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1 Introduction and preliminaries

1.1 Introduction

We consider a sequence of nonnegative, integrable functions g, : [-1,1] + R* defined by
the formula

& (x12",q) = fuxlg) | [ en(xlas q),

Jj=1

where a” = (ay,...,a,), functions f;, and ¢, defined by (1.16) and (1.14) denote respec-
tively the density of measure that makes the so-called continuous g-Hermite polynomi-
als orthogonal and the generating function of these polynomials calculated at points a;,
j=1,...,n. Naturally functions g, are symmetric with respect to vectors a®.

Our elementary but crucial for this paper observation is that examples of such functions
are proportional to the densities of measures that make orthogonal respectively the so-
called continuous g-Hermite (g-Hermite, n = 0 [1, Eq. (14.26.2)]), big g-Hermite (bqH,
n=1[1, Eq. (14.18.2)]), Al-Salam-Chihara (ASC, n = 2 [1, Eq. (14.8.2)]), continuous dual
Hahn (C2H, n = 3 [1, Eq. (14.3.2)]), Askey-Wilson (AW, n = 4 [1, Eq. (14.1.2)]) polynomials.
This observation makes functions g, important and, what is more exciting, allows possible
generalization of both AW integral and AW polynomials, i.e., go beyond n = 4.

Similar observations were made in fact in [2] when commenting on formula (10.11.19).
Hence one can say that we are developing a certain idea of [2].

Let us notice that this is a second attempt to generalize AW polynomials. The other one
was made in [3] by generalizing certain properties of generating functions of g-Hermite,
bqH, ASC, C2H and AW polynomials.
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On the other hand, by the observation that these functions are symmetric in variables
a we enter the fascinating world of symmetric functions.

The paper is organized as follows. Next Section 1.2 presents notation that will be used
and basic families of orthogonal polynomials that will appear in the sequel. We also present
here important properties of these polynomials.

Section 2 is devoted to expanding functions g, in the series of the form

(
ai(xla”,q) = A, (2", q)fulxlq) Y ~———hj(xlq),
= @

Tj(n) a(n)’ q)
J
where {/,} denote g-Hermite polynomials, {7}(")} are the sequences of certain symmetric
functions and finally {4} are the values of the integrals

1
f gn(x1a", q) dx,

1
and symbol (g); is explained at the beginning of the next subsection.

We do this effectively for n = 0,...,4, obtaining known results in a new way. In Section 3
we show that sequences defined above do exist, and we present the way how to obtain them
recursively. We are unable, however, to present nice compact forms of these sequences
resembling those obtained for n < 4, thus posing several open questions (see Section 3.2)
and leaving the field to younger and more talented researchers.

The partially legible, although not very compact, form was obtained for | _11 g5(x[a®), q) dx
(see (3.4)).

For g = 0, the case important for the rapidly developing so-called free probability, we
give a simple, compact form for f_ll g5(x|a®, 0) dx (see Theorem 2(ii)) paving the way to
conjecture the compact form of (3.4).

Tedious proofs are shifted to Section 4.

1.2 Preliminaries
q is a parameter. We will assume that —1 < g < 1 unless otherwise stated. Let us define
[01,=0,[nl;=1+q+---+q"", [n],! = Hj‘zl[j]q, with [0],! =1 and

[Vl]q!
n _ | emg g n>k=>0,
k . 0, otherwise.

We will use the so-called g-Pochhammer symbol for n > 1,

n-1

(ﬂ;CI)n = 1_[(1 - ﬂqj);

j=0

n
(al) Ay ..., q; Q)n = l_l(ﬂ]) q)n,
j=1

with (a;9)o = 1.
Often (a;q), as well as (ay,ay, ..., ar; q), will be abbreviated to (a), and (ay,as,...,ar),
if that will not cause misunderstanding.
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It is easy to notice that (), = (1 - ¢)"[n],! and that

(Dn
["] - { D "2KkZ0, (11)

k . 0, otherwise.

The case g = 1 will be considered only when it might make sense and will be understood

as the limitg — 1°.

Remark 1 Notice that [n]; = n, [n];! = !, [,’:]1 = (Z), (@;1),, =1 —-a)" and [n]o = {1 ifnz1,

0 ifun=0,
mlo!=1,[}], =1 for 0 <k <m (@0),={}_, =%

We will need the following sets of polynomials.
The Rogers-Szego polynomials that are defined by the equality

k=0

wilxlg) =Y [Z] #* (12)
q

for n > 0 and w_;(x|g) = 0. They will play an auxiliary role in the sequel.
In particular one shows (see, e.g., [4]) that the polynomials defined by

hu(x1q) = €™ w,(e*"1q), 1.3)
where x = cos 0, satisfy the following 3-term recurrence:

i (%1q) = 2xh,(x1q) — (1= ¢") s (x1q), (1.4)

with /1_1(x|q) = 0, ho(x|q) = 1.
These polynomials are the so-called continuous g-Hermite polynomials. A lot is known
about their properties. For good reference, see [1, 4] or [5]. In particular we know that for

lg] <1,

sup |, (x19)| < wy(1lg).

Jx]<1

Remark 2 Notice that /,(x|0) equals the nth Chebyshev polynomial of the second kind.
More about these polynomials, one can find in, e.g,, [2]. To analyze the case g =1, let us
consider rescaled polynomials /,, i.e., H,(x|q) = h,(x/T—q/2|q)/(1-g)""?. Then equation
(1.4) takes a form

Hyi(xlq) = xH,(x1q) — ["l]an-l(xW),

which shows that H,,(x|q) = H,(x), where {H,} denote the so-called probabilistic Hermite
polynomials, i.e., polynomials orthogonal with respect to the measure with density equal
to exp(—x%/2)/+/2m. This observation suggests that although the case ¢ = 1 lies within our
interest, it requires special approach. In fact it will be solved completely in Section 3. For
now we will assume that |g| < 1.
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In the sequel the following identities discovered by Carlitz (see Exercise 12.3(b), (c) of
[4]), true for |q], [t] < 1,

> Wk(llq)t" 1 o~ Witk ()0
= —, —_ = , 15
) P RN D 7 Y _

will enable us to show absolute and uniform convergence of practically all series consid-
ered in the sequel.

We have also the so-called linearization formula [4, Eq. (13.1.25)], which can be dated
back in fact to Rogers and Carlitz (see [2, Eq. (10.11.10)] with 8 = 0 or [6] for Rogers-Szegd
polynomials), as follows:

min(n,m)
Il hn(ela) =Y m H G — (16)
= L/,

that will be our basic tool.
We will use the following two formulae of Carlitz presented in [7] that concern proper-
ties of Rogers-Szego polynomials. Let us define two sets of functions

Gulxla,g) = 3 2 @ -

m=>0

Donm(®, 11, q) = Z( k(31w 719),

k>0

defined for |x|,|y| <1, |a| <1 and 1, m being nonnegative integers. Carlitz proved ([7, Eq.
(3.2)], after correcting an obvious misprint) that

Cn(x|a! 61) = é'o(x|ﬂ»61)ﬂn(x|ﬂﬂ)y (17)

o(xla,q) = (1.8)

(a,a%) ’
where functions u, are polynomials that are defined by
n " '
tn(xla,q) =y [ } (@), (1.9)
Jj=0 / q

and that ([7, Eq. (1.4)], case m = 0 also given in [4, Exercise 12.3(d)])

mn(x’yla’q) - m (ﬂx)/(ﬂy) (xyﬂ)kﬂ k.
. —x”‘ - (1.10)
)"00 X, |ﬂ q ]ZOkZ; |:ki| |:] i|q (xyaz)kﬂ 4
with
(xya?)
Moo (% yla, q) = 4 oo 1.11)

(a,ax,ay,axy)s

It is elementary to prove the following two properties of the polynomials 1, hence we
present them without proof.
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Proposition 1

x”un(x’lm,q) = |:ni| (—a)jq(é)wn_j(xm), (1.12)
o L1,
walxlg) =) m a2 i (27 a,q). (1.13)
k=0 q

To perform our calculations, we will also need the following two functions.
The generating function of the g-Hermite polynomials that is given by the formula below
(see [1, Eq. (14.26.1)]):

j
onxlt ) LS T y(xlq) -

1
_ 1.14
j>0 (9); [ T2 vixltg) (114)

where v(x|t) = 1 — 2tx + t2. Notice that v(x|t) > 0 for |x| <1 and that from (1.5) it follows
that series in (1.3) converges for |¢| < 1. Notice also that from (1.5) it follows that

sup @i (16, q) = 1/(1¢])2,. (1L15)

lx]<1

The density of the measure with respect to which polynomials /1, are orthogonal is given
in, e.g, [1, Eq. (14.26.2)]. Following it we have

1
/ el el 410) = (),

where §,,, denotes Kronecker’s delta, and

N ,
Sulxlg) = 2(6])‘”% [ [!xld), (1.16)

k=

—

where [(x|a) = (1 + a)? — 4ax®. Notice that

sup (%, q) < 2(q)oo(-)2 /70, 1.17)

x| <1
following (1.16) since I(x|q) < (1 + g)* for |x| < 1.

Remark 3 We have
fu(x]0) =241 - x?%/7, on(x|a, 0) :1/(1—2ax+a2)
for |x|, |a| <1.
After proper rescaling and normalization similar to the one performed in Remark 2, the

case g =1 leads to

exp(-#2/2)/+/27, exp(ax — a*/2)
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for x,a € R, as respectively the density of orthogonalizing measure and the generating

function. For details, see [8] or [9].

2 Main results
Since in our approach symmetric polynomials will appear, let us introduce the following

set of symmetric polynomials of k variables:

k-1
SOa,..,alg) =Y L‘l,.--,n—Zl } a e af T, (21)
Jiseefi-120 m=1 q

Ji+eHjk-1=n

where we denoted by [j1,/2,...,1 — Zm 1Jmlq the so-called g-multinomial coefficient de-

fined by [11, ..., g = (@ mysernm! [ Lot @y -

Remark 4 Notice that quk)(al, cenaill) = (le;l a)".

P b : . (@Dn _ n! . D
roof Obvious since R — lg=1= o T ot
Proposition 2 Let g € (-1,1), then:
(i)
t" 1
_S(k)(alr oHa k|q) = (2.2)
g (@) " 1_[] 1(a; t)oo
(i) Forl|t|<landVj=1,...,k,
" | n
Sff)(al,...,dqu) = Z |:m:| Syn)(dln.-,ﬂj)SE,k__yL)(ﬂjJrh-..,ﬂk|Q)~ (2.3)
m=0 q

Ifq=1, then

k
tn
) - -
g n!S” (a1,...,ak|1) = eXP<tZ“J>'
(iii)
n
|S(ay, ..., aklg)| < <1m<;a<)§(|ﬂi|> s9,...,1lq).

Proof (i) Notice that

... k-1 H—j1—=+—jk-1
Z (t) $®(a,.. ;ﬂkM)_Z Z (tar) k_(fdk—ly (tax) '

n>0 n>0 11,...,]k 1=0 nm:o(Q)im(Q)n—h—---—ik
i+ tjk-1=n

Secondly recall that (ﬂ} Z/>0 o Now the assertion is easy. (ii) follows either from

direct calculation or (i) and the properties of generating functions. (iii) We use (2.1). [
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Recall (i.e., [4] or [1]) that there exist sets of orthogonal polynomials forming a part
of the so-called AW scheme that are orthogonal with respect to measures with densities
mentioned below. Although our main interest is in providing a simple proof of the so-
called AW integral, we will list related densities for better exposition and for indicating
the ways of possible generalization of AW integrals and polynomials.

So let us mention first the so-called big g-Hermite polynomials {/,(x|a,g)},>_1 whose
orthogonalizing measure has density for |a| < 1. The density f,, of the orthogonalizing
measure has a form (see [1, Eq. (14.18.2)]) which can be written with the help of functions
fn and ¢y, namely

Son(xla, q) = fi(x|q)pn(xla, 9), (2.4)

1
/ sk, )1, )il ) = 0 (2.5)

The form of polynomials /,(x|a,q) and their relation to g-Hermite polynomials is not
important for our considerations. It can be found, e.g., in [1, Eq. (14.26.1)] or in [10, Egs.
(2.11), (2.12)]. So, for the sake of completeness, let us remark that from (2.4) it follows
immediately that for |x| <1, |a| <1,

fon(xla,q) fh(xW)Z( (el

n=>0

Here and below, where we will present similar expansions, convergence is almost uniform
since all these expansions are in fact the Fourier series and that the Rademacher-Menshov
theorem can be applied following (1.5).

Let us notice immediately that following (2.4) we have

1
/1 hy (x| fon(x\a, q) dx = a”.

Secondly let us mention the so-called Al-Salam-Chihara polynomials {Q(x|a, b, q)},>-1
that are orthogonal with respect to the measure that for |a|, |b| <1 has the density of the
form (compare [1, Eq. (14.8.2)])

Joxla, b, q) = (ab)oofi(x|q)@n(xla, q)on(x|b, q). (2.6)

We have the following lemma that illustrates our method and we will give a very simple
proof of the well-known Poisson-Mehler formula as a corollary.

Lemmal For |x| <1, |al,|b| <1, we have

00 (2) (a,b)

folxla, b,q) fh(xW)Z > @ . (2.7)
]

Proof Following (2.6) and (1.14) we have

foxla,b,q) = (@h)scfixlg) Y — @ ( @ D).
j,k=0 i1
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Now we use (1.6) and (1.1) and change the order of summation to get

a] mbk m

1 k+m—k(x|q)

Jolxla, b,q) = (ab)sofn(xlq) Z(ab) Z (

m=>0 jk>=m

q)} m(q k—m

b a'b
 (@b)filsl) L T S o)

m=>0 n,i>0

=) = ! (’M) 3 H ab -
q

s>0 n=0

As an immediate corollary of our result, we have
1
/ hu(xq)fo(xla, b, q) dx = SP(a, blq). (2.8)
-1

Remark 5 Let a = pe’”, b = pe™™ and denote y = cos 5. Then
(i) S7(ablg) = p"hu(ylg),
(ii) vixla)v(x|b) = (1- p*)* = dxyp(1 + p?) + 4p>(x* + y°).

Proof (i) is an immediate consequence of (1.3). (ii) We have v(x|a)v(x|b) = (1 — 2pxe™ +
p2e?M(1 - 2pxe™ + p2e~2M), O

As a slightly more complicated corollary implied by Lemma 1, we have the following
famous Poisson-Mehler (PM) expansion formula.

Corollary 1 For |x|,|y| <1, |p| <1, we have

(p*)ss
[T - quZk )> = 4xypq (1 + pq*) + 4p>q* (x* + y*)

-y 2 @ L sl ). (2.9)
q)j

j=0

Proof We take a = pe', b = pe~"" and denote y = cos . Now we use (2.6) and Remark 5(ii)
to get the left-hand side multiplied by f;,. Then we apply Lemma 1 and Remark 5(i) to get
the right-hand side of our PM formula also multiplied by f;,. Finally we cancel out f;, which
is positive on (-1,1). O

Remark 6 The calculations we have performed while proving Lemma 1 are very much
like those performed in [4] while proving Theorem 13.1.6 concerning the Poisson kernel
(or Poisson-Mehler) formula. There exist many proofs of the PM formula (see, e.g., [11]
or a recently obtained very short one in [12]). In fact formula (2.9) can be dated back to
Carlitz who in [13] formulated it for Rogers-Szeg6 polynomials. The one presented above,
which seems to be one of the shortest, was obtained as a by-product and, as it has already
been mentioned, is almost the same as the one presented in [4].

Notice that considering (2.8) with a = pe™, b = pe™ and y = cos ) leads in view of Re-
mark 5(i) to

1
/ In(xlao(sla,b,q)d = "yl
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a nice symmetric formula that appeared in [14] in a probabilistic context. Its probabilistic
interpretation was exploited further in [8].

Third in our sequence of families of polynomials that constitute AW scheme is the so-
called continuous dual Hahn (C2H) polynomials. Again their relationship to other sets of
polynomials is not important. From [1, Eq. (14.3.2)] it follows that the density of measure
that makes them orthogonal is given by the following formula:

Jer(xla, b, c,q) = (ab, ac, be)ofy(x|q)pn(x|a, ) en(x|b, @)pn(xlc, q).
We have the following lemma.

Lemma 2

o (a, b, clq)
fer(xla, b,e,q) = filxlg) ) i)
n>0 n

where

6,(13)(4,b,c|q) = Z |:n:| q(é) (—abc)jS,(f_)j(a, b, c|q). (2.10)
=0 L 1q

Proof Proof is shifted to Section 4. O

Remark 7 Notice that for |f]| <1,

(abct) o
;( )n (a,c,b|q) (at,bt,ct) o

Proof Using (2.10) we have

Z( ) (ﬂ’C»bVI) = Z( ) Z|: :| q(Z) Ile)]S (Il,b C|q)

n>0 n>0

Z( —abcty (1)2() S (a,b,clq).

=0 (q); .

Now it remains to change the index of summation in the second sum, use (2.2) and use
oo (-abcty J _
the fact that Z;‘:o o q(z) = (abct) . a

Corollary 2 For |al,|b|,|c| <1,

1
/ hy (x| feu(xla, b, ¢, q) dx = 0(3)(a,b,c|q).

Proof Elementary. 0

The fourth family of polynomials that constitute AW scheme are the celebrated Askey-
Wilson polynomials. Again their form and relationship to other families of polynomials

Page 9 of 19
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of AW scheme are not important for our considerations. Recently a relatively rich study
of these relationships was done in [10], hence it may serve as the reference. We need only
the form of AW density. It is given, e.g., in [1, Eq. (14.1.2)] and, after necessary adaptation
to our notation, is presented below,

(ab,ac,ad, bc,bd, cd) s
(abcd)

X fu(xla)on(xla, @)on(x|b, q)on(x\c, g)on(xld, q)

faw(xla,b,c,d,q) =

for |x| <1, |al, ||, |c|, |d| < 1. Our main result concerns this density and is the following.
Theorem 1 For |x| <1, |al,|b|,|c|,|d] <1,

a,b,c.d
Sfaw(xla, b, ¢, d, q) = fulx|q) Z %

n>0

hn(x14), (211)

where

“An| (bd);
o\Na,b,c,d|q) = {} (bdl)-Sf*)f(b’dM)
im0 j . aoca);

J ,
J k j—k
X b d)i_xd™, 2.12
Z[k} (ch)ra”(ad);_rc (212)
k=0 q
are symmetric functions of a, b, ¢, d.
Proof Proof is shifted to Section 4. O

As immediate corollaries we have the following fact.

Corollary 3 For max(|al,|b|,|c|,|d]) < 1,

1
/ hy(X)faw (x|a, b, c,d, q) dx = 0'},([4)(61, b,c,d|q). (2.13)

1

Proof Follows directly from (2.11). O

Remark 8 Notice that from (2.11) in fact the value of AW integral follows since we see
that /_11 faw (x|a, b, c,d|q) dx = 1, which means that the integral

1t lxlq")
— d
2 /_1 V1-a? 11 V(alaq")vixlbg")visleqvixldg™)

_ (abcd)
" (gq,ab,ac,ad, bc,bd, cd)s

(2.14)

Equation (2.14) is nothing else but the celebrated AW integral. Notice also that recently
there appeared at least two papers [15, 16] where (2.14) was derived from much more
advanced theorems.
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Remark 9 Notice also that (2.13) allows calculation of all moments of AW density. This
is so since one knows the form of polynomials /,. Moments of AW density were calcu-
lated by Corteel and Williams in 2010 in [17] using combinatorial means. For complex
a, b, ¢, d but forming conjugate pairs, this formula was also obtained independently
about the same time. Namely it was done in [9] where also an elegant expansion of
o (p1e”, pre=iM, pret?, pre?|q) in terms of h,(y|q) and h,(z|q), where cos ) = y and cos 6 =
z, was presented.

3 Generalization and open questions
3.1 Generalization
The results presented above allow the following generalization. The cases || <1land g =1
will be treated separately. First let us consider |g| < 1.

Let us denote a® = (ay,...,ax), k = 0,1,.... We will assume that |x| < 1 and that all pa-
rameters a; have absolute values less than 1. Let us denote

ai(xla",q) = fuxlq) | [ onxlai, @),
j=1

where functions f;, and ¢;, were defined by (1.16) and (1.14) respectively.
We remark following (1.15) and (1.17) that

2

for |x| <1,and |a;| <1forj=1,...,n

We have the following general result.

Lemma3 Foreveryn > 0, thereexist A,(a", q) a symmetric function ofa™ and a sequence
of symmetric in a™ functions {T/(")(a(”), }j=o such that for |ai| <1, k=1,...,n,

&i(xla”,q) = 4,(a", q)f x|q)2 hj(x|q)- (3.2)

j=0

Moreover,

Y (17 (2", q))” < 0. (3.3)

j=0

Proof Let G = Ly({-1,1), F,fy) be the space of functions 4 : (-1,1) + R such that
f_ll h?(x)fy(x|q) dx. Notice that this space is spanned by the polynomials {/;(x|g)};>o.
Visibly, under our assumptions and by (1.15), l—[]’f=1 op(xla;,q) € G. Now notice that
{Tj(")(a(”),q)}jzo are coefficients of the Fourier expansion of the function ]—U’:l on(xlai, q)

in G with respect to {/;(x|q)};>0. Since

/fh(xlq)z () h(xlq)dx 1

j=0 Dj
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A,(a", q) is the value of fjl 2:.(x|a"™, q) dx. Inequality (3.3) follow properties of the Fourier
expansion, more precisely Perseval’s identity. The fact that A, and {Tj(") }j=0 are symmetric
follows the observations that ]_[]’7:1 on(xla;, q) is symmetric. (I

Using formula (1.9) we can write g, in the following way where 4; are g-Hermite poly-

nomials defined by (1.4). Functions 4,(a",g) and {Tj(") (a", q)}j=0 have the following in-
terpretation:

[ bl wia.q)ds = 4,0, 0) 1 0.0
[-11]

for n,j > 0.
We have the following easy proposition giving recursions that are satisfied by functions
A, and T;m

Proposition 3 Let us define a new sequence of functions {Hy(a", q)} =0 of n variables as

follows:
a, T0=D) (=D 2y _ fn) (o) a, T0=D) (=D )
27, T @) = e q)mzzow @)
Then
(i)
An(a("),q) =An_1(a(" 1) q) Z ay T(n—l) (a(n—l)’q)’
m=>0 (q)m
(i)
Jj T,
-] e aar
s=0
Proof Proof is shifted to Section 4. g

Remark 10 The integral f_ll g.(x|1a", q) dx was calculated in [18] (see also Theorem 15.3.1
n [4]) by combinatorial methods. The obtained formula is, however, very complicated. Be-
sides, the above mentioned Theorem 15.3.1 of [4] does not provide expansion (3.2) which

is automatically obtained in our approach.

Remark 11 Notice also that following Proposition 3(i) we get for |a;| <1,j=1,...,5,

1 4 Voo '
/1g5(x|a(5),q) dx = @ (Il ) Z(iﬁj(@(abﬂz»ﬂs,mkl)' (3.4)

ool_[1§k<m§4(akam)oo j>0 q)/

For g = 0 the calculations presented in (3.4) can be carried out completely and the con-
cise form can be obtained. This is possible due to the following simplified form of (2.12).

Theorem 2 Under |a;| <1,j=1,...,5, we have
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(i)

0,24)(!11;612, as,ay)0)

(1 -axd)1 - 41614)6{

(3)
S (ag,as,aq|0
(1= aytraada) 38,1 (a2, a3,a4|0)

= 8§ (ag,a4|0) +

(1-asas)(1 - asa,)

(3)
a1 S, (ay, az, a4]0)
(1 -aazazas) -

(1 - aza4)(1 - aza3)(1 — ajas)aras a
n_z(al; az, a3, as |O)1

(1 -masasaa)

(i)

! 5) 1- xa(a®) + x5(a®) x1(a®) - x2(a®)
g5 (x|a , 0) dx = ,
1 H1§j<k§5(1 - aja)
where x1,..., x5 denote respectively first five elementary symmetric functions of the

vector a(S)' Thdt iS, X/(a(k)) = ZlSn1<n2~-<n/Sk Hjm=1 anm'
Proof Proof is shifted to Section 4. O

For g =1, the problem of finding sequences A,(@"|1) and {Tj(")(a("), 1)}j>0 can be solved
completely and trivially. Namely we have the following.

Proposition 4

A,,(a(n)|1):exp( Z a]ak>,

1<j<k<n

()

Proof Using Remark 3 we get

n n
gn(Xla("),l) = exp(—xZ/Z +x2aj - % Za?) /\/27-[
j=1 j=1

rorli((8) -54)
ceol-eera- (5] )

= exp( > a;ak) eXin/z) > Zk luk Hj(x). 0O

1<j<k<n j=0

3.2 Unsolved problems and open questions
3.2.1 Questions
+ What are the compact forms of functions {Tj(")(a(”), q)}j=0n=5 and {A,@", D}nzs5?

Page 13 0of 19
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« What are the compact forms of these functions for g = 0 (free probability case)?
« Following formula for f_ll g5(x[a®,0) dx given in assertion (ii) of Theorem 2 is it true
that

g5 (x|a(5),q) dx =

/ ! (xa@®) = x5:@*) 1 (@®) + 3@,
-1 H1§j<k§5 (@jaic)oo

Notice that for a5 = 0 it would reduce to AW integral.
It would be valuable to get values {A,(a",q)} for n = 8,12 and so on for complex

.

values of parameters a” but forming conjugate pairs. It would be also fascinating to
find polynomials that would be orthogonalized by densities obtained in this way.

This problem follows the probabilistic interpretation of Askey-Wilson density
rescaled with complex parameters. Such an interpretation of finite Markov chains of
length at least 3 was presented in [9, 10]. Let {X3, X3, X3} denote this finite Markov
chain. Recall that then AW density can be interpreted as the conditional density of
Xl X1, Xs.

It would be exciting to find out if, for say n = 8, a similar probabilistic interpretation
could be established. That is, if we could define five-dimensional random vector
(X1, ..., X5) with normalized function gg(x|a®, ) as the conditional density X3|Xi, Xo,
X4, X5. Note that then the chain (X3, ..., X5) could not be Markov.

Similar questions apply to the case n = 12,16, ....

3.2.2 Unsolved related problems and direction of further research
1. In [2] we find Theorem 10.8.2 which is due to Gasper and Rahman (1990) and which
can be stated in our notation. For max;<j<s 4| <1, |g| <1, we have

1 @p (| n,il a;,q) H15j<k55(“j“k)oo '

/1 g(xa®,q) dx Hf:l(niﬂ,k;z/“k)oo

This result suggests considering the following functions:

[T, on(xlai,q)

Gy (12", b, q) = fi,(%lq) =,
( )=/ [T en(xlbi, )

where a” and b are certain vectors of dimensions respectively # and m, find its
integrals over [—1,1] and expansions similar to (3.2).

2. Recently a paper [19] on g-Laplace transform, where many analogies to ordinary case
were indicated, has appeared. What would a g-Laplace transform of the distributions
that were considered above be?

4 Proofs
Proof of Lemma 2 We have

Ck
———h, h,, I
@n (@D (@ e melr ) medr)

1 ) = " [
" (ab)ee : « Z—Z[klcksg)ﬂ_k(“’mql
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Since obviously quz)(a, blq) = a"w,(bla|q), we get

a” bk
Z (@) (@ (@) ——hu (%l q) i (x| q) i (x] q)
k,n,m=>0 n m k

o Z

Z @ Z[ } Fam . i (blalg)

m=0

(Q)/

I iy (a0)”
(ab 5 (M)ZH ka,kz%wmﬂ-_k(b/alq).
m=0 m

jz0 9
Now we apply formula (1.7) and get
no pm k

> (a) ” (c) T el (51 P x1)

k,n,m=>0

hi(xlq) < k 1
~ (ab, bc,ac)m; (9); kXO:|::| o Mi_k(b/dlac’q)(bc)oo(bc)oo

a2 23] () GYnl(5) )

Now we use (1.12) and Proposition 2(ii) and get
c

a
——h, h,, Iy
kvaWlZO (@Dn (@D (@ @ hm (x| i (x]q)

l’l B .

j=0 (q)f lO_

nopm k

h(xlq) _1‘_ “y ! (“ )
2 b'wii|
- bc,ac Z kz(; _k_q( ac)kq ;{: q Wik blq
PR hy(*lq) XI: U (- ac)kq(z)]i:[ } W, (alblq)
~ (ab, bc, ad)e = @i 13 _k_q =0

J oI j=k T,
hj(xlq) J k(%) J=k| ke
—ab 2 SRS (a, blq).
(ab bc,ac)oo 20: @), kX:O: k (—abc)q mZ=O " qC pd C2117)] 0

Proof of Theorem 1 Applying (2.7) we get

at b & d
S T (xlg) g (1) (xlg)
k,n,m,j=0 9
_ 1 S (@, b)) (¢, d)
- (ﬂb’ Cd)oo m (q)m(q)k

hm(xlq)hi(x|q)
k>0
1 52a,b)S (¢, d)
- ((lb, Cd)oo Z (q)m(q)k

m,k>0
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min(m,k)
x Z [ } H Djhom k(1)
q q

(acy a" I w,,(blalq)wi(d/clq)
((lb Cd)oo ZO: (61)/ Z (9) —}(q)k—}

hm_jek—j(%1q),

m,k>j

and further

a” b & d
—h i h h;
2 T o T Gy D Sl e
a’ct Wsyj b/6l|q Wt+1(d/C|q)
(db Cbi,’)oo ; (q)] S;) @)s(q). hsi(x]q)

#(xlq)
~ (ab, cd)oo Z Z

= @ = @

- n
<y [ k} a* "y (blalg)wy.i(dlclg)
k=0 q

n>0 Dn k=0

~ 1 hy,(x|q) “ | n & nek
_(ab,Cd)ooZ ( Z|:k:|qﬂc

X Z ( )}Wk+;(b/ﬂ|q)W1+n k(d/CW)
=0 (@)

Now we apply Carlitz formulae (1.10) and (1.11) to get

a® bk
Z o @n @ (@) (q); h (X q)hm (%l hic(xlq)hj(x1q)

— (dde)oo h,,(x|q) 1 n & nk
~ (ab,cd, ac, bc,ad, bd) X(; @)n kXO: P
n> - q

Sk [n=k| (ch)slad) (bd)ses (BN ("
XZ S . t g (ade)sH <;> <;>

s=0 t=0
~ (abed) oo Ba(xlq) | 7
N (ﬂb, Cd7 ('ZC1 bc,ﬂd, bd)OO X(; (q)ﬂ Z k
nx k=0 q
L (cb)s(ad),(bd)
s t S+t sy k—s t gn—k—t
> ———a'b"dd .
; t=0 |:S:| |: :|q (ade)SH

Thus it remains to show that for every n > 0,

" k nk n—k| (chb)s(ad).(bd)s.: spk—s t gn—k—t
Z|::|Z |:S:| |: anb cd

s=0 t=0

q
|:I/l:| (bd)1 _1(b d| )Z|: :| (Cb)kuk(ad)/,kcf—k.

J

j=0
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This fact is a result of the following calculations:

" STk [n=k| (eb)ad)bd)se ooy s i
S EE[ ] e

k=0 s=0 t=0

O CON O RN PR
= b"~d
D N P R T P D [ }

5,t>0,5+t<n k=svn-t

_ Z (Dn (cb)s(ad)y(bd)s. St
Ds @D @Pn-s—e  (abcd)s.,

$,t>0,5+t<m

x f |:}'l —t- S:| bmdn—s—m—t
q

m=0Vn-t-s m

(q)n (cb)s(ad) (bd)s. &t (2)
— st (b, d|q).
2 Do DeDnss  (abed)se noi-s(brdlg)

$,t>0,5+t<n

Now we introduce new indices of summation j = £ + s, k = s. We have then

Z (@)n (cb)s(ad),(bd)s. ) (b,dlq)

(q)s(q)t(q)n—s t (abcd)s.y .

5,t>0,s+t<nm

_Z|: :| (abc d) ‘1(b d| )Z|: :| (Cb)kﬂk(dd)j_kcj_k.
q

k=0

O

Proofof Proposition 3 Notice that for # = 0 our formulae are true since we have g (x|a;,g) =
Sixlg)on(xlar, @) = fix19) o o Hn(lq). So T (@1, 9) = &f" and Ay(a1,g) = 1. Next no-

q)m
tice that

(n+1)

g (%12, q) = g, (%2, @) on(x| i1, ),

where we understand a®™ = (ay, ..., d,, dyu.1). SO by induction assumption the left-hand

side of (3.2) is equal to

(”H'l) a(n+1)

)
A (8, i) Y D i)

jz0
while the right-hand side to

’ ) n+
a)fil®la) Z ( - ”; T2 e g (xlg).
Jk=0 }

We apply again (1.6) to get

7" (@", g)at,

< "™ hix|g)h
@ @x (x| g) hi(xlg)

jk=0

_Z (a ’q)dnHIXAk: k j Dl (|)
m , m qqm1+k—2qu

Frer SR UG —
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ak= mT(Vl)( q)

_ n+l ! ’ h‘+ o
;ﬁM;<WM) pecan 1)
Z n+1 Z n+1 t+m ( ) fI) (xlq)
S @n s (@sla) P

Next we introduce new indices of summation r = s + t and j = s and get

T (@,
J—L—EJEhmmmu@
= @ik
n+l x|61) a] T(") 4 i

,;)(q)m;): (@)r ;):|:}:|q n+l W,H_](a ,q)

3 hrlxlg) ; n+
:Z - Z . n+1Z 1Tm+r_1 )’q)

r=0 (q)r j:0 m>0(
Y Bt gy ) S 1) [r} ) ()
= Tm (a »61) , d/m_ Hr—'(a ,q)
mZO(q)m ; (@D ; j , 11
An+1(a ’q) x'q
a] H (n), )
An(a rq) Z (q)r ;):|:]:|q n+l r—/( q) .

Proof of Theorem 2 We use (2.12) and utilizing Remark 1 we get

n

1-
o(a,b,c,d|0) = SP(b,d|0) + ( bd ZSn]baﬂq

j-1
x ((1 —ad)d +(1-cb)a + (1 - cb)(1 - ad)acy ak"lcj"l‘k>.

k=1
And further

(1-bd) <

(4) _ ¢@
o®(a,b,c,d|0) = S?(b,d|0) + o ahed) 2 Zs ) (b,d|g)((1 - ad)d + (1 - cb)d/

+(1-ch)1 - ad)ach_2 (a, c|0))

(1-bd) <

= S?(b,d|0) + [ —abed) ZS D.(b,d|g) (1 - ad)d + (1 - cb)d)

(1 bd)1 - cb)(1 - ad)ac <
(1 - abcd)

> 5P bdig)s?) a,cl0).
j=2

Now we use formula (2.3). Then we replace a by a;, b by a, and so on. Finally we use
formulae (3.4) and (2.2) remembering that (0),, = 1 leads to our integral formula. O
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