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Abstract. The technique of large deviation multifractal spec-
trum has shown that the high-latitude (77.5◦ N, 69.2◦ W) ge-
omagnetic fluctuations can be described from direct dissipa-
tion process or loading-unloading regimes of the solar wind-
magnetosphere coupling. In this paper, we analyze the H-
component of low-latitude (22.4◦ S, 43.6◦ W) geomagnetic
field variability observed during the month of July 2000 at
the Geomagnetic Observatory, Vassouras, RJ, Brazil. The
variability pattern during this period is a mixture of quiet and
disturbed days including the Bastille Day intense geomag-
netic storm on 15 July. Due to the complexity of this data,
we pursue a detailed analysis of the geomagnetic fluctuations
in different time scales including a multifractal approach us-
ing the singular power spectrum deviations obtained from
the wavelet transform modulus maxima (WTMM). The re-
sults suggest, as observed from high-latitude data, the occur-
rence of low-latitude multifractal processes driving the inter-
mittent coupling between the solar wind-magnetosphere and
geomagnetic field variations. On finer scales possible phys-
ical mechanisms in the context of nonlinear magnetosphere
response are discussed.

Keywords. Magnetospheric physics (MHD waves and in-
stabilities; Plasma waves and instabilities) – Space plasma
physics (Nonlinear phenomena)

1 Introduction

Geomagnetic time series are often generated by complex
spatio-temporal dynamics of which nonlinearity and scaling
are the most important processes. As supported by theoret-
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ical and experimental studies it is known that the main ge-
omagnetic field variation originates inside the Earth and the
geomagnetic field short-term fluctuations are due to exter-
nal sources. Moreover, from several high resolution obser-
vations it is possible to conclude that while the solar daily
variation is approximately a regular process there is an irreg-
ular fluctuation (the geomagnetic disturbances component)
caused by the solar wind-magnetosphere coupling, which is
a remarkable nonlinear process. Thus, from the point of view
of space weather, the complete analysis of irregular and in-
tense geomagnetic fluctuations is relevant due to possible
solar-geomagnetic coupling adverse effects on power lines
and data transmission by satellites. In fact, the systematic
study of the statistical properties of nonlinear magnetosphere
variability and their relations to the solar activity, as the solar
wind, has attracted a growing interest (e.g. Chapman et al.,
1998; Chang, 1999; Kov́acs et al., 2001; Lui, 2002; V̈orös et
al., 2002; Balasis et al., 2006).

In this framework, analysis and interpretation of the geo-
magnetic plasma fluctuations is performed in order to char-
acterize the solar wind influence, in terms of an intermit-
tent energy injection, on the magnetosphere. As known
from the turbulence theory the intermittency leads to devi-
ation from usual Kolmogorov velocity structure functions
and its main signature are the singularity spectra exponents,
f (α), which represent a power-law scaling-free dependence
(Frisch, 1995). For solar wind turbulence, the so-called mul-
tifractal p-model describes how solar wind energy can be
distributed among scales following a multiplicative rescal-
ing structure (Halsey et al., 1986; Meneveau and Sreeni-
vasan, 1987). Recently, high-latitude geomagnetic fluctua-
tions (77.5◦ N, 69.2◦ W) have been analyzed using the large
deviation multifractal spectrum resulting deviations from the
multiplicative cascade p-model (Vörös, 2000). Actually,
the multifractal analysis, in contrast to the traditional power
spectrum analysis, have shown that the Hölder exponents, for
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Fig. 1. Upper panel shows theH -component of geomagnetic field
variations observed at Vassouras, Brazil, during July 2000; lower
panel shows the power spectrum density of the geomagnetic field
(lower curve). The straight line in the lower panel indicates the
−5/3 slope.

local singularity, are time dependent showing that the flux en-
ergy at a given scale is not homogeneously distributed in time
as in the traditional homogenous 1/f−1 turbulent spectrum.
A usual hypothesis is that the intermittency behavior is as-
sociated with the multifractal turbulence model (Muzy et al.,
1991). This fact suggests that the fluctuations can be de-
scribed by means of a multifractal scaling law which is asso-
ciated with intermittency, then admitting that nonlinear and
coherent processes can coexist (Vörös et al., 2002; Wey-
gand et al., 2005; Wanliss et al., 2005). Thus, the present
study deals with the multifractal analyses of low-latitude ge-
omagneticH -field records which is fully intermittent. In
this sense, the continuous wavelet transform and its max-
ima can be used to reveal the underlying structure of theH -
component time series and its correspondent relevant time
scales.

Despite the simplicity of our approach based on a single
data set, at least three relevant aspects are addressed in this
paper: (i) the comparative study for low-latitude consider-
ing the multifractality and characteristic time scales found for
high-latitude geomagnetic fluctuations, (ii) the need of phys-
ical interpretation in the context of low-latitude; and (iii) the
effectiveness of the geomagnetic fluctuations analysis based
on the Wavelet Transform Modulus Maxima (WTMM).

2 Data and methodology

Nonlinear geomagnetic field fluctuations, in high and low
latitudes, have been observed by several geomagnetic obser-
vatories. Figure 1 shows the geomagnetic fluctuations cor-
responding to the 1-min time resolutionH -component time

Fig. 2. First above panel is the original time series; the three be-
low panels represent the decomposition results by three time scales
displayed on legend.

series observed during the month of July 2000 at Vassouras
Geomagnetic Observatory (22.4◦ S, 43.6◦ W) in Brazil (Pa-
pas et al., 2006). Its variability pattern presents a charac-
teristic scenario on the evolution of the geomagnetic field,
notably the rapid change of the field from a quiescent (quiet)
period (1 to 9 days) to a highly fluctuating regime. Thus, the
analysis has been carried out in two parts of the time series:
the full data consisting of 44 640 measurements and 12 960
data points corresponding to the first nine days.

In order to study low latitude magnetic storm the time
series showed in Fig. 1 has been previously analyzed due
to the presence of a very intense geomagnetic disturbance
with Dst max<−200 nT (Bolzan et al., 2005a). However, for
a detailed analysis the full H-component record can be in-
terpreted as composed by, at least, four main phases: (i) a
quasi-regular variability before the intense disturbance, (ii)
an impulsive phase, (iii) the gradual relaxation of the erupted
disturbance, and (iv) the recovery phase to the nonlinear os-
cillating regime. It is important to mention that, following
the usual criteria the disturbed period, as shown in Fig. 2, has
been characterized byDst<−50 nT (Wanllis et al., 2005).

In the present context, as suggested by Kovács et
al. (2001), neglecting the detailed reason for the evolution
of the geomagnetic disturbances (storms or substorms) the
fluctuating nature of the field can be interpreted, in a general
framework, as the manifestation of turbulent phenomena that
take place within the complex magnetosphere MHD config-
uration. Usually, turbulence is interpreted by means of struc-
ture functions following power-laws in the inertial range of
the energy spectra. The power spectral index for the homoge-
nous fluid turbulence is−5/3 (Kolmogorov, 1941) obtained
through standard theoretical considerations, while an exam-
ple determined from simulated MHD turbulence is−3/2
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(Kraichnan, 1965; Biskamp and Schwarz, 2001). Recent
studies on scaling and singularity characteristics of geomag-
netic fluctuations into the MHD flow system, considering
solar wind and ionosphere phenomena, suggest that the near-
Earth magnetosphere is a non-homogenous interconnecting
multi-scale environment where spatio-temporal variability is
intermittent. In this inhomogeneous scenario, multifractal
turbulence can coexist with coherent global processes and
self-organized criticality involving the singular behavior of
the energy distribution in physical space resulting in strong
gradients (V̈orös et al., 2002). Such strong variations con-
stitute the intermittency pattern in the time-series, usually a
measurement of the energy related to the physical quantities
of the system, e.g. velocity (Ramos et al., 2004), temperature
(Bolzan et al., 2002) or magnetic fields (Kovács et al., 2001;
Lui, 2002). Thus, an appropriate characterization of the ge-
omagnetic fluctuations is insured based on the so-called sin-
gularity spectra,f (α), which quantifies the deviations of the
observed singularitiesα from the expected value and gives
a measurement of the intermittency level (Vörös, 2000). In
fact, the underlying time scales involved in the intermittent
level and their different types off (α) spectra can charac-
terize the respective underlying physical mechanism, for ex-
ample, involving the magnetosphere direct multi-scaling dis-
sipation or intermittent magnetosphere response due to the
solar wind nonlinear influence.

Based on the arguments discussed before, we firstly calcu-
lated the power spectral density (PSD) for theH -component
time-series of July 2000. The least square fitting for PSD
inertial range, –(1.96±0.32), is shown in the lower panel
of Fig. 1. The subrange scale ends are 1.65×10−4 Hz and
2.10×10−3 Hz, approximately. Although this value, consid-
ering its inferior standard deviation, is fairly close to−5/3,
its deviation from the Kolmogorov inertial range can be pos-
sibly a phenomenological signature of intermittence. This
result makes evident the importance of studying, in this fre-
quency range, the presence of intermittent phenomena driv-
ing the geomagnetic fluctuations.

Although multifractal scaling, associated with multiplica-
tive cascades, provides a quantitative interpretation of a wide
range of physical heterogeneous processes, there are few ro-
bust mathematical methods for multifractal analysis of in-
termittent patterns (e.g. Bunde and Havlin, 1996; Struzik,
2000). Here, we have considered, in order to obtain the sin-
gularity spectrumf (α) from theH -component time series,
the Wavelet Transform Modulus Maxima (WTMM) (Muzy
et al., 1991; Mallat and Hwang, 1992). The basic idea be-
hind the WTMM method is to describe a partition function
over only the modulus maxima of the wavelet transform of a
signalH(t).

The wavelet transform ofH(t) is written as (Eq. 1, p. 64
from Enescu et al., 2006)

Wψ [H ](s, b) =
1

√
s

∞∫
−∞

H(t) ψ∗

[
t − b

s

]
dt, s > 0 (1)

wheres, b are real,s>0 andψ∗ is the complex conjugate
of a continuous wavelet functionψ . This transformation
gives the coefficient of the wavelet decomposition of the sig-
nalH(t) at time t=b for scales (e.g. Enescu et al., 2006).
For analysis where the variability pattern contain nonstation-
ary power at many different scales, such asH(t), a wavelet
analysis based on a plane wave modulated by a Gaussian is
required. Thus, it is then considered the Morlet wavelet, here
taken in its form to satisfy the so-called admissibility condi-
tion (Farge, 1992; Weng and Lau, 1994):

ψ(t) = π−1/4eiω te−t
2/2, (2)

whereω≥5.
The scaling and translation of thismotherwavelet func-

tion over the signal H(t) are performed by the parameterss

andb. While the scale parameters stretches (or compresses)
the mother wavelet to the required resolution, the translation
parameterb shifts the basis functions to the desired time lo-
cation.

It can be shown that the wavelet transform can reveal the
local characteristics ofH(t) at a pointt0. More precisely,
we have the following power-law relation (Eq. 4, p. 64 from
Enescu et al., 2006):

Wψ [H ] (s, t0) ≈ |s|α(t0) , (3)

where α(t0) is the Ḧolder exponent (or “singularity
strength”). Thus, the exponentα(t0), for fixed locationt0,
can be obtained from a log-log plot of the wavelet transform
amplitude versus the scales. However, this power-law char-
acterization is difficult when the process is governed by a hi-
erarchical distribution of singularities compromising the ex-
act determination ofα on a finite range of scales. In such
case any transformation of the signalH(t) may obey some
renormalization operation involving multiplicative cascades
and it has been demonstrated that the local maxima of|Wψ

(s, b)| at a given scales, are likely to contain all the hierarchi-
cal distribution of singularities in the signal. At a given scale
s each one of the WTMM bifurcates into new two maxima
giving rise to a rich multiplicative cascade in the limits→0.
Thus, it is possible to identify a space-scale partitioning over
the maxima distribution and, consequently, a usual “thermo-
dynamical” method of computing the multifractal spectrum
of H(t) is to define a partition function which scales, in the
limit s→0, as (Eqs. 5 and 6, p. 65 from Enescu et al., 2006):

Z(s, q) =

∑
n

∣∣WψH (s, tn(s))
∣∣q ≈ sτ(q), (4)

wheretn is the position of all local maxima at a fixed scale
s and q is the moment of the measure distributed on the
WTMM hierarchy, used to define the power-law scaling of
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Fig. 3. (a)Tau-spectra for three time scales for July 2000.(b) Sin-
gularity spectra for H-component geomagnetic field for the same
time scales from Fig. 2 and p-model (solid lines).

Z(s,q). This power-law yields for smalls the scaling ex-
ponentsτ (q) – the multifractal spectrum. Actually, there is
hierarchy of the WTMM that has been used for defining the
partition functionZ(s, q) based on the multifractal formal-
ism (Arneodo et al., 1995).

The final step in the WTMM method used here is to ex-
amine, for a set of scaless, the correspondent singularity
spectrumf (α). If one finds a single valueα for all singu-
larities tn, the signal has a monofractal structure. However, if
the underlying process is multifractal, then different parts of
the signal are characterized by different values ofα (Oswiec-
imka et al., 2006). As usual, in our approach the singularity
spectrumf (α) can be interpreted as the negative of the Leg-
endre transform of the multifractal spectrumτ (q), so that
f (α)=−(τ (q)–qα) (Vicsek, 1993). Thus, from the renormal-

Table 1. Derivedα exponents for tree characteristic time scales.

Scale (min) Range ofα

10 0.20–2.20
60 0.55–3.55

1440 Narrow width

ization theory in statistical mechanics, interpreting the values
of α as an energy cascade, the Legendre transformf (α) is
thus the analogue of the informational entropy (Stanley and
Meakin, 1988).

3 Data analysis

Once the Morlet wavelet function is chosen, it is neces-
sary to choose a set of characteristic time scales in theH(t)

time series to use in the wavelet transform. Upholding the
daily variability component, we use the concept of scale (r)

through the difference1H(t, r)=H(t+r)−H(t). As a rep-
resentative set of physical oscillations in Fig. 1, we choose
three characteristics scales: 1 day, 1 h and 10 min. Thus,
the respective signal components for scalesr (1440, 60 and
10 min) are shown in Fig. 2. Due to the time series length re-
duction imposed by1H(t, r)=H(t+r)−H(t), the number
of points in the time series of Fig. 2 was reduced to 32 768.
This procedure is necessary in order to have the time series
and their decompositions with the same length. Note that,
this is the reason why we choose to show the time series do-
main, in Fig. 2, as the number of points representing the time
series length.

Using Eq. (4), the WTMM is applied on the components
of H(t) showed in Fig. 2. When theτ (q)-spectrum is ap-
proximately constant for allq values, the variability pattern
of the signal is classified as monofractal, otherwise, the it is
classified as multifractal. Figure 3a shows theτ (q)-spectra
for time series shown in Fig. 2, having deviations of order
10−2 so small they are not visible in the spectra. Note that the
spectrum is curved for 10 and 60 min time scales, and slightly
curved for 1440 min scale. Complementarily, the correspon-
dent dependence off (α) onα is given in Fig. 3b. For com-
parison, we also show the singularity spectrum obtained us-
ing the p-model. We use an algorithm to fit the experimen-
tal and theoretical data, where the parameters values from
p-model (p1, p2, l1 and l2) are presented in Appendix A.
Note that thef (α) spectra forH(t) are of non-parabolic
shape, deviating from the p-model (the continuous curve).
Actually, there is a good agreement between singularity spec-
tra for p-model and the extreme scales of 10 and 1440 min,
while thef (α) for 60 min time scale is quite different. In
fact, the 60 min time scale is associated with strong phenom-
ena on geomagnetic system, leading it in a phase transition.
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Fig. 4. (a)Simulated time series and its correspondentτ(q)-spectra
(b) andf (α) spectra(c).

According to V̈orös (2000), the p-model does not allow mul-
tifractal phase transition. Furthermore, these deviations from
a multiplicative process could be partially explained by sums
of multiplicative measures (V̈orös, 2000).

Thus, as it is expected, for 1-day period scale, there ex-
ists a well-defined low level intermittent physical oscillation,
such as the diurnal and nocturnal variations (Bolzan et al.,
2005a). However, for finer scales, 10 and 60 min, nonlinear
fluctuations are possibly due to the presence of multifractal
processes. Moreover, using the standard interpretation for an
infinite number of different exponents related to multifractal
processes, the results obtained from the WTMM approach
present a wide range of exponents listed in Table 1.

Thus, the finer time scales in Table 1 show a characteristic
multifractal behavior. From this result, it is possible to sug-
gest that, for shorter time scales, the energy from storm dis-
turbance breakdowns follows a cascade process. The smaller
values ofα correspond to the burst of events, while higher
values ofα correspond to events occurring sparsely (Vörös,
2000). In this sense, the 10 min time scale has smaller val-
ues ofα in comparison with other scales, indicating strong
presence of fast and energetic events driving the geomagnetic
field variations observed in July 2000.

It is important to note the presence of two flattening re-
gions forf (α) spectra of 60 min scale. To study this partic-
ular spectral behavior, we generate an equivalent proxy sinu-
soidal time series, showed in Fig. 4a, composed by a daily
periodicity summed with a white noise fluctuation. To repre-
sent the strong disturbed period an artificial breakdown, with
an equivalent duration around 60 min, was introduced in the
middle region of the signal. The respective multifractal and
singularity spectra are shown in Fig. 4b and c, respectively.
It is clear that the presence of breakdown feature in the time
series cause the kink pattern onτ (q) spectrum and the double
flattening in thef (α), otherwise it should be linear. In partic-

Fig. 5. (a)Multifractal spectra and(b) Singularity spectra, consider-
ing the previous three characteristic time scales, for the quasi-quite
period containing the first nine days in July 2000.

ular, some structural characteristic of theDst storm, mainly
its duration, can be related to its signature in both the 60 min
multifractal and singularity spectra. Thus, this result is an
important finding in the present work and requires further
detailed investigation.

As a consequence of the previous result, it is interesting
to study theτ (q) andf (α) spectra taking into account the
partial signal disregarding its impulsive and the after phases.
Then, in order to verify the robustness of the multifractality
found for the wholeH(t) time series, we consider, for an
equivalent analysis, the partial data taking into account only
the first nine days of the event. The results are shown in
Fig. 5.

It should be noted that for the partial first nine days-period
the absence of geomagnetic disturbances causes the linear
behavior for all characteristic time scales. Although this
partial time series represents a quasi-quiet period, the mul-
tifractal behavior also is well characterized in the singular-
ity spectra (Fig. 5b). This fact may be better understood
interpreting the geomagnetic field as a system out of equi-
librium, comprising long-range effects from many different
scales and processes. For example, according to our results,
it is possible conjecture that the multifractal degree found
also during the quasi-quiet period (nine days) may be due to
some internal forcing related to the magnetosphere system,
corroborating the results from Balasis et al. (2006).

4 Concluding remarks

Here, the multifractal signature for low-latitude component
of geomagnetic fluctuations was successfully detected by
using the Wavelet Transform Modulus Maxima and these
results are in agreement with multifractal process found
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Table A1. p-model parameters obtained by maximum likelihood
algorithm.

Increment (r) p1 p2 l1

10 min 0.55 0.45 0.75
60 min 0.34 0.66 0.04
1440 min 0.80 0.20 0.79

for high-latitude geomagnetic variability. At least for finer
scales, 10 and 60 min, nonlinear fluctuations are strongly re-
lated to multifractal processes where the MHD turbulence
can play an important role. Thus, the analysis of a stan-
dard multifractal turbulent process was shown for compar-
ison. It was found that the multifractal and singularity spec-
tra, for the 60 min characteristic time scale, is in disagree-
ment with the standard turbulent model. In the scope of
turbulent geomagnetic fluctuations, different types of sin-
gularity spectra can describe the fluctuations in direct dis-
sipation or loading-unloading regimes of the solar wind-
magnetosphere interaction (Vörös, 2000). Thus, the singu-
lar behavior for low-latitude 60 min geomagnetic fluctuations
can be interpreted as being the response of an out of equilib-
rium process, possibly related to the main cause of storms
detected by means of theDst index. Complementarily, the
multifractality in our analysis also was characterized for the
quiet period before the impulsive and the most intermittent
phase of the event. This fact is in good agreement to the re-
sults found by Balasis et al. (2006), showing that components
of the magnetospheric field can have their variabilities from
internal origin.

Recently, Wanliss et al. (2005) pointed out that the ring
current is always out of equilibrium and its related dynam-
ics is an important source for multifractality found inDst
index time series, even for quiet or active periods. This
phenomenological hypothesis may represent an opportunity
to modeling geomagnetic fluctuations in a high resolution
spatio-temporal framework, where the structure of the ring
current as a function of the latitude can be considered. From
the point of view of statistical models, non-Gaussian fluctua-
tions can be incorporated by using the nonextensive approach
(Tsallis, 1988) as in Bolzan et al. (2005b). On the other hand,
Gotoh and Kraichnan (2004) have mentioned that any nonex-
tensive representation of turbulence requires critical exami-
nation of the turbulent plasma environment. However, recent
studies have shown that non-gaussian fluctuation is responsi-
ble for the presence of extreme events in space plasmas. Re-
cently, using a non-extensive approach, Balasis et al. (2008)
found out the emergence of two distinct phases: (i) the phase
where the intense magnetic storms cause a higher degree of
magnetic field organization, and (ii) the phase which charac-
terizes the normal periods with lower magnetic field coher-
ence. The phase (i) may be associated with the presence of

different kinds of large scale coherent structures, also pointed
out by Chang et al. (2006). Such self-organized dynamics is
also observed from our results. We found that to the quiet pe-
riod (nine days before the disturbance) different multifractal
signatures appears when compared with the disturbed period.

In summary, an alternative theoretical framework needs to
be developed, taking into account the nature of the high-
resolution observations of the geomagnetic field fluctua-
tions. Arimitsu and Arimitsu (2004), have developedf (α)
model based on a wide range of non-Gaussian fluctuations.
Thus, as an extension of the technique proposed here tak-
ing into account nonextensivity and phase transition in the
sense discussed by Wanliss and Dobias (2007) and Balasis
et al. (2008), is currently in progress. Also new data analy-
sis approaches more robust against spuricus statistical fluc-
tuations can be addressed in our work (e.g. Chang and Wu,
2008; Rosa et al., 2008).

Appendix A

In the theory of multifractal statistics the so-called p-model is
a canonical mathematical system that describes energy cas-
cade processes in turbulent flows (e.g. Rodrigues Neto et
al., 2001). Then we performed the theoretical multiplica-
tive cascade p-model as a canonical reference in our analy-
sis. According to Halsey et al. (1986), the p-model is given
by (Eqs. 2.33 and 2.31, p. 1145 from Halsey et al., 1986):

α =
log2p1 + (w − 1) log2p2

log2 l1 + (w − 1) log2 l2
(A1)

and

f (α) =
(w − 1) log2(w − 1)− w log2w

log2 l1 + (w − 1) log2 l2
(A2)

wherew is a free parameter andl1=l2=1/2 if the eddies are
equal as a two-scale Cantor set. In the p-model, the largest
coherent structure is assumed to be built up by a specific en-
ergy flux per unit length and then a scale-independent space-
averaged cascade rate occurs. In this process the flux den-
sity is transferred to the two smaller eddies with the same
length but different flux probabilitiesp1 andp2(p1+p2=1).
The process is repeated several times withp1 andp2 ran-
domly distributed, being the asymmetric breakdown in the
fragmentation process driven by the parameterp=p1=1−p2.
The common value ofp1=p2=0.5 corresponds to the homo-
geneous energy transfer rate with no intermittency effects.
The values ofp>0.5 corresponds to an intermittent turbu-
lence. In the present work, we use a maximum likelihood
algorithm to fit the p-model in each characteristic scale. The
derived values for the p-model’s parameters are presented in
Table A1.
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