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1 Introduction and main results
In this paper, we shall involve the deficient value and the Borel direction in investigating
the growth of solutions of the second-order linear differential equation

" +h2)e"Pf + Q)f =0, (1)

where /(z) and Q(z) # 0 are meromorphic functions, P(z) is a non-constant polynomial.
We assume that the reader is familiar with the Nevanlinna theory of meromorphic func-
tions and the basic notions such as N(r,f), m(r,f), T(r,f) and §(r,f). For the details, see
(1] or [2].

The order o and the hyper-order o, are defined as follows:

] +T . 1 +] +T .
0(f)=limsupL(rf) azgf):nmsupw.

rF—>00 lOg r ’ r—>00 10g r

It is well known that if A(z) = h(z)e’@ and B(z) = Q(z) are transcendental entire func-
tions in equation (1) and f;, f, are two linearly independent solutions of equation (1), then
at least one of f, f, must have infinite order. Hence, ‘most’ solutions of equation (1) will
have infinite order. On the other hand, there are some equations of the form (1) that pos-
sess a solution f # 0 which has finite order; for example, f(z) = ¢ satisfies the equation
f"+e*f —(e* +1)f = 0. Thus the main problem is what condition on A(z) and B(z) can
guarantee that every solution f # 0 of equation (1) has infinite order? There has been much
work on this subject. For example, it follows from the work by Gunderson [3], Hellerstein
et al. [4] that if A(z) and B(z) are entire functions with o (A) < o (B) or A(z) is a polynomial
and B(z) is transcendental; or if o (B) < o(4) < 1, then every solution f s 0 of equation
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(1) has infinite order. Furthermore, if A is an entire function with finite order having a fi-
nite deficient value and B(z) is a transcendental entire function with u(B) < %, then every
solution f # 0 of equation (1) has infinite order [5]. More results can be found in [6-9].

However, it seems that there is little work done on equation (1) whose coefficient func-
tions are meromorphic functions. Recently, Wu et al. discussed the problem correlating
with this in [10]. Now we still consider equation (1) with transcendental meromorphic co-
efficients and discuss the growth of its meromorphic solutions. We shall also involve the
deficient value and the Borel direction in the studies of the oscillation of the second-order
complex differential equation. We hope that the relations between the orders of coefficient
functions will not be restricted. In general, it would not hold that every solution f £ 0 of
equation (1) has infinite order; for example, f(z) = % satisfies

& ., e-2z+2
f'- £=0

22—z z2

f// +

and o(f) =1< oo.

To state our theorem, we give some remarks first. Let P(z) = (o + i8)z" + --- (o, B € R)
be a non-constant polynomial. Denote §(P,0) = a cosnf — B sinnb, let deg P be the degree
of P(z), Q(0,6,r)={z:0 — e <argz < 6 + ¢, |z| < r}. In the following, we give the definition
of the Borel direction of a meromorphic function f(z).

Definition 1.1 [11] Letf(z) be a meromorphic function in the complex plane with o (f) = o
(0 <o <00). Arayargz =6 (0 < 6 < 2x) starting from the origin is called a Borel direction
of order o of f(z) if the following equality:

logn(Q26,¢,7),f =a)

lim sup =0
r—>00 log r

holds for any real number ¢ > 0 and every complex number a € C U {co} with at most two

exceptions.
The main results in this article are stated as follows.

Theorem 1.1 Let P(z) be a non-constant polynomial with degP = n, let h(z) be a mero-
morphic function with o (h) < n. Suppose that Q(z) is a finite-order meromorphic function
having an infinite deficient value, Q(z) has only finitely many Borel directions: B; : arg z = 6;
(=1,2,...,q9). Denote that ; = {z:6; <argz < 0j,1},j = 1,2,...,q . Suppose that there exists
@ (6; < @j < 0j1) such that (P, ¢;) < O for each angular domain Q;. Then every meromorphic
solution f £ 0 of equation (1) has infinite order and o,(f) > o (Q).

Remark 1.1 We apply the theorem to some particular equations. For example, when
Q(z) = g(z)et?, where g(z) is a non-constant polynomial and » # —1. Chen proved [7] that
every meromorphic solution f s 0 of the equation

"+ef +Q(z)f =0 2)

has infinite order with o, (f) = 1. Except the case of arg b = 0, 7, by the theorem, we can get
the part of the results above. But this theorem includes more general forms.
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From the structure of E; = {¢ : 8(P,¢) < 0} and E; = {¢ : §(P,¢) > 0} in [0, 27), we can
easily get the following conclusion.

Corollary 1.2 Let P(z) be a non-constant polynomial with deg P = n, let h(z) be a mero-
morphic function with o (h) < n. Let Q(z) be a transcendental meromorphic function with
finite order. If Q(z) has a deficient value oo and has only q Borel directions B; : argz = 0;
(G=1,2,...,q) that satisfy 6, < 6y < - - - <0y < Ogs1 (0441 = 01 + 27) and

. 7
o = min {0, - 6;} > —, (3)
1<j<p n
then every meromorphic solution f # 0 of equation (1) has infinite order and o,(f) > o (Q).

By using the corollary, we see that if o (/) < n < deg P, then every meromorphic solution
f =0 of the equation

[+ h@)e"f + e f=0
has infinite order with o5 (f) > n.

2 Some lemmas

To prove our theorem, we need the following lemmas.

Lemma 2.1 [12] Let (f,T") denote a pair that consists of a transcendental meromorphic
function f(z) and a finite set

I'= {(klijl)r (kZ;jZ)r veey (kqﬂjq)}

of distinct pairs of integers that satisfy k; >j; > 0 for i =1,2,...,q. Let « >1 and € > 0 be
given real constants. Then the following three statements hold.
(i) There exists a set Ey C [0,21) that has linear measure zero, and there exists a
constant ¢ > 0 that depends only on o and I such that if po € [0,21) — Ey, then there
is a constant Ry = Ro(@o) > 1 such that for all z satisfying argz = g and |z| =r > R,
and for all (k,j) € T, we have

FP ()
f9(z)

<

e
log® rlog T(ar,f)) 1. (4)

T(ar,f)
("

In particular, if f(z) has finite order o (f), then (4) is replaced by (5).

f®(z)
f9(2)

< |Z|(k—j)(a(f)—1+8)' (5)

(i) There exists a set Ey C (1,00) that has finite logarithmic measure, and there exists a
constant ¢ > 0 that depends only on o and I such that for all z satisfying
|z| = r & E; U[0,1] and for all (k,j) € T, the inequality (4) holds.
In particular, if f (z) has finite order o (f), then the inequality (5) holds.
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(ili) There exists a set E5 C [0,00) that has finite linear measure, and there exists a
constant ¢ > 0 that depends only on o and I such that for all z satisfying |z| =r ¢ Es
and for all (k,j) € T', we have

FP ()
f9(z)

< c(T(ar,f)rE log T(ar,f))kij. (6)

In particular, if f(z) has finite order o (f), then (6) is replaced by (7)

D)

(k=)o (f)+e)
- <|z . 7
g | < 7)

Lemma 2.2 [13] Suppose that g(z) = h(z)e"?, where P(z) is a non-constant polynomial
with deg P = n, and h(z) is a meromorphic function with o (h) < n. There exists a set E; C
[0,27) that has linear measure zero such that for all ¢ € [0,2m)\E;, we have

(i) If8(P, ) <O, then there is a constant Ry = Ro(¢) > O such that the inequality

lg(re®)| < exp{ %S(P, <p)r"} (8)

holds for r > Ry.
(ii) If8(P,¢) > 0, then there is a constant Ry = Ry(¢) > 0 such that the inequality

. 1
lg(re’)| > exp{ ES(P’ <p)r"} )
holds for r > Ry,.

Lemma 2.3 [2] Let f(z) be a transcendental meromorphic function with finite order o,
then there exists a function L(r) with the following properties:
(i) A(r) is a non-negative and continuous function for r > 0 with lim, . A(r) = 0.
(i) A(r) is a differentiable function for all r in (0, 00) with at most countable exceptions
and lim,_, ., A'(r)logr=0.
(iii) The inequality r*) > T(r,f) holds for all sufficiently large r, and there exists a
sequence ry, with r, — 00 satisfying pilrn) = T(ru.f)-
We shall call the function \(r) the proximate order of f(z), and the function U(r) = r*®
the type function of f (z).

Lemma 2.4 [2] Let f(z) be a transcendental meromorphic function with order o (0 <o <
00). By :argz = ¢y and By s argz = ¢ (0 < ¢y < @3 <27 + ¢1) are two half rays starting from
the origin, and f has no Borel direction in the angular domain ¢, < argz < ¢,. Suppose that
there exists a sequence r, with r, — 0o (n — 00) and a complex number ag (ag € C U 00)
such that the following inequality:
{logm >ref, ag# oo, (10)
log |f(r,e?)| >r77%,  ag =00,

holds for any given constant ¢ > 0 and all sufficiently large n in some rays argz = ¢, where
@1 < @ < @y. We denote the arc A, = {r,e® : @1 < ¢ < @) and the angular set E,y such that
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any ¢ € E,y satisfies the inequality (10). If there exists a constant K > 0 (not dependent on
&) such that meas E,y > K, then we can get a list of curve segment L,, satisfying the following
two conditions for any given Ky (Ky > 0) and sufficiently small o > 0:

(i) L, lies in the area of ¢; + 8« < argz < ¢, — 8a, 1,1 < |z| < r,, whose end points

respectively for rnei(q}”w/{) and rnei(m_w//' ) (8a < (plf < 9«), and we have the following
inequality:
meas{tp e € A, —L,,} < K. (11)

(i) For any positive number n > 0, the inequality

log m >, ag # 00,

12
logl|f () >ry™",  ag=00, (12)

holds for sufficiently large n and z € L,,.

Lemma 2.5 Let f(z) be a transcendental meromorphic function with order o having an
infinite deficient value. If f (z) has q Borel directions, B; : argz = 0; (j=1,2,...,q), and these
half-rays divide the whole complex plane into q angular domains, ; = {z: 6; < argz < 0,1},
j=12,...,q, 041 = 61 + 27, then for any given constant n > 0 and & > 0, there exists an an-
gular domain Q;, at least and a sequence R, with R, — 0o (n — 00) such that the following

inequality:

meas(Eyj,) > 0jos1 — 6y, — & (13)
holds for all sufficiently large n, where

E.j = {(p € (69, 6jp+1) :log[f(R,,e""H > RZ’”}.

Proof Let A(r) be a proximate order of f(z) with a type function U(r) = 7). According
to the properties of A(r) of Lemma 2.3, there exists a sequence r, with r, — 0o satisfying
lim,, o0 7;%:;) =1.Letb, (v=1,2,...,n (3r,,f = 00)) be all the poles of f(z) in |z| < 3r,.
For every r,, by the Boutroux-Cartan theorem [2], we have

n(3ry,f=00)
[T lz=bul> (ar,) =), (14)

v=1

except for a set of points that can be enclosed in a finite number of disks (y,) with the sum
of total radius not exceeding 2ehr,,. Set h = é Then, for every integer #n, we can choose
R, € [ry, 2r,] satisfying {z: |z| = R,} N (y,) = ¥. By the Poisson-Jensen formula and (14), for

any z satisfying |z| = R,,, we have

n(3ry,f=00) 2
3rn + 2rn (Brn) - b\)Z
1 < — 3 n, B (z— b))
ogf(2)] = 3, —2rnm( f) vzﬂ R
n(3ry,f=00) 2
15r
<5mBraf)+ ) loglz

v=1
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n(3ry,f=00)

<5m(3ry,f) + n(3ry,,f = oo)log5r, — log 1_[ |z —b,|

v=1

1
<5m(3ry,f) + n(3ry,,f = 00) (log 5r, + log h_>
r

=5m(3r,,f) + n(3r,,f = 0co)log25e
log 25e

log %

<5m(@Bry.f) +

N(4ru,f)

<KT(4ry.f),

1
where K =5 + 2823

log 3
We denote
. 1
E, ::E{(p :0<@p< 271,10g*[f(R,,e"”)| > Em(R,,,f)}.

And then, we have

1 [ 4
mwﬁ=§flwwmwww
0

1 .
/ log*|f (Ru€")| dg + — log*|f (R.€")| dg
27 J10,27)\En
K
2—T(4r,,,f)measE + m(Rn,f)
Hence
K
m(R,,f) < —T(4r,,f) meas E,,. (15)

In addition, since § = §(c0o,f) > 0, there exists a constant Ny > 0 such that the inequality

MRf) > ST Ref) 2 S T(f) 2 S 11() 16)

holds for all n > Nj.
According to the properties of U(r), we have

T(4r,,f) < 2U(4r,) < 4° U (r,). 17)

From (15)-(17), we get

4

measE,, > K2’

Since the whole complex plane is divided into g angular domains and there is no Borel
direction in them, the circle |z| = R, is also divided into g arcs: A,; : {R,e : 0 < ¢ < 01}
(j=12,...,9).
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Obviously, we have

q
measE, = E meas E,;;,
j=1

where E,; = {¢ : 0; < ¢ < 051,10 |f (R,)e| > %m(Rn,f)}. Hence, by (16) and the properties
of U(r,), for any given ¢ > 0, there exist jo € {1,2,...,q} and a sequence R, with R, — oo
(n — 00) (otherwise, we use the subsequence R, instead of R,) such that the following
inequality:

) ~ om
meas{<p 10, <@ < 9j0+1,10gV(Rnelw)| >R 8} > gK47+2

holds for all sufficiently large #.
We choose Kj =
curve L, such that (11) and (12) hold. So, for any given 1 > 0, we have

q&%, K; = £. By Lemma 2.4, for all sufficiently large #, there exists a
meas{y : 6, < ¢ < 6jy.1,log|f (R.e¥)| >R}

> meas{go :R,€¥ € Aujo N L,,,/O}

= meas{go :R,e¥ € Anjo } - meas{(p :R,e¥ e Apjo —Lnj, }

2 bjg+1 = 0 — .
The proof of Lemma 2.5 is completed. 0
3 Proof of Theorem 1.1

Proof Suppose that f = 0 is a meromorphic solution of equation (1) with o (f) < co. We
shall seek for a contradiction. From equation (1), we have the following inequality:

f// ( Z)
f(2)

f'(2)
i)

Q)| < |h(z)e"?|. (18)

By Lemma 2.1(i), there exists a set E; C [0, 27r) of measure zero and Ry > 0 such that the
following inequality:

")
‘ff(—f)) <0, j=12, 19)

holds for all z = |z|e* with ¢ ¢ E; and |z| > Ry.

Suppose that P(z) = az” + ---, where a = |ale”. We have E = {¢ : 8(P,¢) < 0} =
L, (i3m0 (4i-1)7—26
i=1 w7 2n

of measure zero and R, > 0 such that the following inequality:

) by calculation. By Lemma 2.2, there exists a set E; C [0,27)

|h(z)ep(z) | < exp{ %S(P, (p)r”} (20)

holds for all z = re/ satisfying r > R, and ¢ € E\E,.

Page 7 of 9
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Denote that ; = {z:6; <argz < 6;.1},j=1,2,...,4. Applying Lemma 2.5 to Q(z), then for
any given constants 7 > 0 and £ > 0, there exists an angular domain 2;, and a sequence r,,
with r,, — 0o (m — o0) such that (13) holds for all sufficiently large m.

On the other hand, since there exists ¢, in €;; such that (P, g;,) < 0 by the supposition
of the theorem, we can get an interval [0],60;] C €, such that (20) holds for all z = re®
satisfying r > R, and ¢ € [6],0;]\E>. Now, let £ = @. For each sufficiently large m, we
can choose ¢, € [0],6,]\(E1 U E;) such that (19), (20) and the inequality

log|Q(zn)| > Q" (21)

hold for z,, = r,,e". Let n = @ Hence, from (18)-(21), we get

1
expr, < rfn"(f) (1 + exp{ ES(P, O }) (22)

Obviously, when m is sufficiently large, this is a contradiction.

Next, we will prove o,(f) > o (Q).

By using Lemma 2.1, there exist a set E5 C [0,27) of measure zero and two constants
B> 0 and Rj > 0 such that for all z satisfying |z| = r > R} and argz ¢ Es, the following
inequality holds:

|f 0(2)
f(2)

Hence, for each sufficiently large m, we can choose ¢), € [6;,0;]1\(E; U E3) such that (20),
(21) and (23) hold for z,, = r,,¢». From (18), (20), (21) and (23), we get

<BT(Q2r,f)*. (23)

1
expr2@1 < BT(2r,f)* (1 + exp{ 58 (P, @y, )1 }) (24)
Thus
log* log* T'(r,
fim sup ‘2212 TS o oy,
Mm—>+00 10g r

As 1 can be arbitrary small, we have o, (f) > o (Q).
The proof of the theorem is completed. d
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