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ABSTRACT. An existence theorem for optimal control is obtained for a general nonstan-

dard cost functional of fractional type in this work. As an application of our result

we can derive an existence theorem for optimal control given by M. B. Subrahamanyam

for a cost functional, which is a ratio of two given integral cost functionals.
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I. INTRODUCTION.

Consider the n-dimensional system

x A(t)x + B(t)u, x(to) 0 (I.I)

for t [t tl] t < ; where A(t) and B(t) are matrices of size n x n and
o

n x r respectively. We lay some further restrictions on x(t) and u(t) later.

We minimize a functional of the following type

F (u)
F(x,u) (1.2)

[F2 (x) ]a

where a > 0 and u is a measurable control. We make the following assumptions:

(a) A(t) and B(t) are continuous n x n and n x r matrix functions respectively.

(b) (i) F (.) is convex in u and F F2 both are continuous and

(ii) IF1 (u) < for all admissable u.

(c) Fl(u) , a lull a > 0 p > and F2(x) . 0 along any x(t) which is response
P

to some admissable u(t).

(d) For each K < such that if lull < K then
p

IF2(x) < (1.3)

for any admissable u whose trajectory obeys any constraints imposed.

(e) There exists k 0 such that for every c > 0
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Fl(cu) C
k

F1(u)

F2(cx) ck/aF2(x) (1.4)

By (1.3) this assumption implies that for every c 0 F(cx, cu) F(x, u)

(g) There exists an admissable control, the trajectory of which satisfies the imposed

constraints and is such that

F2(x) > 0 (1.5)

i(h) If {u is a sequence of functions in L [t ,t I] going weakly to u in
p o o

L [t ,tl then
p o

Fl(u) < lim inf Fl(uI) (1.6)

We call a constraint regular if the following two conditions hold:

(I) (x,u) satisfies the constraint => (cx,cu)

satisfies the constraint for every c > 0

i o(2) Let (xl,uI), (x2,u2), be admissable pairs such that u u weakly in

L (t
o

tl). Suppose (xn un) satisfies the constraint for each n >.. Then (x,u)

obeys the constraint.

REMARK. Observe that in the proof of theorem I. below it has been shown that u is

necessarily admissable.

First of all we prove the following lemma which is the modificaiton of Proposition

I.I of [I] in the general setting.

LEMMA I.I.

Consider all pairs that obey (1.1) and the constraints. Assume that all the con-

straints are regular, and let

F (u)
I if F(x,u) inf -/----- (1.7)

(x,u) (x,u) IF2 (x) ]e

(% is well defined by assumption (b) part (ii) and (g)). Also let

inf F1(u) J subject to [Fl(x)] M o. (1.8)
U

Then % J/M.

PROOF. One can easily see that J/M > % To prove the reverse inequality, let

be such that F(,) < + for some > o. Let [F2()] (< by assumption

(b) part (ii), (c) and (d)) and (M/) I/k
Then ( ,B ) obeys all the con-

straints by regularity of the constraints and by assumption (e), [F2(u)]e M and

F(, B) < + e By (1.8), J/M < + since is arbitrary, the conclusion of

the lemma follows.

THEOREM 1.1.

Consider the system (I.I) and (1.2) along with assumptions (a) to (h). Also

assume that the constraints on x and u are regular. Then there exists a control

among all admissable controls that minimizes (1.2).

PROOF. By lemma i.i it suffices to exhibit a minimizing control over all admlssable

controls for which [F2(x)]e M > o and trajectories of which satisfy (I.I) and all
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the constraints. Let J inf Fl(u) subject to [F2(x)]
a

M Choose {(xi,ui)}
u

i
such that lira Fl(ul) J with [F2(xl)]a M for each i. By assumption (c) u

i+

form a bounded sequence in L (t
o

t and hence a subsequence still denoted by {ui}
p

o o
converges weakly to some u in L (t

o
t Let x be the response of (I I) to u

p
i

x
o

By assumption (a) and by the convergence, x (t) (t) for all t[to,tl (see ref.

x[23). By regularity of constraints, (t) obeys all the constraints. Assumption (b)

i o
F2(xI) F (x) as i (Since x x in L (t

o
t )) Sinceimplies p

for some K < By assumption (d),

By assumption (h)

[F2(x)]a lira [F2(xI)] M
i+

F (u) < lira inf F1(ui) J

From which it follows that u is the minimizing control.
o

APPLICATION. If we specialize the functional F(x,u) as given by F(x,u)

otl l(x(t),t) dt

tl 2 (u(t), t)dt]
e

Where I and 2 satisfy the condition as given in ([I], theorem I.I) we get the

existence theorem of [I] as a particular case of our thoerem.

DISCUSSIONS. The general method, what we have discussed, can be extended to cover

other variants of the functional given by Subrahmanyam [I]. For example, we can con-

sider functional of the form

F(x,u) . 1 (x(t),t) dt

l(U(t),t)]el [{o n(U(t)’t)dt]n

where I, {i}.=l all have to satisfy certain restrictions analogous to the restric-

tions given as in [I].
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