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In the present paper a problem of optimal control for a single-product dynamical macroeconomic model is considered. In this
model gross domestic product is divided into productive consumption, gross investment, and nonproductive consumption. The
model is described by a fuzzy differential equation (FDE) to take into account imprecision inherent in the dynamics that may be
naturally conditioned by influence of various external factors, unforeseen contingencies of future, and so forth. The considered
problems are characterized by four criteria and by several important aspects. On one hand, the problem is complicated by the
presence of fuzzy uncertainty as a result of a natural imprecision inherent in information about dynamics of real-world systems.
On the other hand, the number of the criteria is not small and most of them are integral criteria. Due to the above mentioned
aspects, solving the considered problem by using convolution of criteria into one criterion would lead to loss of information and
also would be counterintuitive and complex. We applied DEO (differential evolution optimization) method to solve the considered
problem.

1. Introduction

The studies devoted to solving optimal control problems
for dynamic economic models have a long history. The
models of economic growth attracted a large interest in the
area of mathematical economics [1–3]. Recently, intensive
revisiting of the growth models took place [4, 5] as a result
of the improvements in existing models and progress in
development of the associated analytical techniques [6–8].

The intensive research in this direction was also con-
ditioned by the support of the developed countries as the
latter were interested in construction of accurate economic
growth models to improve their economic development [9–
11]. A lot of various mathematical methods of measuring the
effectiveness of economic growth were suggested. In [12] for
describing the change of production and accumulated R&D
investment in a firm, a nonlinear control model is considered
and analyzed. They provide a solution of an optimal control
problem with R&D investment rate as a control parameter.
They also analyze an optimal dynamics of economic growth
of a firm versus the current cost of innovation. The results
of analytical investigation showed that the optimal control

can be of the two types depending on the model parameters:
(a) piecewise constant with at most two switchings and (b)
piecewise constant with two switchings and containing a
singular arc.

In [13] the authors provide results of comparison of solu-
tion methods for dynamic equilibrium economies in terms
of computing time, implementation complexity, and accu-
racy. The considered methods are the stochastic neoclassi-
cal growth model, the finite elements method, Chebyshev
polynomials, and value function iteration. Authors conduct
analysis of the obtained results.

Modeling and stability analysis in fuzzy economics is
discussed in [14]. In this paper, the author considers different
problems of fuzzy economics, mainly time path and stability
of fuzzy dynamics of economic systems, linguistic modelling
of economic agents, and neurofuzzy time-series forecasting
of macroeconomic processes. One of the main problems
considered in [14] is stability of various macroeconomic
dynamical systems described by fuzzy differential equations
which are used to take into account uncertainty inherent in
economic dynamics.
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In [15] a fuzzy multiobjective linear programming for
determination of the optimal land use of regions by taking
into account economic, social, and environmental objectives
and implications.

Reference [16] is devoted to the low-carbonized adjust-
ment of energy structure in the area of world natural and
cultural heritage. The authors suggest a fuzzy multiobjective
optimization to investigate the relationship between energy
and social economics and environment. The use of multiob-
jective approach is justified by the fact that sustainable devel-
opment is obtained as a tradeoff between economic growth
and environmental preservation and, therefore, is multi-
dimensional concept that encompasses economic, social,
ecological, technological, and ethical factors. As a result,
achievement of sustainable development requires dealing
with highly conflicting criteria.

In [17] some important economic and environmental
criteria for the problems of multiobjective programming and
their conflicts are defined.

In [18] some of the key insights of the field of interna-
tional trade and economic growth are considered within a
unified and tractable framework. The authors study a series
of theoretical models which have a common description of
technology and preferences but are of different assumptions
concerning trade frictions. It is shown that on the base
of comparison of the predictions of these models one can
identify a variety of channels through which trade influ-
ences the dynamics and geographical distribution of world
income.

The combination of fuzzy logic tools with multiobjective
optimization and multicriteria decision making has a great
relevance in the literature [19–23]; for example, fuzzy sets are
considered for interactive multiobjective optimization in [22,
23].

A single-product dynamical macroeconomic model was
first suggested by Kantorovich and Zhiyanov in [24]. They
also suggested a principle of differential optimization for the
developed model. Leontyev [25] suggested a single-product
dynamic macroeconomic model in which gross domestic
product is divided into productive consumption, gross invest-
ment, and nonproductive consumption.

In the existing works, a qualitative analysis of economic
systems and development of analytic algorithms of optimiza-
tion are based on sufficient conditions of optimality [26]
or the maximum principle [27]. Nowadays, an analysis of
optimal control problems on the base of the perturbation
theory attracted a high interest. Especially, as it is shown in
[28, 29], they consider application of asymptotic estimates to
models to cope with nonlinearity, computational instability,
high orders, and so forth. In [26] they study an optimal
control problem by using a small parametermethod and con-
duct comparative analysis with the other existing approaches.
The existing approaches to solving optimal control problems
suffer from a series of disadvantages. From one side, the
existing approaches are not developed to deal with uncer-
tainty inherent in economic dynamics but are based classical
mathematical formalism. Mainly, there exist two types of
uncertainty related to economic dynamics: probabilistic and
possibilistic (fuzzy). Modelling of probabilistic uncertainty

requires the use of very restrictive assumptions including
availability of good statistical data. Modelling of fuzzy uncer-
tainty is a more realistic task and allows us to describe
imprecise evaluation of variables of interest coming from
human expertise [30].

In the existing works, economic uncertainty is mainly
captured by using stochastic techniques. However, the use of
stochastic techniques is based on crucial assumptions which
notably constrain its use for adequate modelling of real-
world economic uncertainty. These methods can be succes-
sively applied when sufficient knowledge is available on the
probability density functions of all the variables involved in
the computations, which is a rather rare case. In contrast,
very often prediction or estimation of variables of interest is
subjective, for example, expert-opinion based. The main
sources of possibilistic uncertainties include [31].

In order to take into account real-world uncertainty in
formalmodels, they usually use sensitivity analyses.However,
this is not sufficient to investigate interaction of uncertainties
and their dynamics. In order to deal with possibilistic Zadeh
suggested the fuzzy set theory and fuzzy logic [32].

These theories have passed a long way and provided a lot
of successful applications. In particular, control systems based
on fuzzy logic were successfully applied for control of various
complex and uncertain objects and provided better results
than their classical counterparts. Fundamental approach to
modelling behaviour of a dynamical system under possi-
bilistic uncertainty is fuzzy differential equations (FDEs)
[33].

In the present paper we suggest an approach to decision
making in a single-product dynamic economic model. The
considered problem is represented as a multiobjective opti-
mal control problem of dynamics of capital under uncertain
relevant information. The optimal control is based on four
objective functions and two control variables. The appli-
cation of statistical approaches to handle uncertainty for
this problem requires imposing too restrictive assumptions
which are unlikely to match real environment especially in
the light of the recent unsustainable and hardly predictable
behaviour of the present economic reality. In order to model
possibilistic uncertainty in dynamics of capital a linear FDE is
used.

The use of FDE allows us to take into account imprecision
inherent in the dynamics that may be naturally conditioned
by influence of various external factors, unforeseen contin-
gencies of future, and so forth.

2. Statement of the Problem

Let us consider a single-product dynamic macroeconomic
model which reflects interaction between factors of pro-
duction when a gross domestic product (GDP) is divided
into productive consumption, gross investment, and non-
productive consumption as the performance of production
activity. In its turn productive consumption is assumed to be
completely consumed on capital formation and depreciation.
These processes are complicated by a presence of possibilistic,
that is, fuzzy uncertainty which is conditioned by imprecise
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evaluation of future trends, unforeseen contingencies and
other vagueness and impreciseness inherent in economical
processes. Under the above mentioned assumptions the
considered dynamicmacroeconomicmodel can be described
by the following FDE:

𝑑𝑥

𝑑𝑡
=
1

𝑞
((1 − 𝑎) �̃�

1
− 𝜇𝑥 − �̃�

2
) . (1)

Here 𝑥 is a fuzzy variable describing imprecise informa-
tion on capital, that is, fuzzy value of capital, �̃�

1
is a fuzzy value

of GDP (the first control variable), �̃�
2
(the second control

variable) is a fuzzy value of a nonproductive consumption,
and 𝑎, 𝜇, 𝑞 > 0 are coefficients related to the produc-
tive consumption, net capital formation, and depreciation,
respectively.

Let us consider a multiobjective optimal control problem
of (1) within the period of planning [𝑡
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, 𝑇]with four objective

functions (criteria): 𝐽
1
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2
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Here 𝑝(𝑡) is a price of production unit produced at the
time 𝑡, 𝜃(𝑡) is the discount function, [𝑡

0
, 𝑇] is the optimization

period, and 𝑐 = const > 0.
In this work we have decided to solve a problem of opti-

mal control for a single-product dynamical macroeconomic
model with the help of a method of differential evolution.

Recently many evolutionary algorithms have been pro-
posed for global optimization of nonlinear, nonconvex, and
nondifferential functions. These methods are more flexible
than classical as they do not require differentiability, continu-
ity, or other properties to hold for optimizing functions. Some

of such methods are genetic algorithm (GA), particle swarm
optimization (PSO) [35, 36], and differential Evolution (DE)
optimization [37–39].

Also all of them have their modified versions, such as
Group Principle GA with multipoint crossover and muta-
tion, DE + Clustering [40], and Multifitness function GA.
Among many other evolutionary algorithms DE is one of the
highest performance. DE is a faster and improved version
of GA. As opposite to GA, which uses binary coding, DE
uses real coding of float point numbers. The advantage of
DE over standard GA is higher performance, efficiencies
for numerical problems, not using time-consuming “cod-
ing/decoding” transformations, chromosome/gen structures,
and other manipulations with binary structures.

In [38] a heuristic approach for minimizing possibly
nonlinear and nondifferentiable continuous space functions
is presented. DEO method is a simple and efficient heuristic
for global optimization over continuous spaces. By means of
an extensive test bed it is demonstrated that DEO method
converges faster and with more certainty than many other
acclaimed global optimization methods. The DEO method
requires few control variables, is robust, easy to use, and lends
itself verywell to parallel computation. It should be noted that
dynamic programming is very computationally intensive and
even more for fuzzy problem. Therefore, here we use DEO
method.

3. Method of Solution

As a stochastic method, DE algorithm uses initial population
randomly generated by uniform distribution, differential
mutation, probability crossover, and selection operators. The
population with ps individuals is maintained with each
generation. A new vector is generated by mutation which
in this case is randomly selecting from the population 3
individuals: vector indexes 𝑟

1
̸= 𝑟
2
̸= 𝑟
3
and adding a weighted

difference vector between two individuals to a third individ-
ual (population member).

The mutated vector then undergoes crossover operation
with another vector generating new offspring vector.

The selection process is done as follows. If the resulting
vector yields a lower objective function value than a predeter-
mined population member, the newly generated vector will
replace the vector with which it was compared with in the
following generation.

Extracting distance and direction information from the
population to generate random deviations results in an adap-
tive scheme with excellent convergence properties. DE has
been successfully applied to solve a wide range of problems
such as image classification, clustering, optimization, and so
forth.

Figure 1 shows the process of generation new trial solu-
tion 𝑋new vector from randomly selected population mem-
bers 𝑋

𝑟1
, 𝑋
𝑟2
, 𝑋
𝑟3

(Vector 𝑋
4
is then the candidate for

replacement by the new vector, if the former is better or
lower in terms of the DE cost function). Here we assume that
the solution vectors are of dimension 1 (i.e., 2 optimization
parameters).
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Figure 1: The process of generation new trial solution.

4. Simulation Results

Let us consider solving of the problem (1)–(3) on the base of
the method suggested in Section 4 under the following data:
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Table 1: Crisp solution.
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3
= 5908,70970

0,100707 1,63𝐸 − 09 578,9494 550 𝑗
4
= 1151,10534

60̃0 ≤ 𝑎
1
(

𝑏
1
(1 − 𝑎) − 𝑏

2

(1 − 𝑎) 𝑎
1
− (𝜇 + 𝑎

2
)

+ (�̃�
0
+

𝑏
2
− 𝑏
1
(1 − 𝑎)

(1 − 𝑎) 𝑎
1
− (𝜇 + 𝑎

2
)
)

× 𝑒
((1−𝑎)𝑎1−(𝜇+𝑎2))⋅𝑛⋅Δ) + 𝑏

1
≤ 80̃0,

45̃0 ≤ 𝑎
2
(

𝑏
1
(1 − 𝑎) − 𝑏

2

(1 − 𝑎) 𝑎
1
− (𝜇 + 𝑎

2
)

+ (�̃�
0
+

𝑏
2
− 𝑏
1
(1 − 𝑎)

(1 − 𝑎) 𝑎
1
− (𝜇 + 𝑎

2
)
)

× 𝑒
((1−𝑎)𝑎1−(𝜇+𝑎2))⋅𝑛⋅Δ) + 𝑏

2
≤ 55̃0,

𝑛 = 0, . . . , 9 𝑐 = 0.5 Δ = 0.2 𝑁 = 10

𝑎 = 0.05 𝑝 = 1500 𝜇 = 0.08 𝑞 = 0.95

𝑟 = 0.05 �̃�
0
= (1900, 2000, 2100)

60̃0 = (580, 600, 620) 80̃0 = (780, 800, 820)

45̃0 = (430, 450, 470) 55̃0 = (530, 550, 570)

𝑎
1
≥ 0, 𝑎
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(4)

In addition, the following parameters are used in DE: the
population size (NP), the crossover constant (CR), and the
weighting factor (𝐹) [38].

The program written on C# was used for computer
simulation of the problem. The DE’s parameters used were
NP = 100, CR = 0.9, and 𝐹 = 1.0.

The time used for solving the problemwas 15–23minutes.
The problem was run for the crisp and fuzzy cases.

The results of crisp and fuzzy solutions are shown in
Table 1 and Figure 2. Solution of the problem by using the
DEO method ended up with the results in Table 1 and
Figure 2.

5. Conclusions

We applied DEO method to solving fuzzy multiobjective
optimal control problem for a single-product dynamical
macroeconomic model. For such problems, application of
the well-known existing approaches would be complex both
form intuitive and computational points of view. Application
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Figure 2: Continued.
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Figure 2: Fuzzy solution.

of DEO method allowed obtaining intuitively meaningful
solution for the considered problem complicated by four
conflicting criteria and nonstochastic uncertainty intrinsic to
real-world economic problems.The fuzzy approach allows us
to consider many internal and external effects. The solution
obtained in fuzzymodel is more sustainable and the objective
functions in this case are less sensitive for changes. Besides the
experience has shown that in DE, the processing time is rela-
tively small.The results obtained in the paper show validity of
the applied approach. The applied approach is characterized
by a low computational complexity as compared with the
existing methods for solving multiobjective optimal control
problems.

Conflict of Interests

The author declares that there is no conflict of interests.

Acknowledgment

The author would like to thank Professor R. A. Aliyev for
providing useful advice and a great support in implementing
this research work.

References

[1] K. J. Arrow, “Application of control theory to economic growth,”
in Mathematics of the Decision Sciences, vol. 12 of Lecture on
Applied Mathematics, part 2, pp. 83–119, American Mathemati-
cal Society, Providence, RI, USA, 1968.

[2] M. Intrilligator, Mathematical Optimization and Economics
Theory, Prentice Hall, Englenwood Clirs, NJ, USA, 1981.

[3] G.M. Grossman and E. Helpman, Innovation and Growth in the
Global Economy, MIT Press, Cambridge, UK, 1991.

[4] C. Watanabe, “Factors goverining a firm’s R&D investment. A
comparison between individual and aggregate data,” in IIASA,
TIT, OECD Technical Meeting, Paris, France, 1997.

[5] C. Watanabe, “Systems factors goverining afirm’s R&D invest-
ment. A systems perspective of inter-sectorial technology
spillover,” in IIASA, TIT, OECD Technical Meeeting, Laxenburg,
Austria, 1998.

[6] A. Kryazhimskii, C. Watanabe, and Yu. Tou, “The reachability
of techno-labor homeostasis via regulation of investments in
labor R&D: a model-based analysis,” Interium Report IR-02-
026, IIASA, Laxenburg, Austria, 2002.

[7] A. M. Tarasyev and C. Watanabe, “Optimal dynamics of inno-
vation in models of economic growth,” Journal of Optimization
Theory and Applications, vol. 108, no. 1, pp. 175–203, 2001.

[8] S. A. Reshmin, A. M. Tarasyev, and C. Watanabe, “Optimal
trajectories of the innovation process and their matching
with econometric data,” Journal of Optimization Theory and
Applications, vol. 112, no. 3, pp. 639–685, 2002.

[9] B. Kwintiana, C. Watanabe, and A. M. Tarasyev, “Dynamic
optimization of R&D intensity under the effeect of technology
assimilation : econometric identification for Japan’s Automotive
industry,” Interium Report IR-04-058, IIASA, Laxenburg, Aus-
tria, 2004.

[10] N. Kaldor, “A model of economic growth,” The Economic Jour-
nal, vol. 67, no. 268, pp. 591–624, 1957.

[11] A. Kryazhimskii and C. Watanabe, Optimization of Technologi-
cal Growth, GENDAITOSHO, Kanagawa, Japan, 2004.

[12] E. V. Grigorieva and E. N. Khailov, “Optimal control of a
nonlinear model of Economic growth,” Journal of Discrete and
Continuous Dynamical Systems Supplement, pp. 456–466, 2007.

[13] S. B. Aruoba, J. Fernández-Villaverde, and J. F. Rubio Ramı́rez,
“Comparing solution methods for dynamic equilibrium econ-
omies,” Journal of Economic Dynamics and Control, vol. 30, no.
12, pp. 2477–2508, 2006.

[14] R. A. Aliev, “Modelling and stability analysis in fuzzy eco-
nomics,” Applied and Computational Mathematics, vol. 7, no. 1,
pp. 31–53, 2008.

[15] S. A. Mohaddes, M. Ghazali, K. A. Rahim, M. Nasir, and A.
V. Kamaid, “Fuzzy environmental-economic model for land
use planning,” American-Eurasian Journal of Agricultural &
Environmental Sciences, vol. 3, no. 6, pp. 850–854, 2008.

[16] Y. Deng and J. Xu, “A fuzzy multi-objective optimization model
for energy structure and its application to the energy structure
adjustment—inworld natural and cultural heritage area,”World
Journal of Modelling and Simulation, vol. 7, no. 2, pp. 101–112,
2011.
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