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In this paper, we give some necessary conditions for the existence of positive solutions for integral systems.

1. Introduction

In this paper, we study the necessary condition for the exis-
tence of positive solutions for the following integral system:

) = JRN x - y['v(y)’dy in RY,

@
A .
v@= | k- ylu)dy inRY,
RN
where A, p, and g are real parameters.
As for one single equation
A .
u(x) = JRN |x - y['u(y)fdy in RY, (2)

there are a lot of results of this problem. If A = a — N with
0 < a < N, then problem (2) is equivalent to the following
differential equation:

(=00 (x) = u(x)? in RY. 3)

This problem has been widely studied in the past few years.
For example, in order to answer a question raised by Lieb in
[1], the authors studied the symmetric property and the
uniqueness of solutions for problem (2) in [2]. Later, they
studied the integral system (1) in [3]. Also, after the work of
[2], Li studied the general form of (2) in [4]. For the case A <
0, he obtained similar results to [2] but with less regularity
requirement. For the case A > 0, he shows that if problem (2)

has a nonnegative solution in RN and A(p+1) +2N > 0, then
q = —1 — 2N/A. The main ingredients in these papers are the
moving plane method and moving sphere method based on
the maximum principle of integral forms. This method has
been widely used in other works. For example, inspired by
these works, the author studied the Liouville-type theorems
for problems (1) and (2) with general nonlinearities in [5, 6].
For further results of this type of integral equations, see [7-
18], and so forth. We note that all these results concern the
cases A < 0 and p > 0. A natural question is whether similar
results hold for A > 0 or p < 0. We note that the case A < 0
and p > 0 is quite different from the case A > 0 or p < 0.
Generally speaking, the moving plane method or the moving
sphere method does not work in the latter case, so we have
to look for other methods. In a recent paper [19], the author
give a sufficient and necessary condition for the existence of
positive solutions for problem (2) with A > 0. Based on
some integral estimates, the author proved that problem (2)
possesses a positive solution if and only if Ap = —(A + 2N).
Inspired by the work of [19], we first study the integral system
(1) with A > 0. Our main result is the following theorem.

Theorem 1. Suppose that A > 0 and problem (1) possesses a C'
positive solution; then

1 1 A

T+p Teqg N @

As for A < 0, we have the following nonexistence result.
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Theorem 2. If —-N < A < 0, then problem (1) possesses no C'
positive solution provided that p < 0 or q < 0.

This paper is organized as follows. We prove Theorem 1 in
Section 2. The proof of Theorem 2 is completed in Section 3.

2. Proof of Theorem 1

We first claim that u(x) € LT (RY) and v(x) € LFTH(RM).
In fact, we infer from

v(0) = J | u(y)" dy

> 1d
JRN\BI()IyI u(y)! dy 5)

> J u(y)® dy
RN\B, (0)

that u(x) € LI(RYN). Also, it follows from (1) that

1] u( "2)=j et
| x| RN
A
52

- JRN Iy

Now taking limit in (6) by letting x — 0, we obtain

|xl*u =| W(dy<oco. ()
|x|—>0[ <| ? )] JRN

We point out that we can take the limit under the integral sign
because of the dominated convergence theorem. In fact, we
note that when A > 0 and |x| < 1, we have

2 A A
<|x|+ 1) <<1+i>. (8)
Il |

It is easy to check that |y|)‘(l + 1/|y|))‘vp(y) e LY{(RM).
It follows from (7) that there exist R > 0 and C > 0 such
that

A
y| v(y)Pdy

2
|x|

v (y)dy.

Y

o2
[y]?

Clx* <u(x) <Clx* )

for |x| > R. Finally, we have

ulu dx

uT (x)dx = J

J[RN \B(0) RN\Bg(0)

< CJ Ix*ul dx (10)
RN
=Cv(0),

which further implies that u(x) € Lq“(IRN). Similarly, we
have v(x) € LF*L(RM).
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Next, we can prove as in [19] that

Va0 =4 [ ey (=) )y,
(1)
Vo) =[x (=) ut () dy

in the sense of distribution. Hence, we infer from (11) that

Vi (x) = (1+q)ul(x) )
A—
'JRN x =37 (x = ) v () dy,
VP (x) = (1+ p) v (x) A
A—
[ ) () dy.
Now we choose a cut-off function € C*([0,+00))
satisfying 0 < 7 < 1,0 < || < 2,7(t) = 1fort < 1and

n(t) = 0fort > 2. For any R > 0, if we multiply (12) by
n(]x|/R)x and integrate over RY, then we get

(12)

JRN < z ) (%) {x, Vv (x)) dx
= JRN q(%) yP JRN /\IX _ yl)t—z

JRN <| |> 7 (x) (x, Vu (x)) dx

(%, x - y) u(y)'dy dx,
(13)

:JRN <| I) (x)J A|x—y|A’2(x,x—y)v(y)pdydx.

(14)
While the left-hand side of (13) equals
j (' ') (x) (x, Vv (x)) dox
RN
_ 1 |x| 1+p
T+ P J[RN ( ) <x, Vv (x)> dx 15)

__ N 1x[Y g
B 1+pJRN'7<R>V (x) dx

L ()

it follows from
|x| )) > 2 |x|
\Y — 1], < — 16
< (”( R/))*/ =R 6)

JRN <V (”(%))O VP dx

< 4J VP dx — 0
R<|x|<2R

that

17)
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as R — oo byv e L'"P(RY). Thus we conclude that

Jim. JRN ” (%) VP (x) (x, Vv (x)) dx

N

We infer from (13), (18), and (21) that

_ N J VP (x) dx
1+p Jry

1 (18) _ &J JUHP (x) dx
=_1+p.[ v (x) dx. 2 Jry (22)
RN
AL ot
While the right-hand side of (13) equals RER
Ax+y,x - yyul (y)vF (x)dydx.
A J 1 ( |1§| > v (x) Similarly, we can prove that
RN
N 1+
1-2 _ q

: JRN o=y (x = y) uly)ldy dx T+ p JRN o

A x| - &J U (x) dx
=5 [r(R)r e 2

| fx- |A72(x— x — yyu(y)ldydx +&J J |x_)’|A_2
RN Y Ys yuly) ay 2 JrN JpN
Ax+y,x - y)yul (x)v (y)dydx
A | x| P
5 (%) (19)
2 [RN R A 1+
=7 J u ' (x)dx
. J |x - y|A 2x+ v, x — yyu(y)ldy dx
RN & J J |x _ y|l72
2 Jrv JpN
& J (m> VP (x) dx
2 ) TR Ax+y,x = y)yul(y)vf (x)dxdy.
(23)

+ A J (m> v (x)

2 Jgy "\ R The above two equations imply that

. JRN |x - y|A72(x +y,x - yyu(y)ldydx, N

it can be checked as in [19] that

jRN JRN |x - yl/‘—2<x + ), X - y)u(y)qv(x)de dx < oo.

Hence, by letting R — 00 in (19) we get

. |x| P
ngnoo/\ jRNﬂ< R )V (x)

A—
: JRN e = 3" (2 = y) u(y)tdy dx

0| >

J VP (x) dx + &
RN 2

J J -y
RN JRN

Ax+y,x - yyul (y)vf (x)dydx.

- J u”q(x)dx—ij. VP (x) dx
1+p Jry 1+p Jry

(24)
_A U u™ (x)dx + J VP (x) dx] )
2 LpN RN
On the other hand, since
20) v v [ el Gy e
we have
j . VP (x) dx
N (26)
= J J |x - y|Auq (y) v(x)Pdy dx
RN JrN
by taking into account that v(x) € L"*P(RY). Similarly, we
(21) have

j u (x) dx
RN

(27)

JRN JRN = y"ul () (x)Pdy dx.



Then it follows from (26) and (27) that
J u™ (x)dx = J VP (x) dx. (28)
RN RN

Finally, we infer from (24) and (28) that

1 1 A

T+p Teqg N 29

This completes the proof of Theorem 1.

3. Proof of Theorem 2

We assume that g < 0 without loss of generality. First, we note
that by Lemma 3.11.3 in [20], we have, for all r > 0,

1
wNT

~ J-B,(O) u(x)dx

- 1 N ,
- J[RN {wNTN JBr(O) lx )/l dx} v (y) dy (30)
sc| Y ()dy=cu).

RN

Similarly, we have

Y «[B,(O) v(x)dx < Cv(0) (31)

for any r > 0.
If we choose x = q/(q—1),f=1-g,and § = (g - 1)/q,
then we can infer from the Holder inequality that

1
wprN

/B
S( INJ- u(x)f'xﬁdx>
wNT JB,(0)
< INJ u(x)“5dx> G2
WNT JB,(0)

) 1/(1-g
= ( < J u(x)qu>
WNT™ JB,(0)

-(Cu (0))Q/(q—1)_

J u(x) *u(x)*dx
B,(0)

That is,

(Cu(0))? < - ! < JB u (x) dx. (33)

NT ,(0)
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Since A < 0, so if |x| < r, then we have < |x|A. Multiplying
both sides of (33) by wy ™™, we get

Clanr™ ™ u(0)

N+r L J q
Swyr T —= ul (x)dx
M N Js0
\ (34)
=r J ul (x)dx
B,(0)

< j Ix*ul (x) dx = v (0).

T

Since =N < A < 0, we have N + A > 0. Hence the left-hand
side of (34) goes to infinity as r+ — oo, which is a contradic-
tion. This completes the proof.
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