C(¢).
We define the reachable sets for the system (3.1) as follows.

Definition 3.1 Let w(t; F, u) be a solution of the (3.1) associated with nonlinear term F

and control u at the time ¢. Then

Ry (F) = {(W(T;F,u),w(T; F,u)) :u € L*(0, T; )} C X* = X x X,
R7(0) = { (W(T;0,u),(T;0,u)) :u € L*(0, T; U)} C X>.
The nonempty subset R7(F) in X? consisting of all terminal states of (3.1) is called the

reachable sets at the time T of the system (3.1). The set Rr(0) is one of the linear cases
where F = 0.

Definition 3.2 The system (3.1) is said to be approximately controllable on the interval
[0, T] if

RT(F) = XZ;

where Ry (F) is the closure of Ry(F) in X2, that is, for any € > 0, X € D(A) and y € E there
exists a control # € L*(0, T; U) such that

||5c —C(T)xg — S(T)yo — SE(,w) - S'Bu” <E,

||5/ —AS(T)xo — C(T)yo — CE(-,w) — CBM” <e.

We introduce the following hypothesis.
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Assumption (B) Forany ¢ >0 and p € L*(0, T; X), there exists a u € L*(0, T; U) such that

ICp - CBu| <&,

1Bull20,6x) < @1llPlizogx)y, O0=<t=<T,
where ¢ is a constant independent of p.

We remark that from the relations between the cosine and sine families, the operator
$ also satisfies the condition (B), that is, for any ¢ > 0 and p € L*(0, T; X) there exists a
u € L*(0, T; U) such that

I1Sp — SBu| <&,

1Bull20,6x) < @1llPllizogx)y, O0=<t=<T.
For the sake of simplicity we assume that the sine family S(¢) is bounded as in ¢(6):
Is®| <K@, t=o.
Here, we may consider the following inequality:
K(t) <w 'K(e” -1).

Lemma 3.1 Let the Assumption (G) be satisfied. If uy and u, are in L*(0, T; U), then we
have

|w(t; F, i) = w(ts F, )| < K(T)eK DM T || Buy = Buta|| 20 1)
foro<t<T.
Proof From the Assumption (G), it follows that, for 0 <t < T,

|| W(t, F; l/ll) - W(t! F; MZ) ||

< K(T)Vt||Bus(s) = Buz(5)]] 12,1

t
+I((T)MLt/ ||w(s;F, u1) —w(s;F,u2)|| ds,
0

where L is the constant in the Assumption (G). Therefore, by using Gronwall’s inequality
this lemma follows. 0

For the approximate controllability for the linear equation, we recall the following nec-

essary lemma before proving the main theorem.
Lemma 3.2 Let the Assumption (G) be satisfied. Then we have R7(0) = X2,
Proof Letx € D(A), y € E. Putting

m =% —C(T)xo — S(T)yo € D(A), m =y —AS(T)xo - C(T)yo € E,
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then there exists some p € C}([0, T : X) such that

T T
= /0 S(T—pdt, = fo (T - () dt,

for instance, take p(t) = {C(t — T) + S(t — T)}n2/T. By hypothesis (B) there exists a function
u € L*(0, T; U) such that

1% — C(T)xo — S(T)yo — SBul| <,
Iy — AS(T)xo — C(T)yo — CBul| <.

The denseness of the domain D(A) in X implies the approximate controllability of the

corresponding linear system. O

Theorem 3.1 Let the Assumptions (G) and (B) be satisfied. Then the system (3.1) is ap-
proximately controllable on [0,T], T > 0.

Proof We will show that D(A) x E C Rr(F), i.e., for given ¢ > 0 and (67,E7) € D(A) x E
there exists u € L2(0, T; U) such that

|67 = w(T3F,u)| <, (3.4)

|7 — w(T; F,u)| <. (3.5)
Since (£7,&7) € D(A) x E, there exists a p € L*(0, T; X) such that
Sp=&r-C(Dxo-S(T)yo,  Cp=Er—AS(T)xo - C(T)yo.

Let u; € L?(0, T; U) be arbitrary fixed. Then by the Assumption (B), there exists u, €
L%(0, T; U) such that

||§(l9 - F(, W(-;F, Ml))) - SBMZ || < 2,
||@(P - F(.,w(.;F, ul))) — CBuy || < 2
Hence, we have

6 = €Ty = S(Thyo = SF (-, wls ) - $Bun | < =,

(3.6)
|&r = AS(T)x0 = C(T)yo = CE( w(sFy)) - CBun | < 2.
Moreover, by the Assumption (B), we can also choose v, € L2(0, T; U) such that
HS(P(, w(5F,u)) = F(-, w(- F,u1))) — SBv, | < %,
(3.7)

|C(E(w(;; F,u2)) = F(, w( F,u1))) = CBwy | < g,
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and also

IBvall 20,0 < @u||E (- w5 Fymr)) = F (-, w(5 F, up)) HLZ(O,t;X)

for 0 <t < T. From now, we will only prove (3.4), while the proof of (3.5) is similar. In

view of Lemma 3.1 and the Assumption (B), we have

t 2
1Bvall2(0,0) < ql{ f |F(z, w(z; Fun)) = F(z, w(t; F,un)) ||2dt}
0

ST

t T
§q1ML{// ”w(t;F,uz)—w(r;F,ul)szsdr}
o Jo
2 t T 2 %
< UMLK (T)e“ M/ T { f / | Butz — But [ g s df}
0o Jo .

1
t T 3
SqlMLK(T)eK(T)MLTZﬁ( / f 1dsdr> IBuz — Bua ll 20,1
0 0

2

1
t
= UMLK (T)e DM /T (5) 1Bus = Bua|2(0,50)-

Put u3 = uy — vo. We choose v3 such that

IS(E(-,w(:s F,us)) — E (- w(;; F,u5))) — SBvs | < g,

B3l 2(05x) < q1||F (- w(sF,u3)) = F(, (- F, u3)) ||L2(0,t;x)

for 0 <t < T. Thus, we have

1Bv3ll12(0,6)

1

t 2
Sql{/ |F(z, w(z; F,u3)) - F(z, w(t; F,u)) ||sz}
0
t T 9 %
§q1ML{// ||w(s;F,u3)—w(s;F,u2)H dsdr}
0 JO
3
< @MLK (T)eK DM /T { / f ||Bu3—Bu2||Lzoxdsdf}
< qMLK(DE T VT [ [ 18t dsdf}
%
< (@MLK(D)K DM T { / / = 1By - Bl dedf}

1
t pt S2 2
5(qlMLK(T)eK(T)MLTZ«/—T)z< / / Eazsazr) 1Butz = Bunll 2(0,5x)
0 JO

t* 2
< (@MLK(T)eX (T)MLT? ﬁ)2 (ﬂ) IBuz — Bus [l 120 1:x)-
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By proceeding this process, and from the equality

”B("‘" — Ups1) ||L2(O,t;X)

= [|1BVall i2(0,x)

S

2 ne1 t2n—2
< (@MLK (T)N/TeK M) (24—(271—2)> 1Bua — Bur [l 12(0,1,x)

QUMLK (T)/TeK(DMLT? ¢
= | Bua — Buill12(0,4,x)s

n-1 1
V2 ) V(n=1)!

we obtain

o0
> 1Butir = Byl 20,0)

n=1

Rs (glML1<(T)ﬁeK<T)MLT2t>”
n=0

V2

1
X —=1Buz = Bu1 | 120,7:x) < 0©.

il

Thus, there exists u* € L(0, T; X) such that

lim Bu, =u* inL%*(0, T;X). (3.8)

n—00

Combining (3.6) and (3.7), we have

|67 = C(T)x0 — S(T)yo — SF(-, w(-F, u2)) — SBus ||

= |&r - C(T)x0 - S(T)yo - 3P(~, w(-F,uy)) - SBuy + SBv,

~

= S[F (- w(sF,u)) = F(, w(sF,m))] |
1 1
< ? + ? E.
If we determine v, € L?(0, T; U) such that

[S(F(wi Fow)) - E(w(sF,0) = 8Bva | < 5

then putting u,,1 = u,, — v,, we have
”ST - S(T)g - SF(: Z(';gyf: un)) - §¢Mn+1 H

1 1
< — 4 e+ g, }’121,2,....
22 2n+1

Therefore, for any € > 0 there exists an integer N such that

. . €
|SBun 1 — SBuyl|| < X
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and hence

|67 — C(T)x0 — S(T)yo — SE (-, w(-s F, un)) — SBun |
< |&r - C(T)x0 — S(T)yo — SF (-, (s F, un)) — SBun |

+ |18Bun 1 = SBuy |
1 1 £
< §+"'+W 8+§§8.
By a similar method, we also obtain
|&r - AS(T)x0 - C(T)yo - CF(-, (5 F,un)) - CBux| < &.
Thus, as N tends to infinity, the system (3.1) is approximately controllable on [0, T'].

Example We consider the following partial differential equation:

dzzt(zt'x) = Aw(t,x) + F(t,w) + Bu(t), 0<t,0<x<m,
w(t,0)=w(t,7)=0, teR, (3.9)
w(0,x) = xo(x), %W(O,x) =y(x), O<x<um.

Let X = L2([0, 7 ];R). If e, (x) = \/gsin nx, then {e, : n=1,...} is an orthonormal base for X.
The operator A : X — X is defined by

Aw(x) = w' (x),

where D(A) = {w € X : w,w are absolutely continuous, w € X, w(0) = w(rr) = 0}. Then

o0
Aw=>"-n*(w,e,)e,, we D(A),

n=1

and A is the infinitesimal generator of a strongly continuous cosine family C(t), t € R, in
X given by

o0
Cltyw= Z cosnt(w,e,)e,, weX.

n=1

Let us for g1 (¢, x, w, p), p € R™, assume that there is a continuous p(¢,7) : R x R — R* and
areal constant 1 < y such that

(g) &(4%,0,0)=0,

(82) la(@xw,p) —g(tx,w,q)| < p(& [w)lp —ql,

(83) 1g1(t:x, w1, p) — g1t %, w2, p)| < p(& Iwa| + [wal)lwr — wal.

Let

g, w)x = gi(t, x, w, Dw).
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Then noting that

|g(&w1) — g2, ws) ”é,z

< 2/ 16,5, w1, Dwy) — g1(t, %, wa, Dws) | du
Q
+ 2/ ’gl(t,x, wy, Dwy) — @18, x, wz,Dwz)’2 du,
Q
it follows from (g1)-(g3) that

gt w1) —g(t,wa) |5, < L{Iwillpeay, 171106 W1 = wall b,

where L(||w1 ||pay, w2 |l pay) is a constant depending on [|w || p) and [|[ws | pa). We set

F(t,w) = /[k(t - s)g(s, w(s)) ds,
0

where k belongs to L2(0, T).
Let U = X, 0 <a < T, and define the intercept controller operator B, on L2(0, T; X) by

0, 0<t<qa,
Bau(t) =
ut), a<t<T,

for u € L*(0, T; X) (see [10]). For a given p € L*(0, T; X) let us choose a control function u
satisfying

0, 0<t<aqa,
u(t) =
pt) + 75, Ct - 755 (t—a)p(355 (t— @), a<t<T.

T-a o

Then u € L*(0, T; X) and Sp = SB,u. From

o
P(—T_(XC —a)>
-o

T
< <1 + Ke*T T) 121 220,7:)5

1Battll 1200, 75x) = 2l 1200, 7:)

< pl2@rx) + KeT
12(a,T;X)

it follows that the controller B, satisfies Assumption (B). Therefore, from Theorem 3.1,

we see that the nonlinear system given by (3.9) is approximately controllable on [0, T.
O
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