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This paper proposes an improved predictor-corrector interior-point algorithm for the linear
complementarity problem (LCP) based on the Mizuno-Todd-Ye algorithm. The modified corrector
steps in our algorithm cannot only draw the iteration point back to a narrower neighborhood of the
center path but also reduce the duality gap. It implies that the improved algorithm can converge
faster than the MTY algorithm. The iteration complexity of the improved algorithm is proved to
obtain O(y/nL) which is similar to the classical Mizuno-Todd-Ye algorithm. Finally, the numerical
experiments show that our algorithm improved the performance of the classical MTY algorithm.

1. Introduction

Since Karmarkar published the first paper on interior point method [1] in 1984, the interior
point methodologies have yielded rich theories and algorithms in the fields of linear
programming (LP), quadratic programming (QP), and linear complementarity problems
(LCP). Among these interior point methods, predictor-corrector interior-point methods play
a special role due to their best polynomial complexity and superlinear convergence.

In 1993, Mizuno et al. [2] proposed the classical representative of predictor-corrector
method for linear programming. The Mizuno-Todd-Ye (MTY) algorithm has O(y/nL)-
iteration complexity which is the best iteration complexity obtained so far for all the
interior-point method [3, 4]. Moreover, Ye et al. [5] proved the duality gap of classical
MTY algorithm converges to zero quadratically, which dedicated that MTY algorithm has
superlinear convergence. The classical MTY algorithm is the first algorithm for LP has
both polynomial complexity and superlinear convergence. So the classical MTY algorithm
therefore was considered as the most efficient interior point methods for LP.
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Afterwards, the MTY algorithm was extended to LCP [6, 7] for its excellent
performance. In recent papers, Potra [8, 9] presented several predictor-corrector methods for
linear complementarity problems acting in a wide neighborhood of the central path, and Stoer
etal. [10] proposed a predictor-corrector algorithm with arbitrarily high order of convergence
to degenerate sufficient linear complementarity problems.

Subsequently, Potra proposed a generalization of the MTY algorithm for infeasible
starting points for monotone LCP [11]. Based on the so-called “fast step-safe step” strategy,
Wright proposed an infeasible interior point method with polynomial and quadratic
convergence for nondegenerate LCP [12]. And Ai and Zhang presented an O(+/nL)-iteration
primal-dual path-following method for monotone LCP based on wide neighborhoods and
large updates [13]. These workings improved the MTY algorithm in various aspects. In
this paper, the MTY algorithm for LCP will be improved by modifying the corrector of the
algorithm to obtain a larger iteration reduce factor than the original, which can guarantee a
faster convergence.

The typical iterations of the MTY algorithm operate between two neighborhoods of
the central path, p(1/4) and p(1/2). Before starting the MTY algorithm, an arbitrary initial
point w € p(1/4) will be given. And then, the predictor produces a point w € p(1/2) by
carefully choosing a steplength along the affine-scaling direction at w and reduces the primal
dual gap by a factor of at least (1 — /+/n) where ¥ = 1/+/8 = 0.5946. In the corrector steps,
the corrector produces a point w € p(1/4) by taking a unit steplength along the centering
direction at w. It is shown that the corrector put the iteration points back to p(1/4) which
is the narrower neighborhood of the central path and maintains the same duality gap. Thus
predictor-corrector reduces the duality gap p* by a factor of at least (1 — y/+/n) and holds
the iteration points in the neighborhood p(1/4). It follows that the corresponding iterative
procedure has O(y/nL)-iteration complexity.

The modified algorithm in this paper has only one corrector step in neighborhood of
the central path p(1/2) and one predictor step in a narrow neighborhood p(1/4) same as
the MTY algorithm. Moreover, the modified iteration direction of corrector step can make
a reduction for duality gap. This improvement attained a larger iteration reduce factor and
results in a faster convergence than the classical MTY algorithm.

Section 2 describes the procedure of our predictor-corrector algorithm. Section 3 gives
the convergence analysis of our algorithm. It shows that the improved algorithm can generate
a sequence {(x*,y*)} in the neighborhood p(1/4) from an arbitrary initial point (x°,y°) €
p(1/4) and converge to optimal solution (x*,y*) with O(y/nL)-iteration complexity. Finally,
the performances of our algorithm are evaluated by numerical experiments in Section 4.

2. Description of the Algorithm

In this paper, LCP is to find a vector pair (x,y) € R" x R” such that y = Mx +h, (x,y) > (0,0)
and xTy = 0, where h € R" and M is a n x n positive semidefinite matrix.

Denote the set of all feasible points of LCP by S = {(x,y) | Mx-y+h =0, x>0, y >0}
and the solution set of LCP by S* = {(x*, y*) | (x*,y*) € S, x*Ty* = 0}. The relative interior
of S, 5" = {(x,y) | (x,y) €S, x >0, y > 0} is called the set of strictly feasible points, or
the set of interior points. We assume S* # @ in this paper. It is known that if 5* is nonempty,
then for any parameter 7 > 0 the nonlinear system Mx — y + h = 0, xy = Te has a unique
positive solution [14]. The set of all such solutions defines the central path C of LCP. So the
assumption is sufficient to establish the existence of the central path and the existence of a
solution to LCP.
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The mean value of x"y is denoted as u = xTy/n throughout this paper. Then p(f) =
{(x,y) € S* | || Xy — pell < Pu, p=xTy/n} is considered as the neighborhood of central path,
where f > 0, e denotes the vector of ones, X = diag(x) and || - || express the Euclidean norm.

The improved predictor-corrector interior-point algorithm (IPCIP) is as follows.

2.1. Main Steps of IPCIP Algorithm

Step 0. Choose an initial pair of interior point (x°,y°) with (x°,3°) € p(1/4), and set the
accuracy parameter € > 0. Let k = 0.

Step 1. If (xk)Tyk/n < g, then stop.
Step 2. Compute the predictor direction (Ax?, AyP) by solving the system (2.1),

MAx? - AyP =0,

2 (2.1)
YEAXP + XKAYP = gyke - XFkyk,

Step 3. Set (x*, %) = (xk,y*) + QF(Ax?, AyP) where QF = min{1/8y/n, \/uk/8||AXP AyP||}.
(We will show later that | X*i* — i*e|| < (1/2)i", where 7* = (1 — Q%)u* holds for every
(x*,).)

Step 4. Set r = 1 — 1/4v/2n, and compute the corrector direction (Ax¢, Ay°) by solving the
system (2.2),

MAx® - Ay° =0,
_ _ _ (2.2)
YEAxS + XFAyY© = rip*e - XFgF.

Step 5. Set (x**1, y**1) = (xF, ) + (Ax¢, Ay®), update k = k + 1, and return to Step 1.

3. Convergence and Complexity Analysis
Lemma3.1. Ifb,c € R"and b+ c =h, bTc >0, B = diag(b), then
(i) IBell < (V2/4)||n]I%;
(ii) bTc < (1/2)[|];
(iii) [[pII* < 1A%
Proof. The proof of (i) can be seen in Lemma 1 of [2].

From ||h||* = ||b + ¢||* = ||b|]* + ||c||* + 2bT ¢ and b7 ¢ > 0, we can obtain bT¢ < (1/2)| k|
and ||b||* < ||h|]*. Thus inequalities (ii) and (iii) hold. This completes the proof. O

Lemma 3.2. If the point (X*, %) was generated by the algorithm, then one has i* = (x%)"y* /n > u*,
where 7 = (1 - Q%) k.
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Proof. From Step 2 of our algorithm and M is a n x n positive semidefinite matrix, we have
(AxP)T Ay? = (AxP)" MAx? > 0. Hence

i T~
P CR
n
_ ("4 QR A (v + QR ay?)
- n
(%) Y + QF[(xF) " Ay? + (Ax?)TyE| + (QF)*(axn) T Ay?
- n
(3.1)
@)Y Q2 T
ZT+7<n-§/¢ —<x> y)
ko 2ok, k_ ok, k
=p +§Q e —Qu
(o)
="
This completes the proof. O

Lemma 3.3. If (x*, y*) € p(1/4), then the point (X*,y*) generated by the algorithm satisfies x* >
0, §* >0, |X*gK - el < (1/2)5", and (2, 5¥) € p(1/2).

Proof. Let us define (x(Q), y(Q)) = (x* + QAx?, y* + QAyP), where

. 1 p*
0<Q<QF= , ) 3.2
Q=@ mm{S\/ﬁ 8||AXPAyP||} (3.2)

Note that 0 < Q < QF = min{1/8v/n,1/puk/8||AXPAyP||}, then we have (2/3)\/nQ <

1/12 from Q < 1/8+/n and Q?||AXPAyP|| < (1/8)u* from Q < \/uk/8||AXPAZP|.
Furthermore || X*y* — p¥e|| < (1/4)p* holds since (x¥, y¥) € p(1/4). Therefore we have

[X(Qy(Q) - (1 - Qe = | X*y* + Q(XPay? + AXPy?) + QPAXPAY? - (1 - Q)pie

< (1- Q)| xFy* - ke + gx/ﬁQy" +Q?laxPay?||

XFyf + Q(%ﬂ"e - Xky") + QP AXPAY” - (1-Q)pke
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< — —_ —_ -

i+ =a(z*5)
< <}1+%>(1—Q)#"

1 k
< E(l_Q).” .

(1-Q)uf

(3.3)

So xi(Q)yi(Q) > (1/2)(1-Q)uk >0 (i=1,2,...,n) forany Q (0 < Q < QX).

Since (x(Q),y(Q)) = (x* + QAx?, y* + QAyP) is continuous with respect to Q, x* > 0
and y* > 0, it is easily seen that x* = x(Q¥) > 0, * = y(Q*) > 0.

Note that X(Q¥) = )A(k,Y(Qk) = Yk, (1 - QFuk = ﬁk, the above argument implies
IXEG* - 7hell < (1/2)7".

It's well known that the inequality ||Xz — (xTz/n)e|| < || Xz — ce|| holds for arbitrary
vector x, z and arbitrary constant c.

So we have | X ¥ — fike|| < | X*i* — i¥e|l < (1/2)i" < (1/2)ji from the proof above
and Lemma 3.2, thus (x¥, 7¥) € p(1/2).

This completes the proof. O

Remark 3.4. So Lemma 3.3 dedicates that the predictors of our algorithm operate in a wide
neighborhood of the central path p(1/2).

N P > 2
Lemma 3.5. If || X% —i¥e|| < (1/2)7 then ||(X*Y%) > (7iie - XEgM)|| < 21/4+ (1—r)2n)i*

Proof.
|7y -2 | < llte- x|
1<i<n
1

: 1-1/2)i “ e+ (-nF e” (3.4)
< 2 (Jwest el o)
< 2<— +(1- r)2n>/4k

This completes the proof. O

Lemma 3.6. If n > 2 and the point (x**1, y**1) was generated by the algorithm, then p**1 < (1 —
QF)p*k always hold.



6 Journal of Applied Mathematics

Proof. Denote D = (X¥)'/2(Y*)™/2 then

D' Ax® + DAY = <>2k1?k>’” ? (e - 247

(3.5
-1 c T c T c co\T c )
<D Ax ) (DAY®) = (Ax%)T Ay© = (Ax*)TMAX® > 0.
From Lemmas 3.1 and 3.5 we have
oTr e Wlora\ 20—k orr\| - (] 2.\ -k
(Ax)" Ay SEH<X‘V> <r,ue—Xy> < ZI+(1—1’)n‘u
R < (xk+1)Tyk+1
N
(@ + Ax) (75 + Aye)
" (3.6)
)7 (39 Ay + (Ax) T+ (Ax) Ay
B n
o + (Ax) Ay
B n
< 1"+ (i +(1- r)2>ﬁk.
- 4n
Note that » = 1 — 1/4v/2n, we have
1 ) 1 1 1 4v/2n-9
— +(1- =1- — =17 .
<r+4n+( ”) 4von  4n ' 32n 32n (37)
It is obvious that (r + 1/4n + (1 -7)?) < 1 when n > 2, so y**! < 7" = (1 - QF)p*.
This completes the proof. O

Remark 3.7. From Lemmas 3.2 and 3.6, we can obtain immediately that y**! < 7" < ji*. That
means the corrector reduces ji* to u**!. Because the corrector in the classical MTY algorithm
just maintains the same duality gap, the improvement of the corrector in our algorithm will
make a faster reduction of y* than MTY algorithm.

Then the polynomial convergence of the algorithm could be established.

Theorem 3.8. Suppose that the sequence {(x**1,y**1)} generated by the algorithm, then one has
(xk+1l yk+1) c P(1/4)

Proof. Let us define that x**! () = X% + aAx¢, y**!(a) = §* + aAy*, and denote

xk+1 (a))Tka (a) ‘

n

P (a) = ( (338)
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As discussed in Lemma 3.6, we also have (D’lec)T(DAyc) = (AxC)TAyC = (Ax)TMAx© >
0.
From Lemmas 3.1 and 3.5 and r = 1 — 1/4+/2n, then

-1/2

<rﬁke - ngk> ’

5%( +(1- r)zn)ﬁk

laxeaye|| < %” (XkvF)

—+2\fn(1—r) >

A(8
A5y

7
T
(x

»-PIP—‘

IN

k+1 OC)) yk+1(a)
n

() =

_ (xk + anC)T(gk +alAy°) (3.9)

n
(&) 7F + a (&) Ay + (Ax) gF) + a2 (ax) " Aye

n

(&) 7+ a((#) Ay + (Ax)T5¥)
>

n

@) e - @'

=i+ zx(rﬁk - ﬁk>
=(1- a)ﬁk + arﬁk
> (1-(1-ra)i".

So we can write p**1(a) > (1 - (1 - r)a)f", that is, 7° < p**(a) /(1 - (1 - r)a).
Hence

(x* + anC)T(yk +alAy°)
e
n

X (a)y* () - pF T (a)e = (Xk + chXC> (gk + aAyC> -
= XAk + a(XEAyS + AXGF) + a2 AX Ay

(&) 7 + a((#) Aye + (Ax)T§*) + a(Ax) Ay*

n

e
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= XFyk + zx(rﬁke - )A(k]?k> +a? AX Ay°

() gk + a(nrﬁk - (fk)Tgk) +a?(AxE)T Aye

n

ok\T 5k T
- Ax©)" Ay©
=(1—a)<Xk9k——(x ) ¥ e) +a2<AXCAy“——( xl Y e).

e

n
(3.10)

Since the inequality || Xz — (xTz/n)e|| < ||Xz - ce|| holds for arbitrary vector x, z and
arbitrary constant c, thus

||Xk+1(a)yk+1(a) - yk”(a)e” < (1-a)|[XFyk - @e +a?||AX Ay© - —(AxC’):AyCe
< (1-a)| K45 - Fe|| + @[ axay”]
< (1~ @)t
< (1/2)(11_—g’;):rr()7a/32)0€2 (@),
(3.11)

Let us define f(a) = ((1/2)(1 —a) + (7/32)a®) /(1 — (1 = r)a), then f'(a) = (-(1/2)r +
(7/16)a — (7/32)a>(1 - 1)) /[1 - (1 - r)a]*.

When n > 2, we have r > 7/8, this results in f'(a) < 0 and f(a) decreases
monotonously, when 0 < a < 1. Because f(a) < f(0) = 1/2 holds for every a € [0,1] thus

1
||Xk+1 (a)ykJrl (0[) _ ﬂk+1 (11)6” < E‘uk+1 (lX) (312)
Since p* > ¢ > 0 (otherwise the algorithm will be terminated), it follows that

XE @y @) 2 g @)
>=(1-(1-r)a)i* (3.13)

1
2
1 K\, k
=51~ (1—r)a)<1—Q )y > 0.
We have proved that x* = x(Q¥) > 0, 4* = y(QF) > 0 in Lemma 3.3. So we have

x10) =x* >0, y*(0)=7*>0, whena=0. (3.14)
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Note that x**! (&) and y**! (a) are continuous with respect to a. It implies that x**! (a) >
0 and y**!(a) > 0 hold for any « € [0,1].

Let a = 1, then we have x**! > 0 and y**! > 0.

Furthermore, when a = 1, f(a) = 7/32r thus || X*1yk — ykle|| < (7/32r)ukt <
(1 /4)#k+1‘

Consider that we can obtain Mx**! — y**1 + b = 0 directly from the steps in our
algorithm, so (x**1, y**1) € p(1/4) holds for every (x**!,y**1) generated by the algorithm.

This completes the proof. O

k+1

Theorem 3.9. The iteration complexity of the algorithm is O(1/nL).

Proof. Let D' = (X*)/2(Y*)™"/? then

- -1/2
(D) Ax? + D'AyP = <XkYk> <§‘uke - Xkyk>,

(3.15)
<(D')71Axp>T(D'Ayp) = (AxP)TAyP = (AXP)TMAyp > 0.
From Lemma 3.1, we have
laxray’| = |(0) " axrDay|
V2 “ kk 1/2<2k kk>|2
<— (X e-X
* < g g Y (3.16)

2 (VS 6 ) ) ).

From || X*y* — pke|| < (1/4)pu*, we have xf‘yf > (3/4)pk, then (xf‘)_1 (yf)_1 <4/3uk,

V2 n( k_ 4 k) k
— —-p" ) +nyu
4 ;1 3

v2 7 (3.17)

[[AXPAYP|| <

Hence \/p*/8||AXP AyP|| > \/27/14+/2n, and we can obtain min{1/8+/n,\/px/8||AXPAyP||}
>1/27/14+/2n.
So it implies that p**! < (1 - Q%)u* < (1 —1/27/14v/2n)u* for each k. This means that

uk will decrease at least by a constant factor of (1 — \/27/14+/2n) at each iteration, which
guarantees a O(+y/nL)-iteration complexity for the algorithm.
This completes the proof. O
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Remark 3.10. Note that the reduce factor in the MTY algorithm is (1 — ¥/+/n) where ¥ =
1/+/8 = 0.5946, but the reduce factor in our algorithm is (1 - \/27/14v2n) = (1 - A/+/n)

where A = 1/27/14v/2 = 1.168, which is larger than y. It implies that our algorithm will
converge faster than the MTY algorithm, although both have the same iteration complexity.

4. Examples and Numerical Results

Finally, the numerical experiments were carried out to evaluate the performance and practical
efficiency of the algorithm,

Test Problem 1

Find a vector pair (x,y) € R® x R® such that y = Myx + hy, (x,y) > (0,0), xy = 0, where
hie RPand M isa3 x 3 positive semidefinite matrix,

213 -1
Mi=|320|, m=[ o0 | (4.1)
115 -2

Test Problem 2

Find a vector pair (x,y) € R* x R® such that y = Mox + hy, (x,y) > (0,0), xy = 0, where
hye RPand Myisa5 x 5 positive semidefinite matrix,

70020 -95
283509 -36.5

My=|l00303]|, m=| -5 | (4.2)
01461 ~14
80025 ~185

Test Problem 3

This example is a general test problem used by Noor et al. [15]. The problem is to find a vector
pair (x,y) € R" x R" such that y = Mzx + h3, (x,y) > (0,0), x"y =0, where h; € R" and M;
is a n x n positive semidefinite matrix. To test the efficiency of our algorithm by large-scale
problem, we set the dimension of test problem 3 as 100, that is, n = 100,

420 -0 1
14 -2--0 1

My=|0 1 4 -0 B (4.3)
1

[e)
(e)
o
B
—_
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Table 1: Computational results of test problem 1.

MTY IPCIP
x0 (1,1, 17 1,1, 1)7
y° (5,5,5)7 (5,5,5)
£ le - 06 le - 06
Iterations 12 11
uk 3.76e - 07 5.73¢ — 07
xk (0.0, 0.0004, 0.3999)" (0.0, 0.0009, 0.3998)"
vk (0.2002, 0.0009, 9.29¢ — 07)" (0.2004, 0.0018, 1.81e — 07)"
Run time (s) 0.078220 0.049975

Table 2: Computational results of test problem 2.

MTY IPCIP
x° (15,15,1.5,1.5,15)T (15,1.5,1.5,1.5,15)T
y° (4,4,4,4,4)7 (4,4,4,4,4)7
£ le - 06 le - 06
Iterations 10 9
uk 2.61e - 08 2.18¢ - 07
xk (0.8402,1.3726,0.0347,1.8094, 1.6320)" (0.8402,1.3726,0.0347,1.8094, 1.6320)"
yk (0,0,0,0,0)T (0,0,0,0,0)T
Run time (s) 0.071335 0.037116

Table 3: Computational results of test problem 3.

MTY IPCIP
x° 1,1,1,...,1, 17 1,1,1,...,1, )T
y° (3,4,4,...,4,6)T (3,4,4,...,4,6)T
£ le - 05 le - 05
Iterations 8 7
uk 1.00e - 08 1.92¢ - 08
xk (0,0,0,...,0,0)T (0,0,0,...,0,0)T
yk 1,1,1,...,1, 1T 1,1,1,...,1, 1T
Run time (s) 0.217375 0.177515

These test problems are solved by our IPCIP algorithm and the classical MTY
algorithm. The experiments are run on a PC (2.6 GHz CPU, 2 G DDR RAM) using MATLAB 7.
The results including the corresponding numbers of iterations, p¥, the approximate solutions,
and computing times are shown in Tables 1, 2, and 3.

5. Conclusion

This paper modified the MTY algorithm for solving monotone LCPs to strengthen the
convergence results. Although the iteration complexity of the improved algorithm was
proved to be O(+/nL) which is similar to the classical MTY algorithm, but the reduce factor of
duality gap was enhanced to 1.168 and results in a faster convergence than the classical MTY
algorithm.
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The numerical results show that our IPCIP algorithm is more efficient than the MTY
algorithm. The number of iterations was decreased, and the computing times could be
reduced by nearly 20% to 50%. That indicated IPCIP algorithm has a better performance than
the MTY algorithm.
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