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An iterative algorithm for solving the variational inequality and the generalized equilibrium problem has been introduced.

Convergence result is given.

1. Introduction

Let H be a real Hilbert space with inner product (-,-) and
norm | - ||, respectively. Let C be a nonempty closed convex
subset of H. Recall that a mapping A : C — H is said to be

(i) nonexpansive & [|[Au—Av| < |u—v|, forallu,v € C
(we use Fix(A) to denote the set of the fixed points of
A);
(ii) firmly nonexpansive & [[Au — AV < (u—v,Au -
Av), forall u,v € C;
(iii) L-Lipschitz < there exists a constant L > 0 such that
|Au - Av| < L|lu - v|, for all u, v € C;

(iv) monotone & (u — v, Au— Av) > 0, forallu,v € C;
(v) strongly monotone & there exists a constant v > 0
such that (u—v, Au—Av) > v||lu — v|*, forallu, v € C;
(vi) inverse strongly monotone < there exists { > 0 such
that (u — v, Au— Av) > {[|Au — Av|% forall u, v € C;
(vii) ¢-inverse strongly ¢-monotone & (p(u1) — p(v), Au —

AvY > (|Au— Av|?, for all u,v € C and for some
{ >0, where ¢ : C — C is a nonlinear mapping.

If A is a multivalued mapping of H into 2", then A is said to
be a monotone operator on H & (x — y,u —v) > 0, for all
x,y € dom(A),u € Ax,and v € Ay. A monotone operator A

on H is said to be maximal if and only if its graph is not strictly
contained in the graph of any other monotone operator on H.

Let A, B, and ¢ be three nonlinear mappings on C. Let
0 : CxC — R be abifunction. Recall that the equilibrium
problem is to find x" € C such that

Q(XT,)/) + <AxT,y - xT> >0, VyeC. )

The solution set of (1) is denoted by EP(6, A). Now we know
that the equilibrium theory provides us a natural, novel, and
unified framework to study a wide class of problems arising
in economics, finance, transportation, network and structural
analysis, elasticity, and optimization. For related works, please
refer to [1-3] and the references therein.

Recall also that the variational inequality problem is to
findu € C, ¢(u) € C such that

(Bu, ¢ (v) — ¢ (w)) =0,

The solution set of (2) is denoted by VI(B, ¢, C). It is well
known that variational inequality theory has emerged as an
important tool in studying a wide class of obstacle, unilateral,
free, moving, and equilibrium problems arising in several
branches of pure and applied sciences in a unified and general
framework. Several numerical methods have been developed
for solving variational inequalities and related optimization
problems. For related works, please see [4-14]. Noor [15]

Ve (v) € C. @)


https://core.ac.uk/display/205632735?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

introduced an iterative scheme and studied the approximate
solutions of variational inclusion in Hilbert spaces. Glowinski
and Le Tallec [16] used the iterative schemes to find the
approximate solutions of the elastoviscoplasticity problem,
liquid crystal theory, and eigenvalue computation. In 1998,
Haubruge et al. [17] studied the convergence analysis of the
iterative schemes of Glowinski and Le Tallec and applied
these schemes to obtain new splitting-type algorithms for
solving variational inequalities, separable convex program-
ming, and minimization of a sum of convex functions.

Our main purpose in the present paper is to solve the
following equilibrium problem and variational inequality
problem: finding a point x" such that

x'evIi(B,¢.C), ¢(x")eEPOA). ()

Our main motivations are inspired by the following two
reasons.

Firstly, it is still an interesting topic for solving the varia-
tional inequality problem and the equilibrium problem based
on their applications in science and engineering. Secondly,
the split problem of finding a point X such that

$(x")eD 4)

has received much attention. For related works, please refer
to [18-20]. However, we observe that the involved operator

x'ecC,

¢ in (4) is a bounded liner operator. In this paper, we
devote to study the problem (3), where the transformation
¢ is a nonlinear mapping. For this purpose, we introduce a
new iterative algorithm. Consequently, strong convergence
analysis is demonstrated.

2. Preliminaries

In this section, we recall some useful lemmas.

Recall that the metric projection proj. H —- C
satisfies [[u — projul = inf{llu — v| y € C}. The
metric projection proj. is a typical firmly nonexpansive
mapping. The characteristic inequality of the projection is
(u — projcu, v — projou) <0, forallu € H,v € C.

Assumethatf : CxC — Risabifunction which satisfies
the following conditions:

(C1) O(u,u) =0, forallu € C;

(C2) 6 is monotone; that is, O(u, v) + O(v,u) < 0, for all
u,v € C;

(C3) foreachu,v,w € C, limthG(tw+(l —-tu,v) < 0(u, v);

(C4) for each u € C,v — 6O(u,v) is convex and lower
semicontinuous.

Lemma 1 (see [2]). Let C be a nonempty closed convex subset
of a real Hilbert space H. Let 6 : C x C — R be a bifunction
which satisfies conditions (C1)-(C4). Let T > 0 and u € C.
Then, there exists w € C such that

9(w,v)+l(v—w,w—u)20, Vv e C. (5)
T

Further, if S,(u) = {w € C: O(w, v) + (1/1)(v—w,w—-u) >0,
for all v € C}, then the following hold:
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(a) S, is single-valued and S is firmly nonexpansive;
(b) EP(0) is closed and convex and EP(0) = Fix(S,).

Lemma 2 (see [21]). Let {x,} and {y,} be bounded sequences
in a Banach space X and let {,} be a sequence in [0, 1] with
0 < liminf, _, #, <limsup, _, 1, < 1. Suppose that x,, ., =
(1=1,) ¥, + 1%, for alln > 0, and lim sup,, _, . (1 ¥,41 = ¥l -
llx,.1 — x,I) <0. Then, lim,, _, |y, — x,ll = 0.

Lemma 3 (see [22]). Assume that the sequence {a,} satisfies
a,>0anda,,, <(1-v,)a,+g,v,, where{v,} is a sequence
in (0,1) and {c,} is a sequence such that Y >, v, = oo and
limsup,,_, .G, < 0 (or Y02, |6, v,| < 00). Then, lim,,_, .4, =

0.

3. Main Results

Let C be a nonempty closed convex subset of a real Hilbert
space H. Let A : C — H be an #-inverse strongly monotone
mapping. Let ¢ : C — C be a weakly continuous and v-
strongly monotone mapping such that R(¢) = C. Let B :
C — H be a {-inverse strongly ¢-monotone mapping. Let
0 : C — H be an L-Lipschitz continuous mapping. Let 0 :
C x C — R be a bifunction which satisfies (C1)-(C4) in the
above section. Let {(,,}  [0,1], {,} < [0,1], {®,} < (0, 00),
and {r,,} ¢ (0, c0) be four real number sequences and let¢ > 0
be a constant.

We use A to denote the solution set of (3). In order to solve
(3), we introduce the following three-step algorithm.

Algorithm 4. Let x, € C be an initial guess. Define the
sequence {x,,} as follows:

U, = pI'OjC [(/5 (xn) - @ann] » n=0,

1
G(Zn,y) + <Aun’y_zn>+ T_ <y_zn’zn_un> =0,

n

VyeC,
¢ (xn+1)
= 71n¢ (xn) + (1 - ﬂn) projC [qug (xn) + (1 - Cn) Zn] >
n > 0.
(6)

Theorem 5. Suppose that A+ 0. Assume that the following
conditions are satisfied:
(r) @, € (a;,a,) € (0,20) and lim,, _, . (®,,, — ®,) = 0;
(r2) 7, € (as,a,) € (0,21) and lim
(r3) ﬂn € [aS) aﬁ] C (0’ 1)’
(r4) lim,_ ¢, =0andy, {, = co;
(r5) v € (Lg,20).

(Tn+1 - Tn) =0;

n— 00

Then, the sequence {x,} generated by (6) converges strongly to
x" € A which solves the following variational inequality:

(co(x") - ¢(x"),¢(x)-¢(x")) <0, VxeA (7)
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Proof. First of all, we prove that the solution of the variational
inequality (7) is unique. In fact, if ¥ € A also solves (7), then
we get

(co(x") = (x7), 0 (X - (x7)) <0, .
(ce(X) - ¢ (X),¢(x") - ¢ (X)) <0.
It follows that
(6e(®) —¢ (D —co(x") +¢(x"),¢(x7) ¢ () < 0. (9)
So,
l¢x") = @I <5 (e(x") - e(®), ¢ (x") - $ (D))

<cle(=") —e@|¢ (x) - ¢ @

which implies that

l¢ () - ¢ @] < cflo(x") -

Since ¢ is v-strongly monotone, we have

0(®)|- 1)

W =3 < (¢ (x) - ¢ @), x" - %)

(12)
<[lp(x")-¢@|[x" -]
Thus,
v - x| <o (x*) - @) )
<clo(x) - 0@ <cL|x" - |-

Since ¢L < v, we deduce the contradiction. Therefore, x* = X.
So, the solution of variational inequality (7) is unique.

Let x* € A. Hence, x* ¢ VI(B, ¢,C) and gb(x#) €
EP(6, A). Note that

x" e VI(B,¢,C) = ¢ (x#) = projc (¢> (x#) - va#),

Yy > 0.
(14)

Since @, > 0, we have ¢(x*) = projc[gb(x#) - @,Bx"], for all
n > 0. For u,v € C, we have

(@) - @,Bu) - ($() - @,Bv)|*
=[¢ @ - ¢ - 20, (Bu - B, ¢ ) - $ ()
+ @2 Bu — By
< |¢(w) - $0)|” = 20,0 1Bu — By|? + @[ Bu — By|?
< ) - $(v)

I” + @, (@, - 20) |Bu - B>

(15)
Hence,

(¢ ) - @,Bu) - (¢ (v) - @,Bv)| < |¢ (W) - V)], (16)

3
for all u, v € C. Thus,
4. = 6 ()]
= |projc [¢ (x,) - @,Bx,] - projc. [¢ (x) - @,Bx"]|
<[(¢ (x.) - @Bx,) - (¢ (x) - 0,85
< [o () -0 ()]
(17)

From (6), we have z, = S (I - 7,A)u,, for all n > 0. Noting
that ¢(x#) € EP(6, A), we deduce qb(x#) = Srn(l - T,A)(b(x#),
for all n > 0. It follows from (17) that

|6 (en) = 6 (=7)

SELICS]
+(1=n,) [projc [Guse () + (1 =8, 2] - ¢ ()]
2= (x7)|
(1= 6 (se () =6 (")) + (1-2,) (20— 6 (x"))]
SELICS]
+(1=1,) [¢ ]se (x.) = co (x7)] + ¢u oo (x7) - ¢ (x7))|
+(1-0,)
I TA "]
)= (x ||
+(1-1,)[¢ co(x") - ¢ (x|
+(1=8,) Jua— ¢ ()]
)= (x)|
1) [ o () - (7)o () - 6 ()]
(-0 fpx) - ()]
[1-(1- ) a-mg ][ -9 ()]
+<1—%)(1—’%)‘%"%(72;%96 )|
(18)



An induction implies that

¢ Gen) = ()]

_ ||<9 ¢ ()]
max {”gb (%) — (/) “ cL/v } .

(19)

Hence, {¢(x,,)} is bounded. Since ¢ is v-strongly monotone,

we can deduce v||x,, — x| < llp(x,) - ¢(x#)||. So,

#
X, — X

< Lo o]

1
< - max {"(/5 (%) —

|| ”CQ '|}
1— qL/v

(20)

This implies that {x,,} is bounded.
From (6), we have
- (un - TnAun)> >0,

1
0(z0y) + =y -2nz, VyeC.

n

(21)
So,

- <Zn+1 T ZpZy T (un - TnAun)> = 0. (22)

n

0 (zn’ Zn+1) +

Similarly,
1
0 (Zn+l’ Zn) +— <Zn T Zp+1>Zntl T (un+l T+l Aun+1)>
n+l
> 0.
(23)
Hence,

0( n+1) + 0( n+1’Zn) + <A“n - Aun+l’zn+l - Zn>

Z, - U, Zy, U (24)
+<Zn+1_zn’ n n _ “ntl n+1>20.
Tn Tn+1
Since 6 is monotone, we have
0 (zn> zn+1) +0 (zn+1’ Zn) <0. (25)
So,
<Aun - Aun+1’zn+1 - Zn>
26)
zZ,—U z u (
+ <zn+1 zZ, n n n+1 n+1 > >0
Ty Th+1
Thus,
Ty <Aun - AunJrl’ Zue1 T Zn>
Tﬂ
+ Zn1 %20 T 2 T 20 T Uy (Zn+1 - un+1)
Th+1
> 0.
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It follows that

"Zn+l - Zn"2

=T, <Aun - AunJrl’szrl - Zn>

Tn
t\ Znt1 T B Uy — Uy T 1- (Zn+1 - unﬂ)
Ty+1

= <(I - TnA) Upi1

Ty
+ <Zn+1 ~Zp (1 - > (zn+1 - un+1)>
Tut1

< "(I - TnA) Upt1

- (I - TnA) Uy Zpy1 — Zn>

- (I - TnA) un" ||Zn+1 - Zn"

T,
+ 1= = [zner = Zall 201 = U |
Ty+l
Ty
< ||Zn+1 - Zn" “un+l - un” +|1- ||Zn+1 - un+1||
T+l
(28)
and hence
T,
||zn+1 - Zn" < ”un+1 - un” +|1- T ||Zn+1 - un+1”
n+l
< |lun+l - un” + l Tyl Tn| ||Zn+1 - un+1" .

(29)

By (6) and (16), we have

s = 1
= [Iprojc [¢ (x,41) = @11 B,y ] -projc [ (x,) — @,Bx, ]|
< ¢ (xpe1) = @i Bt ] = [ (%) - @,Bx, ]|
< 16 (%ni1) = @uia By = (6 (%) = @iy B, |
+ |1 = @, B (x,)]
< ¢ (roen) = @ (k)] + @i = @] B ()]
(30)
Therefore,
lz1 = 2l

< [ (xn0) = 6 ()|

+ |a)n+1 - (Dn| "[B (xn)" + | Tu+1 Tnl ||Zn+1 - un+1” .

(31
It follows that
||Zn+1 - Zn“ - “(/5 (xn+1) - (/5 (xn)"
< |a)n+1 - a)n| ”B (xn)” | Tyl Tnl ||Zn+1 - un+1" .
(32)
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- ®,) =0, llInrl—>oo(‘rn+1 -1,) =0,
{¢(x,)}s {z,), {u,}, and {Bx,} are

Since lim,, _, .,(®,,,,
and the sequences {o(x,,)},
bounded, we have

lirllrisol(l)p ("Zn+1 - Zn" - "(/5 (xn+1) - ¢ (xn)") <0 (33)
From Lemma 2, we obtain
lim |z, - ¢ (x,)] =0 (34)
Note that
"¢ (xn+1) - ¢ (xn)” < (1 - ’/In) Cn "CQ (xn) - 4) (xn)"
+ (1 - Wn) (1 - Cn) "zn - ¢ (xn)“ .
(35)
Hence,

lim [ (x,.1) = ¢ ()] =

n— o0

(36)
This together with the v-strong monotonicity of ¢ implies that

Jim o, - x,] =

(37)
From (18), we have

6 () - 6 (%))

-9 ()

+ (1= 1) [Gu6L e = 7| + G oo (x
+ (1= Jun = ¢ ()]

<1, ¢ (x,) -6 ()]

#1-m) [ o ) - 9 ()]
+0, e (x) ¢ ()]
+u—QWw—¢&ﬂH

fr-em (- ) e -4 ()
+(1=8,) (1=n,) Ju, - ¢ (x"))
(=) -9 ()

1-cL/v

)-¢ ()

o) |se

+(1—f7n)<§n(1—

(38)

By the convexity of the norm and (17), we have

6 Genen) = 6 (<)

So,

S[l—(l—nn)<1—

S[l—(l—nn)<1—

<[r-0-m (-5l o) - ()

L (1=8) (1= ) fu - s ()
oy [ e () - e ()] Y
+(1_nn)zn<1_%>< I—CL/’V >

L) |l o ()

+(1-8,)(1-n,)
X ||(¢ ('xn) - @ann) - (¢ (x#) - (DHBX#)"Z

R (1 ) %> < s (916#_) ;L(/pfx#)“ >2
%)] “</5(xn) —‘/5("#)"2

+(1-3,) (1-mn,)
*(l9 ) =9 () + @, @, ~20) B, - B[

R %> < e (916#_) C—chv(x”)ﬂ >2

<fo o) -6 ()

+ (1 - (n) (1 - ’771) (Dn (‘Dn - 2() ”an - Bx#HZ

0w (RSN

(39)
(1 —71”)(1 _(n)wn(
<[¢ ) =& ()~ 6 o) ~ S ()
Ly ([ Joe () =g ()Y
+(1_’7n)(n(1_q7>< 1-¢L/v >
(40)

SCICARTICY B3 LICETICO))
x ||(/5 (xn+1) - (/5 (xn)"

o 1) (RGN,




6

Since (n - 0, ||¢(xn+1) - ¢(Xn)|| — 0, and lim infn—»oo(1 -
1)1 -,)0,2! - @,) > 0, we obtain

nleréo "[an - [EBx#“ =0. (41)
Note that

Jit, = )|

= [proic [ (x,) - @,Bx,] - projc [¢ (x*) - @,Bx"][
< <</5 (x,) - @,Bx, - (¢> (x#) - wan#) ) (x#)>
- Hlp )-8 - (6() -am)

# -0 ()

—“gb(xn)—a)n[ﬁixn—(gb (x#)—a)an ) u +¢>( )" }

l #
<5 {le )= () + -6 ()
_"(/)(xn) Uy, — @y (an - Bx#)“z}
1l =6 (N + -4 ()
~ $Cx,) — | - @B, - B[
+2@, <¢> (x,) - u,, Bx, — [Bx#> } .
(42)
It follows that
o - 9 ()
< o) - ¢ () = I -’ - @2, — B[
+2@, ¢ (x, . Bx#".
(43)

From (39) and (43), we have

(o) - ¢ (=)
<[1-0-m (152 ) Jlots -0

£ (1-0) (=) e — ¢ ()

+(1—nn)<:n(1_%><||<e(9162;;2(x )||)
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<[1-0-m) (1- )| o) -0 ()

F(1-4,) (1=n,) |6t - ¢ ()
~(1=4,) (1= n) |6 (x,) —
+2 (1 - (n) (1 - nn) (Dn "¢ (xn)

+(1—nn)cn(1_%><||<e(»;_)c—5v(x )'|>

< [pe) = ¢ () - (1= (1= 1) [(x,) - |

+2@, ||¢ (x,) — u,| ”an - Bx "

+(1—n,,)<:n(1_%)(HC@(T_)C—L%,C )||> |

- un” ”[an - Bx#"

(44)
Then, we obtain
(1=8,) (1=1,) [ $(x,) =, |
< (o Ge) = ¢ ()] + 9 () - 0 (5]
* ¢ (1) = ¢ (x| )
+20, |6 (x, »—Bx'|
co-we (- (ke ;ijx‘”")z.
Since lim,, ¢, = 0, lim,, o $(x,1) — ¢(x,)| = 0, and
lim, _, ., [|Bx, — Bx*|| = 0, we have
lim ¢ (x,) - u,] = 0. (46)

Next, we prove thatlim sup,, _, . (co(x™)—¢(x"), u,—p(x")) <
0, where x is the unique solution of (7). Let {u,} be a
subsequence of {u, } such that

)= (x"),u, - b (x7))
= lim (g0 (x") = ¢ (x"),u, ~¢(x7)) (47)
¢ (x,) -9 (x7))-

By the boundedness of {x,, }, there exists a subsequence {x,, }
1 1]'

lim sup (o (x

= lim (o (x") - ¢ (x"),

of {x,, } which converges weakly to some pointz € C. Without
loss of generality, we may assume that x, — z. From the
weak continuity of ¢, we deduce ¢(x,) — ¢(z). Next, we
prove z € A. We firstly show z € EP(6, A). Noting that z,, =
S, (u, — 7,Au,), for any y € C, we have

1
Q(Zn, y) + T_ <}’ BRI (un - TnAun)> > 0. (48)
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Since 6 is monotone, we have

- (u, - 1,Au,)) 20(y,2z,), VyeC.

(49)

1
T_ <y ~Zp 2y

n

Hence,

zZ, —U,
<)/_Zn_, n; n; +Aun_> > G(y,zn_), Vy e C. (50)
1 T 1 1

n;

Letv, =ty + (1 —t)z, forallt € (0,1] and y € C. We have
v, € C. So, from (50) we have

<vt -Z,, Avt>
2, — Uy,
> <vt - zni,Avt> (Ve % - + Au,,

n;

+0 (v 2,,) (51)

= <vt —Z,, Ay, — Azni> + <vt -z,,Az,

Z"i - u"i
— Vt _Zﬂi’ . +9(Vt,Zni).

n;

- Au”i >

Note that [|Az, — Au,, || I/Mlz, - u, || — 0. Further,
from monoton1c1ty of A, we have (v, — z,, Av, - Az, ) = 0.
Letting i — oo in (51), we have (v, - z, Avt) > G(Vt,z) This
together with (Cl1) and (C4) implies that

0=0(v,v,)<t0(v,y)+(1-1)0(v,,2)

<t (v, y) + (1 —1t) (v, — z, Av,) (52)

=t0 (v, y) + (1 =)t (y —z,Av,)

and hence 0 < 0(v,, y) +(1-t)(Av,, y—z). Lettingt — 0, we
have 0 < 0(z, y) + (y — z, Az). This implies that z € EP(0, A).
Next, we prove z € VI(B, ¢, C). Set

(53)

Ry — Bv+Ng(v), veC,
0, v¢C.

It is well known that R is maximal ¢-monotone. Let (v, w) €
G(R) (the graph of R). Since w — Bv € N¢(v) and x,, € C,
we have (¢(v) — ¢(x,),w — Bv) > 0. Noting that u, =
projc[¢(x,) — @,Bx,,], we get

<¢ (V) —Up Uy — [(/5 (xn) - (DannD 2 0. (54)

It follows that

<¢> W) —u, %ﬂx) N an> > 0. (55)

Then,

(9 -9(x,).w)
> (¢ - ¢(x,).Br)

[EBV> <q5(v) un, ¢( )>
- <¢ (V) ~ Unp Bx”x‘>

= <¢ (V) - ¢(x”i) By~ ani> + <¢(V) - (p(x”i) > ani>
u”f _¢(x”i)
_ <¢(v)—u (D—> <¢>(v) ”n,-’[Ean,->

<¢(v) Uy > (¢ (s

Since ||¢(X,,i) - unill — 0and ¢(xni) — ¢(z), we deduce that
(p(v)—¢(2z), w) > 0 by takingi — oo in (56). Thus, z € R0
by the maximal ¢-monotonicity of R. Hence, z € VI(B, ¢, C).
Therefore, z € A. From (47), we obtain

> (p(v) - ¢(x

— Uy, [Eani> .

(56)

)= (x7),u, - ¢ (x7))
= lim (co(x") ~¢(x"),¢(x,) - ¢(x)) 7
=(co(x")—p(x"),p(2) —p(x")) <0.

lim sup (co (x

Sety, = -{,)z,], for all n > 0. Then, we

have

projc[{,6e(x,) + (1

el
< (Guse (x,) + (1-4,)
< s o (xn) =0 (x7), yu =9 (x7))
+ G (se(x") =@ (x7), yu — P (x7))
+(1-3)(z, = (x"), y, — b (x7))

CRIIIARICS]

+ G se(x7) = p(x7), 3 - $ (x7))
+ (=8 llzn = <y = & ("]

2, =9 (") yu = ¢ (x7))




<4 () 19.6o) -4 6 - )]
+8, (s (x") = (x7), y, - ¢ (x7))
=46 () = 6 G = 9 ()
[1- (1= 28] 19 o) - 4 G - 6 )
#4050 () = (). 2, - (+')
- UM ) - g

+ 3 (e (") = ¢ (x"), y

S4 2 - 40

(<))

(58)
It follows that
=9 < [1-(1- )6 ] Io () - 6

+20, (e (x7) = ¢ (%), yu = (x7)) -
(59)

Therefore,
[$e1) - B

< 1@Cx,) = GO + (1= 1,) [y = $°

<l () - ¢ (<)

#(=n) [1= (1= 5) 0] lote - o0
1) G (50 (¥) = ¢ (") 3, = B ("))
=[1-(1-S) -]l - s
1) G (60 (8) = ¢ (") 3 - $ ("))
~[1-(1- ) G- 8] o) - g0l

+(1-5)a-ne,
(12 () =)= 9 )))

= (1= 2,) [$C60) = S + 6

+2(1

(60)
+2(1

where v, = (1 - ¢L/»)(1
(co(x™) = (x™), ¥,

Since

~ )¢, and ¢, = (2/(1 - cL/v))
—¢(x")). It is easily seen that ), », = co

”yn - un” = "yn - Zn“ + “Zn - un"
<G flop (x0) = zal + 2w -1 (61)

— 0
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and by limsup,, _, . (co(x™) — ¢(x*),u, — $(x*)) < 0, we
get limsup,, _, .G, < 0. We can therefore apply Lemma 3 to
conclude that ¢(x,) — ¢(x*)and x, — x*. This completes
the proof. O
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