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A series of thin layers of alternating refractive index are known to make a good optical mirror over

certain bands of frequency. Such a device, often termed the Bragg reflector, is usually introduced to

students in isolation from other parts of the curriculum. Here, we show that the basic physics of wave

propagation through a stratified medium can be used to illustrate some more modern developments

in optics and quantum physics, from transfer matrix techniques to the optical properties of cold

trapped atoms and optomechanical cooling. We also show a simple example of how such systems

exhibit an appreciable level of optical nonreciprocity. VC 2014 American Association of Physics Teachers.

[http://dx.doi.org/10.1119/1.4832436]

I. INTRODUCTION

To paraphrase Griffiths,1 wave motion can be divided into
at least three types: traveling waves (continuous spectrum),
bound states (discrete spectrum), and waves within a peri-
odic medium (continuous spectrum with forbidden regions).
There are a variety of ways in which the third of these can be
introduced, perhaps the most obvious of which is through
condensed matter physics, where the atomic lattice provides
an example of a periodic medium.2–4

In the context of condensed matter then, it is instructive to
observe the emergence of Bloch’s theorem as the number of
periods of the system is increased. The motion of waves in a
one-dimensional periodic, layered medium can be treated
analytically for any number of layers.1,5–7 An example where
the onset of a band gap may be observed can be found in the
optics of the Bragg reflector,5 which is an optical medium
composed of layers of two kinds of material with differing re-
fractive indices. A compelling lesson one learns through
studying an arbitrary number of layers is how quickly the
results of Bloch’s theorem become applicable as the number
of layers is increased from unity. However, this is not usually
the reason for introducing the Bragg reflector to students. It is
often introduced as an optical component in an appropriate
course, and more completely in a specialized course covering
photonic crystals or microcavities. We find the Bragg reflec-
tor not only useful for discussing the emergence of Bloch’s
theorem, but it also reveals some subtleties of propagation in
a periodic medium. Dispersion and dissipation alter the pic-
ture, and dissipation in particular can cause a breakdown of
the distinction between allowed and forbidden bands.

Here, we briefly derive the optical properties of the Bragg
reflector through an application of the transfer matrix formal-
ism.8 The results are then applied to the discussion of the op-
tical properties of a lattice of cold trapped atoms,9 where
both dispersion and dissipation are significant at the frequen-
cies of interest. As we shall see, the picture becomes quite

different when these effects are included. Further, we show
that the Bragg reflector can be used to introduce the princi-
ples of two phenomena of current interest: optomechanical
cooling10 and optical nonreciprocity.11,12 In both cases, the
high-frequency sensitivity close to a band edge couples the
optical response to the center-of-mass motion of the reflec-
tor, thereby providing a simple example system where such
effects can be exactly described.

II. STRATIFIED MEDIA AND TRANSFER

MATRICES

The problem of solving the wave equation in a medium
that is inhomogeneous in only one direction can be reduced
to the problem of multiplying 2� 2 matrices together. This
is known as the transfer matrix technique.5,8 The technique
is introduced here, but for a more in-depth exposition see the
recent paper by S�anchez–Soto et al.8 or the book by Yeh.13

A typical stratified system is shown in Fig. 1, where we
have a medium composed of N layers, each with a different
value of the refractive index n, immersed in a background
medium (perhaps a fluid) with index nc. In general, the re-
fractive indices of the layers will be complex numbers, the
imaginary parts of which indicate the degree to which the
electromagnetic field is absorbed. For simplicity we assume
normal incidence, where propagation through the system
does not depend on the polarization of the waves.

For a fixed oscillation frequency of the field x, the solu-
tions to the wave equation within each layer of the medium
are plane waves with spatial dependence expð6ikmxÞ (m
labels the layer). The wave vector km is related to the fre-
quency as km ¼ nmx=c. The electric field E at every point in
space is thus written as a sum of two parts; namely, a right-
moving wave eðþÞm ðxÞ ¼ AðþÞm eikmx and a left-moving wave
eð�Þm ðxÞ ¼ Að�Þm e�ikmx, with the understanding that the full
field is the sum of the two
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EðxÞ ¼ p̂ AðþÞm eikmx þ Að�Þm e�ikmx
h i

: (1)

Here, p̂ is a unit vector denoting the polarization of the
waves and x is a position within the mth layer. If we intro-
duce the column vectors emðxÞ, the elements of which are
eðþÞm ðxÞ and eð�Þm ðxÞ, a 2� 2 matrix M—the transfer matrix—
can be found to relate the field E on either side of the multi-
layered medium. The relationship between the electric field
on either side of an N layered medium, such as that illus-
trated in Fig. 1, is eNþ1 ¼M � e0.

There are only two eventualities for light during propaga-
tion through a layered medium. It can encounter a boundary or
continue moving through a homogeneous region. The matrix
M can thus be broken into a product of component transfer
matrices, each of which is either an interface matrix W, giving
the relation between the electric field on each side of a bound-
ary, or a translation matrix X, giving the relationship between
the electric field on each side of a homogeneous region.

The interface matrix W is found by applying the condition
of continuity of the relevant components of the electromag-
netic field across a boundary.14 Assuming normal incidence
onto a boundary between index na and nb, these conditions are
that the field and its first derivative are continuous, so that

eðþÞa þ eð�Þa ¼ e
ðþÞ
b þ e

ð�Þ
b (2)

and

na eðþÞa � eð�Þa

h i
¼ nb e

ðþÞ
b � e

ð�Þ
b

h i
; (3)

where we have used the relation @eð6Þa =@x ¼ 6ikaeð6Þa . In
matrix form, Eqs. (2) and (3) can be written

e
ðþÞ
b

e
ð�Þ
b

0
@

1
A ¼ 1

2

1þ na=nb 1� na=nb

1� na=nb 1þ na=nb

 !
eðþÞa

eð�Þa

 !
: (4)

The matrix (including the factor of 1/2) on the right of
Eq. (4) is the interface matrix WðabÞ, which gives the relation
between the electric field across a boundary between a region
of index na and one of nb.

The translation matrix X between two points (x1 and x2) in
a homogeneous medium multiplies e(þ) and e(�) by a phase
factor exp½6ikxðx2 � x1Þ�. For example, for a medium of
index na, we have

eðþÞa ðx2Þ
eð�Þa ðx2Þ

 !
¼

eikaðx2�x1Þ 0

0 e�ikaðx2�x1Þ

 !
eðþÞa ðx1Þ
eð�Þa ðx1Þ

 !
:

(5)

The matrix to the right of the equality in Eq. (4) is the trans-
lation matrix XðaÞðx2 � x1Þ. The two matrices within Eqs. (4)
and (5) can be used to study light propagation in generic
stratified media and, as a limiting case, continuously inho-
mogeneous media.5

III. THE BRAGG REFLECTOR

The Bragg reflector is a stratified medium composed of a
periodic sequence of identical unit cells13,15 Here the unit
cell consists of two layers, each having different complex re-
fractive indices (na and nb) and thicknesses (a and b).
Following Sec. II, we look to find the transfer matrix associ-
ated with light passing through a Bragg reflector, as illus-
trated in Fig. 1. The field on either side of a single unit cell is
related by a matrixM1 that is given in terms of the interface
and translation matrices associated with the individual layers
in the unit cell,

M1 ¼WðbaÞ � XðbÞðbÞ �WðabÞ � XðaÞðaÞ ¼ cosðkbbÞ þ iaabsinðkbbÞ½ �eikaa �ibabsinðkbbÞe�ikaa

ibabsinðkbbÞeikaa cosðkbbÞ � iaabsinðkbbÞ½ �e�ikaa

 !
; (6)

where ka;b ¼ na;b x=c; aab ¼ ðn2
a þ n2

bÞ=ð2nanbÞ and
bab ¼ ðn2

a � n2
bÞ=ð2nanbÞ.

The transfer matrix associated with N (identical) unit cells
is then given by MN ¼ ðM1ÞN . Now, there is a general
result that the Nth power of a 2� 2 matrix can be written
in terms of Chebyshev polynomials of the second kind
UN(z),1,5,6 so that

MN ¼ ðM1ÞN ¼ UN�1ðzÞM1 � UN�2ðzÞ12; (7)

where

z¼ 1

2
Tr M1ð Þ ¼ cosðkbbÞcosðkaaÞ� abasinðkbbÞsinðkaaÞ:

(8)

Fig. 1. An N-layer structure is surrounded by a medium with a real refractive

index nc. Linearly polarized light of frequency x is incident from the left

with electric field amplitude Ei, some of which is reflected with reflectivity

RðxÞ, and some of which is transmitted with transmissivity TðxÞ.
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To compute these Chebyshev polynomials, it is usually best
to use their relation to trigonometric functions16 given by
UNðzÞ ¼ sin½ðN þ 1ÞarccosðzÞ�=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� z2
p

.
The final expression for the complete transfer matrix M

for the situation illustrated in Fig. 1 is when MN is placed
between matrices associated with light passing from the sur-
rounding medium (index nc) into the reflector and then out
again, or

M ¼ m11 m12

m21 m22

� �
¼WðacÞ � MN �WðcaÞ: (9)

Combining Eqs. (4), (6), and (7) to evaluate Eq. (9), one
obtains the final result for the elements of the transfer matrix,

m11 ¼ UN�1ðzÞ zþ iaacn� ibacbabcosðkaaÞsinðkbbÞ½ �
� UN�2ðzÞ; (10)

m12 ¼ �UN�1ðzÞ babsinðkbbÞ sinðkaaÞð½
þ iaaccosðkaaÞÞ � ibacn�; (11)

m21 ¼ �UN�1ðzÞ babsinðkbbÞ sinðkaaÞð½
� iaaccosðkaaÞÞ þ ibacn�; (12)

m22 ¼ UN�1ðzÞ z� iaacn½
þ ibacbabcosðkaaÞsinðkbbÞ� � UN�2ðzÞ; (13)

where we have introduced the quantity

n ¼ sinðkaaÞcosðkbbÞ þ abacosðkaaÞsinðkbbÞ: (14)

The results given in Eqs. (10)–(13) immediately allow us
to find the reflection and transmission coefficients of the me-
dium. For example, when light of amplitude E0 is incident
from the left, the transfer matrix equation reduces to

E0tþ
0

� �
¼ m11 m12

m21 m22

� �
E0

E0rþ

� �
; (15)

where rþ and tþ are the reflection and transmission coeffi-
cients for light incident from the left-hand side of the me-
dium. Equation (15) leads to expressions for the reflectivity
and transmissivity in terms of the elements of the transfer
matrix, given by

Rþ ¼ jrþj2 ¼
����m21

m22

����
2

(16)

and

Tþ ¼ jtþj2 ¼
���� 1

m22

����
2

: (17)

Performing the same calculation for light incident from
the right, we find that T�¼Tþ (the determinant of M equals
unity) and

R� ¼ jr�j2 ¼
����m12

m22

����
2

; (18)

which does not equal Rþ unless the medium is lossless, in
which case Eqs. (10)–(13) show that m12 ¼ m?

21. In general

Rþ and R– will not be equal. For example, consider a highly
reflective surface backed by a thick layer of absorbing mate-
rial. Light incident onto the front surface yields a reflectivity
close to unity, while incidence onto the opposite side would
yield a lower value. In the case of many thin layers and small
dissipation, this difference is negligible and we shall often
assume that Rþ � R�. The value for Rþ obtained from
Eq. (16) is plotted in Fig. 2, for 10 unit cells.

A. Bloch’s theorem in optics

A Bragg reflector may have tens or hundreds of layers.
Nevertheless, Bloch’s theorem, which strictly applies only to
a system of infinite size, can be used to accurately predict
the region of high reflectivity in Fig. 2. An intuitive justifica-
tion for its applicability is that for frequencies where the
reflectivity is high, the wave is rapidly extinguished from the
medium so that the field amplitude is very close to zero at
the exit interface. Thus, we can consider the number of unit
cells to be infinite with little error.

If one compares an eigenmode of the field at two points in
an infinite system with spatial periodicity a þ b, the differ-
ence can only be a phase factor

Eðxþ aþ bÞ ¼ EðxÞeijðaþbÞ: (19)

The quantity j is known as the Bloch wave vector and is the
analogue of the free-space wave vector for the case of a dis-
crete translational symmetry. This quantity tells us the large
scale variation of the field as one moves across one or more
unit cells. In terms of the transfer matrix formalism outlined
in the previous two sections, the above statement is

M1 � e ¼ eijðaþbÞe: (20)

Finding j thus amounts to finding the eigenvalues k
¼ eijðaþbÞ of the unit cell matrixM1 via

Fig. 2. Reflectivity RþðxÞ as a function of frequency for a transparent Bragg

reflector composed of 10 unit cells of index na¼ 1.45 and nb¼ 2.1 and thick-

nesses a¼ 2.60� 10�7 m and b¼ 1.76� 10�7 m. There is a frequency range

where propagation is forbidden, corresponding to the central plateau of Rþ,

or the shaded region where jzj > 1 (inset). The amplitude of the oscillations

increases with the index contrast of the surrounding medium nc, but this

does not affect the location of the plateau. Inset: For an infinite array of unit

cells, no mode can propagate in the frequency range shaded in grey for

jzj > 1; this is known as the photonic band gap, or stop band.

208 Am. J. Phys., Vol. 82, No. 3, March 2014 Horsley et al. 208
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detðM1 � k12Þ ¼
����M11 � k M12

M21 M22 � k

���� ¼ 0: (21)

Equation (21) has the two solutions

k ¼ z6
ffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � 1
p

¼ eijðaþbÞ; (22)

where we have applied det½M1� ¼ 1, and z ¼ Tr½M1�=2. It
can be seen directly from Eq. (8) that z is real for media with
real refractive indices na and nb. In this case, the criterion for
allowed propagation through the multilayer becomes quite
simple. When z � 1, we have

eijðaþbÞ ¼ z 6 i
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� z2
p

; (23)

which can be satisfied with a real Bloch wave vector
j ¼ 6arccosðzÞ=ðaþ bÞ. Meanwhile, when jzj > 1 the right-
hand-side of Eq. (22) is real, with one root greater and one
less than unity, leading to a complex value of j. Such solu-
tions diverge at infinity and are therefore not allowed modes
of the truly infinite system. It is in these regions of jzj > 1
that the system exhibits the stop-band shown in Fig. 2.

In a dissipative periodic medium (the dissipation being
proportional to 1� R6 � T6), the situation becomes more
intricate as z is now complex. To see how this modifies the
situation, consider the case where a small degree of dissipa-
tion is present in an otherwise allowed frequency band. We
write z ¼ cosðuÞ þ ig, where both u and g (� 1) are real,
and then expand Eq. (22) to first order in g to get

eijðaþbÞ � 16
g

sinðuÞ

� �
e6iu: (24)

Dissipation evidently shifts the modulus of Eq. (24) away
from unity. Therefore, j is generally complex when dissipa-
tion is present, even for modes falling within an otherwise
allowed band of frequency. The distinction between allowed
and forbidden bands thus becomes blurred (see Sec. IV A).
This has the simple interpretation that in an absorbing peri-
odic medium, the propagation is always damped. For large
degrees of dissipation, the band-gap may even disappear.

IV. SOME INSTANCES OF THE BRAGG

REFLECTOR IN MODERN OPTICS

The above treatment of the Bragg reflector is intended to
be introductory, and in nearly all respects the formulae are
well known. We shall now demonstrate how these results
may be used to discuss aspects of physics that are relevant to
some contemporary experimental setups.

A. An atomic Bragg mirror

A neutral atom subject to an external electric field will de-
velop an electric dipole moment d. The atom will then be
subject to a force due to interaction of the electromagnetic
field with this induced polarization, and this force can be
used to trap atoms within a confined region of space.17 An
interference pattern created by two counter-propagating laser
fields creates an array of many thousands of such traps, often
termed an optical lattice.9

The optical lattice is useful as a model system, but it also
has interesting optical properties of its own.18,19 We can treat

this system using the formalism developed in the previous
sections. In the case of a one dimensional optical lattice,
where the atomic motion is only weakly constrained in the
yz-plane, the system is essentially a slightly unusual Bragg
reflector—an “atomic Bragg mirror.” The reflector is approx-
imately composed of layers of atomic clouds (width a, index
na) and layers of vacuum (width b, and nb;c � 1).

The expression for the index of the atomic clouds can be
motivated as follows. So long as the incident electric field E is
weak, the atom responds linearly and an oscillating electric
dipole moment develops. Approximating this dipole moment
as a simple harmonic motion of natural frequency x0 leads to
dðxÞ / Eðx0Þ=ðx2

0 � x2 � ixcÞ, where x is the frequency of
the applied electric field, x0 is the position of the atom of in-
terest, and c represents the damping of the motion. For a cloud
of such atoms, the average dipole moment per unit volume
P ¼ vðxÞE must have the same x dependence as a single
dipole so that vðxÞ / 1=ðx2

0 � x2 � ixcÞ. Close to an atomic
resonance (x � x0) the denominator of v can be expanded to
first order in x� x0 with little error, and since the suscepti-
bility vðxÞ is related to the refractive index14 through the for-
mula n ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ v=�0Þ

p
, the index of the atomic clouds thus

takes the form

na xð Þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 3pN
ðx0 � xÞ=ce � if

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 3pN

d� if

s
:

(25)

In this expression, the proportionality constant and the damp-
ing have been given values that come from a more rigorous
quantum mechanical analysis.20 The quantity ce is the decay
rate of the excited state, and f is chosen to fit the width of
the atomic resonance to an experimentally measured value.
Finally, N ¼ A=ðk3

0VÞ is the number of atoms that fit into
the volume 1=k3

0, where k0 ¼ x0=c and there are A/V atoms
per unit volume. For the purposes of plotting, we have
defined the quantity, d ¼ ðx0 � xÞ=ce, which measures how
far the frequency of the incident light is from the resonant
frequency of the atoms.

The main part of Fig. 3 shows the modulus of the eigen-
value defined in Eq. (22), for propagation through an infinite
sequence of alternating layers of trapped atoms and vacuum.
When the eigenvalue deviates from unity the wave will
decay as it propagates through the medium indicating that it
is not an allowed eigenmode of the infinite system, which in
this case is due to a combination of both dissipation and de-
structive interference. The figure illustrates both this inter-
play between dissipation and forbidden regions of
propagation (�250 < d < 0), and the remarkable fact that a
stop band can exist even when the index contrast between
the layers is incredibly low (d > 250). For reference, the
atomic cloud index given in Eq. (25) is plotted in the two
insets of Fig. 3.

Figure 4 shows reflection and transmission from a finite
sequence of alternating dissipative layers. The comparative
effect of introducing dissipation, but not dispersion into the
system discussed in Fig. 2 is shown in Fig. 4(a), where
the reflectivity is markedly reduced within the region of the
stop-band as the dissipation is increased. Fig. 4(b) shows the
coefficients calculated from Eqs. (17), (18), and (25), for
the case of trapped 87Rb described above. We can see that
when d � 0, where the dissipation and dispersion are both
most pronounced, the optical response is quite complicated,
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with rapid oscillations evident on the scale of ce. On either
side of d ¼ 0 two bands of high reflectivity appear, as antici-
pated in Fig. 3. For d < 0, where Fig. 4(b) shows nearly total
reflection, the Bloch wave vector has a significant imaginary
part even though the absorption is mostly small (inset of
Fig. 3). There is also a stop band evident at around d � 250.
This is not completely shown in Fig. 4(b), where the reflec-
tivity peaks at �0:6 for d � 150, but does become conspicu-
ous for larger values of N.

This example system illustrates that when composed of
resonant elements exhibiting significant dispersion and
dissipation, the properties of the Bragg reflector can be
quite subtle, and not at all like the textbook examples.
Furthermore, we see that even when the layers have an index
contrast of less than a percent away from unity, it is still pos-
sible to create an almost perfect reflector, so long as one can
make the number of periods of the reflector large enough,
which is quite possible with an optical lattice.21,22

B. Optomechanical cooling

In much the same way, that atomic motion can be cooled
within an optical lattice, macroscopic mechanical motion can
be reduced to the point where it enters a regime where a quan-
tum mechanical description must be used.10,23 For example, in
the case of a mechanical oscillator of frequency X, this would
be when the total energy in the center-of-mass motion
becomes comparable with �h X. Recent experimental work has
succeeded in entering this regime24 using a process known as
optomechanical cooling. It is worth emphasizing that this cool-
ing refers to the macroscopic oscillatory motion and not the
bulk temperature of the medium. Inspired by the fact that a
similar set-up has been recently proposed for this purpose,19,25

we consider the model system illustrated in Fig. 5 to demon-
strate a basic example of how the electromagnetic field may be
used to reduce the kinetic energy of a moving body.

If monochromatic radiation reflects from a surface it will
exert a force. For a single photon incident from the left (þ)
or right (–) with momentum 6�hk6x̂ and energy �hx6, the dif-
ference in optical energy (EF) before and after interaction
with a planar medium is on average the difference between
the intensity of outgoing and incoming waves

DEF
6 ¼ �hx6 T6ðx6Þ þ R6ðx6Þ � 1½ �; (26)

and the difference in optical momentum (pF) equals the
change in the difference between the intensity of right and
left going waves

DpF
6 ¼ 6�hk6 T6ðx6Þ � R6ðx6Þ � 1½ �x̂: (27)

The rate of energy and momentum being lost from the field
can be equated to that taken up by the body [i.e., the nega-
tives of Eq. (26) and (27)]. For P6 photons per second inci-
dent from the left and right, the rest-frame force on the body
is minus the total momentum lost from the field (a prime
denoting the rest-frame),

dp0EM

dt
¼ �h Pþkþ 1þ RðxþÞ � TðxþÞ½ �
�
� P�k� 1þ Rðx�Þ � Tðx�Þ½ �gx̂; (28)

and the energy transfer to the body (bulk heating) is,
similarly,

Fig. 3. The absolute value of the right hand side of Eq. (22) for a lattice of
87Rb. The deviation of this quantity away from unity indicates the magni-

tude of the imaginary part of the Bloch wave-vector, computed from

Eq. (22). Inset: The real and imaginary parts of the refractive index given by

Eq. (25) (same range of d), with x0 ¼ 2:412� 1015 Hz; N ¼ 5:7� 10�3,

and ce ¼ 3:7699� 107 Hz.

Fig. 4. Reflectivity RþðxÞ as a function of frequency for a dissipative Bragg

reflector. (a) The dissipative analogue of the plot shown in Fig. 2; all param-

eters are identical but we have added an imaginary part to the refractive

index nb. (b) The array of unit cells now has nb¼ 1 and na given by Eq. (25)

using the same parameter values as given in Fig. 3. The trap has

N¼ 5.4� 104 periods with a¼ 1.94807� 10�8 m, and b¼ 3.70873� 10�7

m. The solid and dashed lines illustrate the effect of changing the line shape

parameter f.
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dE0EM

dt
¼ �h Pþxþ 1� RðxþÞ � TðxþÞ½ �
�
þ P�x� 1� Rðx�Þ � Tðx�Þ½ �g; (29)

where we assume that Rþ � R� ¼ R and Tþ¼ T–¼ T.
In the laboratory, the body is in motion with velocity _x

and we have monochromatic radiation of equal-amplitude
P0 and frequency x incident from both directions. To first
order in the velocity, the rest-frame and laboratory quantities
are related by a Doppler shift x6 ¼ xð17 _x=cÞ ¼ ck6 and
P6 ¼ P0ð17 _x=cÞ. In terms of laboratory frame quantities,
the force given by Eq. (28) is proportional to the velocity of
the body

dp0EM

dt
¼ � 2�hxP0

c

_x

c

� �
x
@RðxÞ
@x

� @TðxÞ
@x

� �	

þ 2 1þ RðxÞ � TðxÞ½ �



x̂; (30)

while the energy transfer given by Eq. (29) is independent of
the velocity,

dE0EM

dt
¼ 2�hxP0 1� RðxÞ � TðxÞ½ �: (31)

Here, the reflection and transmission coefficients have been
expanded to first order as a Taylor series around the laboratory
frequency x, giving Rðx6Þ � RðxÞ7ð _xx=cÞ@RðxÞ=@x and
a similar expression for Tðx6Þ. Finally, we transform
Eqs. (28) and (29) into the laboratory frame to find the
observed mechanical force on the body, which is a combina-
tion of both the rest-frame force Eq. (30) and energy transfer

Eq. (31). This force is dpEM=dt � dp0EM=dt þð _x=c2ÞdE0EM=dt,
which we find to be

dpEM

dt
¼ � 2�hxP0

c

_x

c

� �	
1þ 3RðxÞ � TðxÞ

þ x
@RðxÞ
@x

� @TðxÞ
@x

� �

x̂: (32)

Equation (32) gives the optical contribution to the force
on the moving reflector illustrated in Fig. 5. Defining the
damping coefficient C by

C¼ �hxP0

c2
1þ 3RðxÞ � TðxÞþx

@RðxÞ
@x

� @TðxÞ
@x

� �	 

;

(33)

the equation of motion for the center-of-mass for this system
takes the familiar form

m
d2x

dt2
þ 2C

dx

dt
þ mX2ðx� x0Þ ¼ 0; (34)

where m is the mass of the reflector and X is the frequency
associated with the restoring force of the springs. Equation
(34) is that of a damped ðC > 0Þ or amplified ðC < 0Þ har-
monic oscillator. The damping coefficient is proportional to
the incident optical power, and depends on the reflection and
transmission coefficients and their derivatives with respect to
frequency. The solutions to Eq. (34) are

xðtÞ ¼ x0 þ A0e�Ct=me6iX
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�C2=m2X2
p

t; (35)

where A0 is the distance of the center-of-mass from x0 at
t¼ 0. If the medium is only weakly dispersive, then the
derivatives of the reflection and transmission coefficients
within Eq. (33) may be neglected, and C is then positive. It
is then clear that the rate of damping is ordinarily very small.
For instance, an optical field with x � 1015 Hz and a very
small mass25 m � 10�15 kg yields C=m � 10�21P0. To
obtain moderate damping, say C=m � 10�3, would thus
require an incident power of �hxP0 � 10�1 W. In such a field
the heating due to absorption alone would be enough to
destroy such a small body.

Conversely, for a Bragg reflector dispersion is not negligi-
ble. Figure 2 shows that there are strong oscillations in the
reflection and transmission coefficients, contributing signifi-
cantly to C via the frequency derivatives in Eq. (33). The
motion can then be either amplified (heated) or damped
(cooled), depending on the sign of the derivatives of the
reflection and transmission coefficients. For a rapidly
increasing reflectivity with frequency we have damping
ðC > 0Þ, while for a rapidly decreasing reflectivity with fre-
quency we have amplification ðC < 0Þ. Figure 6 shows a
plot of c2C=�hxP0, demonstrating four orders of magnitude
increase in the absolute value of the damping coefficient.
The required optical power density is correspondingly four
orders of magnitude smaller. The above effect presents a ba-
sic example of optomechanical cooling.

C. Optical nonreciprocity

Reciprocity, or the fact that a detector will show the same
reading when the positions of a source and detector of waves

Fig. 5. A Bragg reflector confined by a pair of springs attached to fixed col-

umns performs oscillatory motion around the point x¼ x0. When

equal-amplitude, monochromatic light is incident onto both sides of the

reflector, radiation pressure can be used to add or remove kinetic energy

from the motion.
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are interchanged, is a rather general property of wave propa-
gation. Yet for the purposes of performing signal processing
one might like to realize an “optical diode,” allowing total
light transmission in the forward direction while inhibiting
(over some bandwidth) propagation in the backward direc-
tion. A moving Bragg reflector provides a simple example of
a system exhibiting significant nonreciprocity (due to the
motion, which breaks time symmetry), and close to the stop-
band edge its properties can be much like that of an optical
diode.

If a medium is reciprocal, then the transmission from the
background index on the left of the medium to that on the
right should be the same as transmission from right to left.
We define here a simple measure of the nonreciprocity of
our layered medium to be

DT ¼ TþðxÞ � T�ðxÞ; (36)

where the transmission coefficients are those measured in the
laboratory with source and detector on opposite sides of the
N-layered medium shown in Fig. 1. This measure does not
capture everything that the full definition of reciprocity cap-
tures,14 but it should agree qualitatively. Computing Tþ and
T– as in Eq. (17), one obtains Tþ ¼ jdetðMÞ=m22j2 and
T� ¼ j1=m22j2, so that for Tþ to equal T– we must have
det½M� ¼ 1. For normal incidence, an arbitrary transfer ma-
trix is equal to a product of the X and W matrices given by
Eqs. (4) and (5). The determinant of such a product equals
the product of the determinants, or

det½M� ¼
YN
i¼1

det½XðiÞðdiÞ�
YN
j¼0

det½Wðj;jþ1Þ�

¼
YN
j¼0

nj

njþ1

¼ n0

nNþ1

¼ 1; (37)

where we have assumed an N-layered medium, each layer
having index ni and thickness di. In the case where source
and detector reside in different media ðn0 6¼ nNþ1Þ, this sim-
ple measure must be modified.

Reciprocity is therefore unavoidably embedded within the
2� 2 transfer matrix formalism. To break reciprocity the

formalism must be broken. Perhaps the simplest way to do
this is to take a medium that has been set into motion. Then
we cannot take x to be the same throughout the system.
Reflection causes the frequency of the waves to become
x6 ¼ xð17 _x=cÞ and this will depend on the direction of
incidence. Therefore, incident left- and right-going waves of
frequency x will generate reflected and transmitted waves of
frequencies x6 and x. In effect, for two input channels we
have four output channels.

To calculate Eq. (36) for our system, consider the electric
field in the rest-frame. For incidence from the left, the rest-
frame field on either side of the medium is

E0ðx0Þ ¼ Eþ ẑ eixþx0=c þ rþðxþÞe�ixþx0=c
� �

x0 < 0

Eþ ẑ tðxþÞeixþx0=c x0 > L;

(

(38)

and for incidence from the right

E0ðx0Þ ¼ E� ẑ tðx�Þe�ix�x0=c x0 < 0

E� ẑ e�ix�x0=c þ r�ðx�Þeix�x0=c
� �

x0 > L;

(

(39)

where the medium is taken to be of length L. Equations (38)
and (39) are transformed into the laboratory frame using the
first-order transformation E ¼ E0 � _x � B0. Having done
this, the transmitted electric field is simply modified by a
change in the field amplitude and a Doppler-shifted fre-
quency appearing within the argument of the rest-frame
transmission coefficient,

EðxÞ ¼ E0 ẑ tðxþÞeixx=c x > Lþ _xt ðleftÞ
E0 ẑ tðx�Þe�ixx=c x < _xt; ðrightÞ;

(

(40)

where Eþ ¼ E0ð1� _x=cÞ and E� ¼ E0ð1þ _x=cÞ. The differ-
ence in laboratory frame transmissivities for left and right
incidence can thus be inferred from Eq. (40) to be

DT ¼ Tþ � T� ¼ jtðxð1� _x=cÞÞj2 � jtðxð1þ _x=cÞÞj2:
(41)

To first order in the velocity of the medium, Eq. (41) is

DT � � 2x _x

c

@TðxÞ
@x

; (42)

where TðxÞ is the rest-frame transmissivity. If dispersion is
moderate, then this nonreciprocity is negligibly small for
realistic velocities (if T changes 0.1 over 1015 Hz, then for
optical frequencies and _x � 1 m=s; DT � 10�9). However,
when the rest-frame transmission coefficient depends
strongly on frequency, then Eq. (41) may be large. We
again see the Bragg reflector illustrates a prime example of
this. Figure 7 shows a plot of DT for an atomic Bragg mir-
ror set into motion26 at 1 m/s and 5 m/s. Due to the strongly
dispersive optical response of the lattice (Fig. 4), the non–
reciprocity of this system as determined by DT can be in
the tens of percent for velocities of meters per second.27

For the same velocity regime, an effective optical diode
would require only an order of magnitude increase in the
dispersion.

Fig. 6. The damping coefficient of the motion C (in units of �hxP0=c2) for a

Bragg reflector at a frequency around the edge of a stop band. The parame-

ters are the same as in Fig. 2 but for N¼ 50 layers.
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V. CONCLUSIONS

We have given an overview of the properties of the Bragg
reflector using a simple application of the transfer matrix for-
malism. The basic physics of this system was found to be
convenient for discussing several topical areas of optical
physics. We used it as the basis for a discussion of optome-
chanical cooling and optical nonreciprocity effects, which
can all be observed by using Bragg mirrors made of ultra-
cold atoms.
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