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Introduction and summary

The observation of the accelerated expansion of the Universe in 1998 is without any doubt the
most striking result in modern cosmology. Standard Cosmology is based on General Relativity
(GR), a theory of impressive beauty, power and simplicity, which is supported by a number of
tests at Solar System scales. However, Einstein’s theory maintains untouched the Newtonian in-
tuition that gravity should be attractive, hence leading to a decelerating Universe. An accelerated
expansion hence requires some modification, at least at cosmological scales. A possible explana-
tion, consistent with existing data, is provided by the introduction of a "cosmological constant"
term Λ in the field equations. The value of the energy stored in such constant today, generally
called "Dark Energy" (DE), has to be of the order of the critical density, ρΛ ∼ 10−12 eV 4, a
ridiculously small value that still leaves open a number of questions. In particular, in QFT a
cosmological constant term can emerge from vacuum fluctuations, but there is no hint of why
one should get the observed scale 10−3eV . Rather on the contrary, naive estimates leads to
ρvac ∼ k4

max, where kmax is the UV cutoff of the theory. Also, a constant vacuum energy would
have been negligibly small in the whole past history of the Universe, since it is constant in time,
while matter and radiation density evolve as a−3 and a−4, respectively (where a is the scale
factor). So, it is quite puzzling that matter density and vacuum energy density become compa-
rable just at the present epoch. This latter issue is often referred to as the "Cosmic coincidence
problem".

Hence, there are many reasons to consider a dynamical dark energy as an alternative to
a cosmological constant. First, it is a logical possibility which might be correct, and can be
constrained by observation. Secondly, it is consistent with the hope that the ultimate vacuum
energy might actually be zero. But most interestingly, one might wonder whether replacing a
constant parameter Λ with a dynamical field could allow us to relax the fine-tuning that in-
evitably accompanies the cosmological constant. On the other hand, recent observations opened
the possibility of a slight deviation from an equation of state wDE = −1, suggesting in partic-
ular that a "phantom" (i.e. wDE < −1) behaviour could explain the tension between different
measurements, though these results should be interpreted just as preliminary hints that have to
be supported by more precise measurements that will become available in the near future.
The nature of Dark Energy can be in principle approached in two ways. One is to add some
exotic field to the matter content on the right hand side of Einstein’s equations, contributing
to the energy-momentum tensor with a negative pressure term. Alternatively, one could try a
modified gravity model, in which the modification is made on the left hand side of the equations,
i.e. on the Einstein tensor. Of course, from the point of view of gravitation itself, there is no
way to distinguish the two using only gravitational interactions, since any modification to the
Einstein tensor con be re-formulated into an "effective energy-momentum tensor" by moving it
on the right hand side, and vice versa.
In recent years, a few authors explored the possibility of using non-local terms to produce mod-
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ifications of General Relativity in the infrared with different motivations, e.g. the degravitation
mechanism or the possibility to give mass to the graviton without breaking the gauge invariance
of the massless theory.

In this work, we propose a modification of gravity obtained adding a term m2R2−2R to the
Einstein-Hilbert action. The resulting theory should be understood as a classical effective one.
We find that the mass parameter m only affects the non-radiative sector of the theory, while
the graviton remains massless, there is no propagating ghost-like degree of freedom, no vDVZ
discontinuity, and no Vainshtein radius below which the theory becomes strongly coupled. For
m = O(H0) (where H0 is the present value of the Hubble constant, H0 ∼ 70 Km s−1 Mpc−1) the
theory therefore recovers all successes of GR at solar system and lab scales, and only deviates
from it at cosmological scales. We examine the cosmological consequences of the model and we
find that it automatically generates a dynamical Dark Energy and a self-accelerating evolution.
After fixing our only free parameter m so to reproduce the observed value of the Dark Energy
density today, we get a pure prediction for the Dark Energy equation of state, wDE ≈ −1.14.
This value is in excellent agreement with the Planck result w = −1.13 + 0.13 and would also
resolve the existing tension between the Planck data and local measurements of the Hubble pa-
rameter. These original results have been recently published on the arXiv [1].

In chapter 1 we recall some basics aspects of the standard FRW cosmology, without giving a
complete treatment, but rather underlying the aspect more relevant for the subsequent discussion,
since the existence of a Dark Energy and its domination today are confirmed by a number of
observations relying on the cosmological model we assume. In chapter 2 we present the most
robust evidences of the accelerated expansion, Type Ia Supernovae (SnIa), Baryon Acoustic
Oscillations (BAO), and the Cosmic Microwave Background (CMB), and we comment about the
most recent experimental results. We then introduce our original non-local model in which a
dynamical Dark Energy naturally emerges. We present in detail the cosmological consequences,
and we comment on its predictive power and testability, comparing it to already existing models;
we also show that the model smoothly reduces to GR at Solar System scales, hence recovering its
experimental successes. We discuss in detail the conceptual aspects related to the introduction
of non-local operators and their proper interpretation. Finally, in chapter 4 we discuss some
possible extensions of the model.



Chapter 1

Basics of FRW cosmology

Throughout the text we shall assume the reader to be familiar with General Relativity and
the basic cosmological picture, including thermal history and the need for an inflationary phase.

In this chapter we shall recall the basics of standard FRW cosmology. Rather than to provide
a complete treatment, which can be found in every textbook such as [2], the aim is to fix the
notation and to highlight a few concepts and definitions we shall need below.

1.1 FRW metrics

Standard Big Bang cosmology relies on the Cosmological Principle, the statement that the
Universe is homogeneous and isotropic on large scales (` ≥ 100 MpC), that can be formulated
as follows: "At any epoch, the Universe appears the same to all observers regardless of their
individual locations". This leads to the choice of a manifold of the form R × Σ, where R is the
time and Σ a three-manifold. The metric on it can be written in the general form

ds2 = −dt2 + a2(t)γij(x)dxidxj (1.1.1)

Here a(t) is a function of time and γij is the metric on Σ. We stress that, throughout the work,
we shall use the "mostly +" convention for the metric (i.e. with signature (−1, 1, 1, 1)), as it is
clear from the above expression. Since space is homogeneous, it must have the same curvature
everywhere: as for the more familiar case of a two-dimensional manifold in a 3D space, the only
three possible geometries with constant curvature are flat (a plane), positively curved (the surface
of a sphere), negatively curved (a saddle). The most general expression of the metric can be
shown to be [2] the Friedmann-Robertson-Walker (FRW) metric, which, in a suitable coordinate
system, can be written as

ds2 = −dt2 + dl2 = −dt2 + a2(t)

(
dr2

1− kr2
+ r2dθ2 + r2 sin2 θdφ2

)
(1.1.2)

Here, a(t) is the scale factor with cosmic time t and (r, θ, φ) are comoving coordinates, i.e.,
any observer at (r0, θ0, φ0) will maintain the values of such coordinates fixed while the physical
distances will grow isotropically as a(t). The value of k describes the geometry of the spatial
section of space-time, with
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4 CHAPTER 1. BASICS OF FRW COSMOLOGY

k = 1 hypersphere ("open" universe) (1.1.3)
k = 0 no curvature ("flat" universe) (1.1.4)
k = −1 3-hyperboloid ("closed" universe) (1.1.5)

We shall re-cast 1.1.2 in the more convenient form

ds2 = dt2 − dl2 = dt2 − a2(t)
(
dχ2 + S2

k(χ) dΩ2
)

(1.1.6)

where

Sk(χ) =


sinχ k = 1

χ k = 0

sinhχ k = −1

(1.1.7)

or, in a unified notation,

Sk(χ) =
1√
−k

sinh (
√
−k χ) (1.1.8)

The case of a flat Universe is recovered by taking the limit k → 0.

In some cases it is convenient to work in terms of the conformal time

dη =
dt

a(t)
(1.1.9)

so that the metric becomes

ds2 = a2(η)[−dη2 + dχ2 + S2
k(χ) dΩ2] (1.1.10)

The unknown variables are the curvature k and the scale factor a(t). These are determined
by gravity - through Einstein’s equations - and thermodynamics - through the equation of state
of matter and radiation.

1.2 Kinematics: Cosmological redshift and Hubble’s law
Since the observations of Hubble in the 20’s, it is known that the observed wavelength λobs

of absorption lines of a distant object is larger than the wavelength λem at emission.
We define the redshift as

z =
λobs − λem

λem
(1.2.1)

Consider a wave coming from a source at radial distance χ. Since light travels on geodesics,
ds2 = 0, we have for incoming light a(t)dχ = −dt so

χ = −
ˆ tem

tobs

dt

a(t)
=

ˆ tobs

tem

dt

a(t)
(1.2.2)

If the next crest is emitted after an interval δtem = 1/νem and received after an interval δtobs =
1/νobs, since the comoving distance is fixed we have also

χ =

ˆ tobs+δtobs

tem+δtem

dt

a(t)
(1.2.3)
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This is true only if
δtobs
a(tobs)

=
δtem
a(tem)

(1.2.4)

so we get the fundamental relations

1 + z ≡ νem
νobs

=
a(tobs)

a(tem)
=
δtobs
δtem

(1.2.5)

The redshift gives then the amount of time dilation, as well as the ratio between the radius
of the Universe at different epochs.

The dynamical explanation of the redshift is instead given by the Doppler shift expression in
a locally Lorenzian frame

z =

(
1 + β

1− β

)1/2
β<<1' β (1.2.6)

From Hubble’s law, z = H0 d/c , we can relate the physical distance d = a(t)χ with the redshift
and thus to the recession velocity by v = H0 d. On the other hand, from FRW metrics we have

v = ḋ(t0) = ȧ(t0)χ = ȧ0χ =
ȧ0

a0
d (1.2.7)

from which we read H0 = ȧ0/a0, so we can define, at any time, H(t) = ȧ(t)/a(t).

1.3 Dynamics: The Friedmann Equations
The scale factor a(t) can be related to the energy-momentum density through Einstein’s

equations, which we shall write in the form

Rµν + gµνΛ = 8πG

(
Tµν −

1

2
Tgµν

)
(1.3.1)

We have included the "cosmological constant" term, gµνΛ, in order to illustrate clearly its con-
sequences on the background evolution.

We shall consider matter and energy as a perfect fluid at rest in comoving coordinates, so
that the energy-momentum tensor

Tµν = (ρ+ p)UµUν + pgµν , Uµ = (1, 0, 0, 0) (1.3.2)

can be put in the convenient form

Tµν = diag(−ρ, p, p, p) (1.3.3)

In FRW, the curvature terms in d spatial dimensions become (H ≡ ȧ/a)

R0
0 = d(Ḣ +H2) = d

ä

a

Rij =

(
Ḣ + dH2 + (d− 1)

k

a2

)
δij =

(
ä

a
+ (d− 1)

ȧ2

a2
+ (d− 1)

k

a2

)
δij

R = 2d

(
Ḣ +

d+ 1

2
H2 +

k

a2

)
= 2d

(
ä

a
+
ȧ2

a2
+

k

a2

)
(1.3.4)
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The (0, 0) and (i, j) components of 1.3.1 in d = 3 give the Friedmann equations

(
ȧ

a

)2

=
8πG

3
ρ− k

a2
+

Λ

3
(1.3.5)

ä

a
= −4πG

3
(ρ+ 3p) +

Λ

3
(1.3.6)

Introducing the standard definitions of critical density and density parameter

ρc(t) =
3H2(t)

8πG
(1.3.7)

Ω(t) =
8πG

3H2(t)
ρ(t) =

ρ(t)

ρc(t)
(1.3.8)

the Friedmann equation 1.3.5 becomes

Ω(t)− 1 =
k

H2a2
(1.3.9)

where we have defined ρΛ = Λ/8πG. The density parameter, which can be observationally
constrained, fixes the geometry of the universe:

ρ < ρcrit ⇔ Ω < 1⇔ k < 0⇔ open
ρ = ρcrit ⇔ Ω = 1⇔ k = 0⇔ flat
ρ > ρcrit ⇔ Ω > 1⇔ k > 0⇔ close (1.3.10)

The second of the Friedmann equations, (1.3.6) implies that, in absence of a cosmological
constant, an accelerated expansion can occur only if ρ+ 3p < 0. In the usual case p > 0, ρ > 0,
Einstein’s GR maintains untouched the Newtonian intuition that gravity should be attractive,
ä < 0. On the contrary, if we stick to GR, an accelerating expansion could come from the pressure
term - which is an entirely relativistic effect - only requiring a large negative value. As one can
see from the Friedmann equations, the cosmological constant indeed does the job, since it can
be considered as an energy component with mass density ρΛ = Λ/8πG and pressure pΛ = −ρΛ.

To make progress we can choose an equation of state. The perfect fluids relevant for cosmology
obey the simple relation

p = w ρ (1.3.11)

From energy-momentum covariant conservation ∇µT
µν = 0 we read the continuity equation

ρ̇+ 3H(ρ+ p) = 0 (1.3.12)

which using 1.3.11 can be integrated assuming a constant w to yield

ρ =
∑
i

ρ0,i

(
a

a0

)−3(1+wi)

=
∑
i

ρ0,i(1 + z)
3(1+wi) (1.3.13)

The sum runs over the species that contribute to the energy-momentum density, non-relativistic
particles (wM = 0), relativistic particles (wR = 1/3), cosmological constant (wΛ = −1). The
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ΛCDM model is defined by wΛ = −1.

Given the nature of our discussion, it is more convenient to introduce a form of Dark Energy
which allows for an arbitrary equation of state of the form P = w(z) ρ. In this case the continuity
equation is integrated to give ΩDE(z) = ΩDE f(z), where the dimensionless Dark Energy density
is

f(z) = exp

[
3

ˆ z

0

1 + w(z′)

1 + z′
dz′
]

(1.3.14)

From equation 1.3.5 we can now read how the Hubble parameter is determined by the energy
content of the Universe. Introducing the more general dynamical EOS for the Dark Energy
instead of the cosmological constant, we can put it in the convenient form

H2(t) = H2
0

[
ΩR(1 + z)4 + ΩM (1 + z)3 + ΩDE f(z) + Ωk(1 + z)2

]
(1.3.15)

where we have defined Ωk = −k/(a2
0H

2
0 ) and we denote by Ωi the energy density of the different

species at the present time.

We finally introduce the function

E(z) =
[
ΩR(1 + z)4 + ΩM (1 + z)3 + ΩDE f(z) + Ωk(1 + z)2

]1/2 (1.3.16)

so that H(z) = H0E(z).

In the following, we shall use the term "Dark Energy" to indicate everything that is not
ordinary matter-radiation or curvature and that could lead to an accelerated expansion. The case
of a cosmological constant is included in this definition. Conversely, we may use the definition
"cosmological constant" referring to something that is actually a dynamical Dark Energy. In
conclusion, the two terms may be used interchangeably.

1.4 Distances

Consider an object with absolute luminosity L at physical distance d. In a flat space, the
observed flux would be F = L/S where S is the surface of the sphere of radius d, S = 4πd2.
In an expanding Universe however, we have S = 4πa2

0S
2
k(χ) and we must also account for the

expansion. According to 1.2.5, we have two effects: the redshifted frequency of the photons and
the reduction of the detection rate due to the stretching of time intervals. These two effects will
reduce the observed flux by a factor of (1 + z) each. Then the detected apparent luminosity is

F =
L

4πa2
0S

2
k(χ) (1 + z)2

(1.4.1)

To recover the same functional form as in flat space, we define the luminosity distance by

dL = a0 Sk(χ) (1 + z) (1.4.2)

For a photon moving on a geodesic, ds2 = 0, we have dχ = −dt/a(t). Using the definition of
H and the expression 1.2.5 for the redshift we have

d

dt
= ȧ

d

da
= ȧ

dz

da

d

dz
= −H (1 + z)

d

dz
(1.4.3)
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so we find that the comoving distance is given by

χ =

ˆ t

0

dt

a(t)
=

ˆ z

0

dz

H(z) a (1 + z)
=

1

a0H0

ˆ z

0

dz′

E(z′)
(1.4.4)

where we used equations 1.4.3 and 1.2.5 and the definition 1.3.16 of E(z).
Note that this is also the maximum comoving distance light can propagate between initial time
0 and time t and is called the (comoving) particle horizon. The physical size is d(t) = a(t)χ.

Finally, using the definition 1.1.8 of Sk(χ) we read from 1.4.2 the general expression

dL(z) =
(1 + z)

H0

√
Ωk

sinh

(√
Ωk

ˆ z

0

dz′

E(z′)

)
(1.4.5)

Through equation 1.3.15 we are able to determine the dependence of the luminosity distance
from the energy and geometry evaluating 1.4.5.
We illustrate such dependence with an explicit example (see e.g. [3]). Let us consider a two
component Universe with a non-relativistic fluid and a cosmological constant. The function´ z

0
dz′

E(z′) can be expanded for z << 1 as
ˆ z

0

dz′

E(z′)
= z − E′(0)

2
z2 +

1

6

[
2E′(0)

2 − E′′(0)
]
z3 +O(z4) (1.4.6)

Plugging in 1.4.5 and expanding sinhx = x+ x3/3 +O(x5) we find

dL =
1

H0

[
z +

(
1− E′(0)

2

)
z2 +

1

6

(
2E′(0)

2 − E′′(0)− 3E′(0) + Ωk

)
z3 +O(z4)

]
=

1

H0

[
z +

1

4
(1− 3wDEΩDE + Ωk) z2 +O(z3)

]
(1.4.7)

Since wDE < 0 and ΩDE > 0, the luminosity distance becomes larger in presence of a
cosmological constant. The same happens in an open Universe - k < 0 - with respect to a flat
one. In figure 1.1 we show three different cases.

Another useful notion of distance is the distance we infer from the intrinsic and observed size
of a source, called the angular diameter distance; it is defined to be

dA =
R

θ
(1.4.8)

where R is the proper size and θ is the observed angular diameter. It is easy to check that this
distance is related to dL by

dL = (1 + z)2dA (1.4.9)

1.5 Age of the Universe
From 1.4.3 we have the relation

dt = − dz

H(z) (1 + z)
(1.5.1)

which integrates to

t0 =

ˆ t0

0

dt =
1

H0

ˆ ∞
0

dz

E(z) (1 + z)
(1.5.2)
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Figure 5.2 The luminosity distance dL versus the redshift z for three cases: (a) a
flat Universe without dark energy, (b) an open Universe (!(0)

K = 0.0085) without
dark energy, and (c) a flat Universe with the cosmological constant (!(0)

DE = 0.7
and wDE = −1). The presence of dark energy leads to a larger luminosity distance
relative to the case without it. In the open Universe the luminosity distance also
gets larger than that in the flat Universe.

around z = 0 we find that the luminosity distance, in the region z " 1, is given
by

dL(z) = c

H0

[
z + 1

4

(
1 − 3wDE!

(0)
DE + !

(0)
K

)
z2 + O(z3)

]
. (5.11)

In the flat Universe without dark energy we have dL(z) = (c/H0)[z + z2/4 +
O(z3)]. In the presence of dark energy (wDE < 0 and !

(0)
DE > 0) the luminosity

distance gets larger (see Fig. 5.2). Especially for smaller (negative) wDE and for
larger !

(0)
DE this tendency becomes more significant. In an open Universe (K < 0)

the effect of the cosmic curvature also leads to a larger luminosity distance com-
pared to the flat Universe. Since the curvature of the Universe is constrained to be
close to the flat one (−0.0175 < !

(0)
K = −K/(a2

0H
2
0 ) < 0.0085 [15]) from WMAP

5-year data, it is difficult to give rise to a significant difference relative to the flat
Universe without dark energy. This property can be seen in Fig. 5.2, which shows
that the difference is small in the region z < 1.5.

In 1998 Riess et al. [1] and Perlmutter et al. [2] released observational data of the
apparent luminosity of high-redshift Type Ia supernovae (0.2 ! z ! 0.8). The data
of low-redshift regions (z < 0.1) reported previously was also used in their analysis.

Figure 1.1: Luminosity distance dL for a two-component flat Universein the cases: (1) flat
Universe without Dark Energy, (2) open Universe without Dark Energy, (3) flat Universe with
cosmological constant. Figure from ref. [4]

We shall anticipate the discussion of chapter 2 integrating equation 1.5.2 in the case of a flat
Universe with a negligible amount of relativistic matter, ΩM + ΩDE = 1. Then

t0 =
1

3H0

√
1− ΩM

log

(
1 +
√

1− ΩM

1−√1− ΩM

)
(1.5.3)

This equation makes evident that t0 increases for decreasing ΩM (in the limit ΩM → 0 we
have t0 →∞), while in absence of Dark Energy we get t0 = 2/(3H0).

It could be possible to make the cosmic age larger also in an open Universe without Dark
Energy. Setting ΩDE = 0, ΩM + Ωk = 1 we get from 1.5.2

t0 =
1

H0 (1− ΩM )

[
1 +

ΩM

2
√

1− ΩM
log

(
1−√1− ΩM

1 +
√

1− ΩM

)]
(1.5.4)

The limit ΩM → 1 is again t0 = 2/(3H0), while the opposite case ΩM → 0 gives t0 = H−1
0 .
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Chapter 2

Dark Energy: Observational
Evidences

In this chapter we review the most significant observations supporting the existence of a Dark
Energy component. We shall concentrate on the most mature and well-studied probes of an ac-
celerated expansion: Type Ia Supernovae (SnIa), Baryon Acoustic Oscillations (BAO), and the
Cosmic Microwave Background (CMB). Being purely geometrical and statistically independent,
they are the most robust measurements currently available.

2.1 Age of the Universe

The computation of the age of the Universe can be directly compared with the oldest known
stellar populations. The data of a number of groups are available: Jimenez et al. determined the
age of Globular clusters in the Milky way as t = 13.5 ± 2Gyr [5], while Caretta et al. obtained
12.9± 2.9Gyr [6], Richer et al. and Hansen et al. [7] constrained the age of the Globular cluster
M4 to t = 12.7± 0.7Gyr. A more recent measurement by Bond et al. has determined the age of
the nearby sub-giant HD-140283 to be 14.5± 0.8 Gyr [8].
On the other hand, bounds on the value of H0 do put constraints on the age of the universe
computed by 1.5.2, since t0 ∼ H−1

0 .
For example, taking the constraint already given in 2001 by the Hubble Space Telescope Key

project [9], H0 = 72± 8 kms−1Mpc−1, for a Universe without Dark Energy (t0 = 2/(3H0)), see
section 1.5), we get t0 ∼ 8− 10 Gyr, which does not satisfy the stellar age bound. This is indeed
the first serious problem that a flat Universe without a cosmological constant suffers, and has
been indeed known even since before the SN measurements of 1998.
Current observations constraint the age of the Universe to be around t0 ∼ 13.8Gyr - 9 year
WMAP [10] gives 13.88± 16 while Planck gives 13.817± 0.048 [11].

The age problem can be elegantly solved in presence of a cosmological constant. In figure
2.1 we show the cosmic age versus ΩM in the two cases of a flat Universe with cosmological
constant and of an open Universe without cosmological constant, computed in section 1.5. If
the curvature |Ωk| is constrained to be small, which is the present case (see below), we see that
an open Universe without Dark Energy can’t manage to satisfy the stellar age bound, whereas
a flat one in presence of a cosmological constant can account for the observations - e.g. with

11
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Figure 2.1: Cosmic age as a function of the matter density ΩM in a flat Universe with Dark
Energy (solid line), and in an open Universe in absence of Dark Energy (dashed line). The
bounds from stellar age and WMAP 5-year data with h=0.70 [12] are also included. Figure from
reference [4]

ΩM = 0.3, ΩΛ = 0.7 we have t0 = 0.964H0, or t0 = 13.1Gyr for h = 0.72.

2.2 Constraints from SnIa

2.2.1 SnIa as Standard Candles

In section 1.4 we saw how the observable luminosity distance is connected to the theoretically
predictable Hubble expansion history. The deduction ofH(z) from dL relies then on the measured
luminosity distance as a function of redshift

dL(z) =

√
L

4π F (z)
(2.2.1)

where F (z) is the observed flux from an object with intrinsic luminosity L at a redshift z. This
requires knowing a priori the absolute luminosity, so that the object in question can be used as
a distance indicator. Objects whose intrinsic luminosity is known are referred to by astronomers
as "Standard Candles ".
In practice, rather than referring to the fluxes, astronomers does instead make use of the apparent
magnitude, defined so that the measured fluxes F1 and F2 of two stars are related by

m1 −m2 = −5

2
log10

(
F1

F2

)
(2.2.2)
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Figure 2.2: An example of supernova discovery. Figure from reference [13]

The absolute magnitudeM is defined as the apparent magnitude an object would have if it were
located at a luminosity distance dL = 10 pc from the observer:

M = m− 5 log10

(
dL

10 pc

)
(2.2.3)

Among the known standard candles, the best indicators for cosmology are Type Ia supernovae
(SnIa) (see [13] for a discussion).
The explosion of a supernova is an extremely luminous event that emits a burst of radiation.
These events can have different origin and are classified according to the absorption lines in the
spectrum. In particular, what discriminates Sn of Type I from Sn of Type II is the absence in
the former of spectral lines of hydrogen, while among Type I Sn one can further classify Type
Ia (with an absorption line of singly ionized silicon), Type Ib (containing a line of helium) or Ic
(without both silicon and helium).
Type Ia supernovae are phenomena that occur in binary systems where one of the stars has a
mass below the Chandrasekhar limit of 1.4M� and therefore ends up (after hydrogen and helium
burning - then the absence of the absorption lines in the spectrum) as a white dwarf - the dense,
carbon remain of the original star. When the companion star reaches its red giant phase, the
white dwarf will begin to pull material off it, adding that matter to itself and accreting mass
until it reaches the Chandrasekhar mass. Then a nuclear chain reaction occurs, causing the
white dwarf to explode. The resulting magnitude is 5 billion times than that of the Sun (the
peak absolute magnitude is typicallyM' −19, approximately 1010M�) and is detected with a
light curve that increases luminosity in a few weeks and subsequently fades away in 1-2 months.
In figure 2.2 we show an example of a Sn discovery.

Several reasons make SnIa good distance indicators. The first is the already mentioned
exceptional luminosity. Moreover, the explosion mechanism is fairly well understood and uniform:
because the chain reaction always happens in the same way, and at the same mass, the brightness
of these Type Ia supernovae are also always the same - there isn’t any known mechanism of cosmic
evolution of the explosion mechanism. Finally, a number of nearby SnIa has been found that
makes possible to calibrate the corrections for minor intrinsic luminosity differences and radiation
extinction. Type Ia supernovae observed nearby show a relationship between their peak absolute
luminosity and the timescale of their light curve: the brighter supernovae are slower and the
fainter supernovae are faster; it has been found that a simple linear relation between the absolute
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Figure 2.3: Left: light curves of Sn observed at low redshift. The peak magnitude correlates
with the timescale. Right: the same light curves after calibrating. Figures from ref. [14]

magnitude and a "stretch factor" multiplying the lightcurve timescale fits the data quite well
until over 45 rest frame days past peak, see [14]. The second important correction to to be made
is known as K-correction, consisting in transforming the light curves in the Sn rest frame and to
take into account cosmic time dilation. The effect of the correction is shown in figure 2.3.

2.2.2 Observations

The direct evidence for the current acceleration of the Universe was first reported in 1998 by
two independent teams, the High-redshift Supernova Search Team (HSST) [16] and the Super-
nova Cosmology Project (SCP) [15].
Since the corrected absolute magnitude M is the same for every SnIa, the luminosity distance
dL(z) is obtained from equation 2.2.3 measuring the apparent magnitude m. The correspondent
redshift is measured from the wavelength of light, so observational data for m(dL(z)) can be
compared with the theoretical, model-dependent prediction 1.4.5.

The SCP discovered 42 SnIa in the redshift range 0.18 < z < 0.83 while the HSST found
14 SnIa in the range 0.16 < z < 0.62 and 34 nearby SnIa. Having sufficient statistics available,
Perlmutter et al. were able to show that a cosmological constant is present at the 99% confidence
level with the non-relativistic matter contained to a density ΩM = 0.28+0.09

−0.08, and that an open
Universe with no cosmological constant does not fit the data.
In figure 2.4 we show the Hubble diagram obtained by the SCP, while in figure 2.5 the space of
parameters ΩM -ΩΛ is shown with the best-fit regions.

Subsequent observations have confirmed and improved these results. In 2003, Tonry et
al. confirmed the previous works and gave the constraint for the EOS parameter wDE to be
−1.48 < wDE < −0.72 at 95% confidence level. In 2004, Riess et al. constructed a large and
robust dataset consisting of 157 points (known as the "Gold dataset ") and were able to iden-
tify the transition from a decelerated to an accelerated phase at z = 0.46 ± 0.13 and found
wDE = −1.02+0.13

−0.19 for an assumed static EOS [17]. Their ability to extend previous analyses to
higher redshifts (z > 1) was decisive to provide the possibility to discriminate between a static and
evolving dark energy equation of state. The standard parametrisation is wDE(z) = w0+wa(1−a)
where a = 1/(1 + z) is customary and it has been shown to hold for a large range of DE models
[18].
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Figure 2.4: Hubble diagram for 42 SnIa from the Supernova Cosmology Project and 18 low-
redshift supernovae from the Calan-Tonolo Supernova Survey. The solid curves show the theo-
retical mEFF (z) for different cosmological models without a cosmological constant. The dashed
curves are for different flat models with a cosmological constant. Figure from reference [15]

Moreover, if cosmic acceleration is the reason why SnIa are dimmer at z ∼ 0.5, then we expect
cosmic deceleration at z > 1 to reverse the sign of the observed effect [19]. The observation of
such effect made also possible to rule out the possible alternative explanation for the dimming
to be due to the effect of intergalactic dust.

To conclude, we should mention other significant recent surveys, such as SuperNova Legacy
Survey (SNLS) [20], Hubble Space Telescope (HST) [21], "Equation of State: SupErNovae trace
Cosmic Expansion " (ESSENCE) [22]. Currently, the largest sample is the "Union2.1" SN Ia
compilation by the SCP, now bringing together data for 833 Sn [23], while recently (2013) a
sample of 146 SnIa has been analysed from the first 1.5 years of the Pan-STARRS1 Medium
Deep Survey [24].

2.3 Cosmic Microwave Background
The Cosmic Microwave Background (CMB) is the relic radiation we receive from the epoch

when photons decoupled from baryons. It represents the most precise black-body spectrum cur-
rently known, with temperature T0 ' 2.7 K. Density fluctuations present at the time, though,
cause fluctuations in such temperature of order δT/T0 ∼ 10−5 (through their coupling to the
radiation as well as through metric perturbations) that represent a crucial source of information
about cosmological parameters.

As we describe in the appendix, an earlier period of inflation can be described by a minimally
coupled scalar field rolling down a potential. Quantum fluctuations of the field cause inflation
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Figure 2.5: Left: best-fit confidence regions in the ΩM -ΩΛ plane. Right: isochrones of constant
H0 t0 (assuming H0 = 63 kms−1Mpc) with the best-fit 68% and 90% confidence regions in the
ΩM -ΩΛ plane.Figures from reference [15]

to end at slightly different times, hence giving rise to over(under)-dense regions through its cou-
pling to the scalar sector of the background metric perturbations. The inhomogeneities do not
have preferred physical scales, i.e. the power spectrum is spread continuously over the Fourier
modes. Hence, the baryon-photon fluid ("tight coupling approximation": see appendix B.2) is
attracted by the gravitational potential of the inhomogeneities and becomes compressed in the
denser regions, while the pressure of the fluid opposes the compression and causes in turn an
expansion that ends only when the originally over dense region has become slightly under dense,
and so on. Thus a process of periodic expansion and contraction of the fluid is triggered, giving
rise to standing sound waves of all wavelengths. These oscillations begin everywhere in phase.
At the time of decoupling, the cool (rarified) and hot (compressed) regions of the mode is frozen
and leaves imprints into the radiation field, that appears as spots in the CMB with temperatures
different from the mean.

2.3.1 Temperature Anisotropies

The CMB fluctuations are well-measured by recent and ongoing experiments [10],[11]; a map
of the measured fluctuations is shown in figure 2.6. We can quantify the power expanding in
harmonics
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Figure 2.6: Temperature fluctuations in the CMB. Blue regions represent directions on the
sky where the temperature is ∼ 10−5 below the mean, while yellow and red represent hotter
(underdense) regions. Figure from reference [10].

δT

T0
(n̂) =

T (n̂)− T0

T0
=
∑
`,m

a`m Y`m(n̂) (2.3.1)

where
a`m =

ˆ
dΩ(n̂) Y

∗
`m(n̂)

δT

T0
(n̂) (2.3.2)

The rotationally-invariant angular power spectrum is defined as

C` =
1

2`+ 1

∑
m

〈a∗`m a`m〉 (2.3.3)

In appendix B we show that this can be expressed as

C` =
2

π

ˆ
d log k Θ2

k(ηrec) j
2
` (k(η0 − ηrec)) k3 Pζ(k) (2.3.4)

Where Pζ(k) is the spectrum of primordial fluctuations at the end of inflation, described
in detail in appendix A, Θk(ηrec) is the Fourier transform of the temperature fluctuation at
recombination, j`(k(η0 − ηrec)) are Bessel functions depending on the position in the sky, and
η0 and ηrec are the values of the conformal time at present epoch and recombination respectively.

The computation of the "transfer function" ∆T`(k) = Θk(ηrec)×j`(k(η0−ηrec)) is performed
using specifical codes such as CMBFAST [25] or CAMB [26].
In appendix B we provide some computational details which are useful to semi-quantitavely
understand the main features of the measured angular power spectrum, while here we shall con-
centrate on the physics of the C` and on the dependence on cosmological parameters.

Basing on the results of appendix appendix B, we shall comment on the most important
regions of the angular power spectrum of the CMB:

• The Sachs-Wolfe plateau, ` . 100

Anisotropies at scales larger than the horizon at recombination reflect directly the "initial
conditions". For adiabatic initial conditions (i.e. entropy is conserved for each species),
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temperature fluctuations can be expressed as δT/T0 ' (1/3)Φ where Φ is the perturbation
to the gravitational potential. This is due to an intrinsic fluctuation in the density of the
photons at last scattering (ργ ∝ T 4 ⇒ δT/T = δργ/(4ργ)), as well as to fluctuations in the
gravitational potential which photons will have to climb out from (or roll down).

The transfer function is simply a Bessel function

∆T`(k) = −1

5
j`(k(η0 − ηrec)) (2.3.5)

leading to an angular power spectrum that is nearly constant in case of quasi-scale invariant
initial conditions (ns ' 1), see appendix A:

C` ≈
8πAs

25 ` (`+ 1)

(
`

`∗

)ns−1

(2.3.6)

This is usually referred to as Sachs-Wolfe effect [27].

• The acoustic peaks, ` & 100

At higher multipoles, the structure in the anisotropy spectrum becomes rich and exhibits
peaks and troughs.
The underlying physics is that of gravity-driven acoustic oscillations before recombination,
when the universe can be thought as a "baryon-photon plasma" with linearly growing per-
turbations in the underlying gravitational potential. Pressure gradients, mostly provided
by photons, acted as restoring forces to such perturbations (equation B.2.10 of appendix
B.2), driving oscillations of the fluid at the speed of sound (equation B.2.19 of appendix
B.2); physically, the temperature oscillations corresponds to the heating and cooling of the
fluid that is compressed or rarefied by the wave. This behaviour continues until recombi-
nation, when modes that are caught at maxima or minima of their oscillations leave peaks
in the power.
The spectrum in this approximation has the expression B.3.6:

C` ≈
8πAs

25 ` (`+ 1)
cos2

(
cs

` ηrec
(η0 − ηrec)

)(
`

`∗

)ns−1

(2.3.7)

The spectrum exhibits peaks at
`n '

nπ

cs ηrec
η0 (2.3.8)

where cs = 1/
√

3(1 +R) is the sound speed and R = 3ρB/4ργ . The first peak corresponds
to the mode that is caught at its first compression at recombination, the second to the one
that underwent a full cycle of compression and rarefaction, and so on.

The above discussion suffices for an understanding of the existence of acoustic peaks in the
power spectrum. The exact results needed to fit the CMB data should remove the approxima-
tions we discussed and consider other effects, such as dissipation (responsible for the damping at
high multipoles), the contribution of radiation during matter domination, and the evolution of
perturbations after photons began to stream freely, see e.g. [28] for a discussion.
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2.3.2 Effects of a Dark Energy component
The most important effect of a Dark Energy is the change of the position of acoustic peaks

coming from the modification of the angular diameter distance. We can generalise the result for
the position of peaks as follows.
The angle measured in the sky is related to the multipole by θ = π/`, while a spatial inhomogene-
ity in the CMB temperature of wavelength λ appears as an angular anisotropy of size θ ∼ λ/DA

where DA is the comoving angular diameter distance, DA = (1 + z) dA = dL a = dL/(1 + z). We
can define a characteristic angle for the location of the first peak [4]:

θ∗ =
r∗
DA∗

(2.3.9)

where the ∗ indicates that the quantity is evaluated at recombination, r∗ is the sound horizon,
r∗ = ηrec cs for a constant cs as in our approximation or, more generally, r∗ =

´ ηrec
0

cs(η
′) dη′.

Then
` =

π

θ∗
= π

DA∗

r∗
(2.3.10)

so that in a flat universe with cs = const. we recover the result 2.3.8, since DA∗ = η0 =´
dz(H0E(z))−1.

The sound-crossing horizon at recombination provides a "standard ruler", i.e. an object whose
intrinsic size is known, as a SnIa provides a "standard candle" in the sense that its intrinsic
luminosity is known. In turn, the angle subtended in the sky can be evaluated for every geometry
through DA.
The expression for ` can be put in the convenient form [4]

` =
3π

4

√
Ωbh2

Ωγh2
R
[

log

(√
(Ra)dec +

√
1 + (Ra)dec

1 +
√

(Ra)eq

)]−1

(2.3.11)

where we have introduced the CMB shift parameter

R =

√
ΩM
Ωk

sinh

(√
Ωk

ˆ zdec

0

dz

E(z)

)
(2.3.12)

The presence of a Dark Energy leads to a shift of R, so the observed position of the acoustic
peaks imposes constraints on ΩDE .
The general relation for all peaks is usually written as

`n = `(n− φn) (2.3.13)

where the factor φn takes into account the shift of multipoles due to other effects such as free
streaming of photons.

In figure 2.7 we show the dependence of the position and height of the acoustic peaks on the
cosmological parameters, while in figure 2.8 the angular power spectrum as measured by Planck
[11] is shown together with the best-fit base ΛCDM cosmology.

The Planck results are well-described by a flat ΛCDM cosmology with a power-law spectrum
of scalar perturbations. For this cosmology, the best-fit value for the Dark Energy density is
ΩΛ = 0.686± 0.020. We shall comment more extensively on the results below in section 2.5.

We conclude mentioning a second process that could affect the CMB anisotropies, the so-
called integrated Sachs-Wolfe effect (ISW). This is a contribution from redshifting along the
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Figure 2.7: Sensitivity of the angular power spectrum to the cosmological parameters. Figure
from reference [28].

photon path coming from considering the time-variation of the gravitational potential. In the
approximation that lead to equation 2.3.7, see appendix B, we considered a matter-dominated
epoch, which lead us to Φ = Ψ = const.. Actually, a small component of radiation is always
present, so a more complete treatment should include this effect. This leads to an additional
term in B.2.8 [29],

δT

T0
(n̂) ∝

ˆ η0

ηrec

dη(Ψ′ − Φ′) (2.3.14)

This is a line-of-sight term affecting the photon propagation and could provide information
on the recent Universe, when Dark Energy begins to dominate: since the gravitational potential
is constant for a matter-dominated Universe - and therefore yields no ISW signal - the ISW effect
is a direct diagnostic of something which is not ordinary pressureless matter. In the presence
of dark energy, decaying potentials due to the accelerated expansion rate, result in a net ISW
effect which is positive when the CMB photons cross over- dense regions and negative when the
CMB photons cross under- dense regions. Therefore, the ISW effect is a potential indicator of
either non-zero curvature, any form of dark energy, such as a cosmological constant, or modified
gravity.
The projected effect of the ISW would give a contribution to the transfer function

∆
(ISW )
T ` ∝

ˆ η0

ηrec

dη(Ψ′ − Φ′) j`(k(η0 − ηrec)) (2.3.15)

Since the Bessel function peaks at k(η0− ηrec) ∼ ` and since potential evolution is important
only for modes within the horizon, the effect is typically relevant for modes with ` ∼ (η0−ηc)/ηc
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Figure 2.8: Planck temperature power spectrum. The asymmetric error bars show 68% con-
fidence limits. At multipoles 50 ≤ ` ≤ 2500 (plotted on a linear multipole scale) we show the
best-fit CMB spectrum. The light grey points show the power spectrum multipole-by-multipole.
The blue points show averages in bands of width ∆` ' 31 together with 1σ errors. The red line
shows the temperature spectrum for the best-fit base ΛCDM cosmology. The lower panel shows
the power spectrum residuals with respect to this theoretical model. Note the change in vertical
scale in the lower panel at ` = 50. Figure from reference [11].

where ηc is the time when the potential starts to evolve significantly. Since the Dark Energy starts
to dominate quite recently over matter, the ISW is expected to peak at very low `, or large angles.

Unfortunately, since we have a single sky, there are just a few "independent"large angle
patches we can use to constrain the model: the fact that there are only 2`+ 1 m-samples in each
multipole moment leads to the inevitable error ("cosmic variance")

∆C` ∼
1√

2`+ 1
C` (2.3.16)

Therefore, only rather extreme models can be convincingly ruled out by the ISW effect. The
current determination of the Dark Energy dimensionless density ΩDE from the detection of the
ISW has an error of about 20% [30].

2.4 Baryon Acoustic Oscillations
Before recombination and decoupling, baryons are tightly coupled to photons, so we expect

that the oscillations driven by sound waves, described in the previous section and appendix B
should be imprinted in baryon perturbations as well. After recombination, photons are allowed
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to free stream and form the CMB, while the baryon wave stalls with a characteristic radius im-
printed in it, namely the radius of the spherical shell formed at recombination. Each over-density
of the original perturbation evolves to become a central peak surrounded by a spherical shell, so
the probability for a galaxy to form in such higher density shell is increased.
The radius of this shells is the already encountered sound horizon r∗. Then, if a statistic quan-
tifying clustering on different scales is available, this should exhibit a preferred separation scale
marked by the sound horizon; at recombination, this shell is roughly 150Mpc in radius, so the
acoustic feature is manifested as a small single spike at 150Mpc separation.

2.4.1 Correlation functions
The simplest statistic of the galaxy distribution is provided by the two-point correlation

function ξ(r) (see e.g. [31]), which describes the excess probability of finding a galaxy at distance
r from a galaxy randomly selected over that expected in a uniform, random distribution:

dP (r) = N0 [1 + ξ(r)] dV (2.4.1)

where N0 is the mean number of objects and P (r) the probability of finding a second galaxy at
distance r from a given object within the volume dV . An equivalent definition is that in terms
of the density fluctuations δ(r):

ξ(r) = 〈δ(x) δ(x + r)〉 (2.4.2)

Finally, the correlation function is related to the observed power spectrum P (k) by a Fourier
transform,

ξ(r) =
1

2π2

ˆ
d log k j0(kr) k3P (k) (2.4.3)

A number of estimators has been presented in the literature, among which the most used is
the Landy and Szalay estimator [32], based on the use of data and a random catalogue generated
with the same survey geometry as the original catalogue:

ξ(s) = 1 +
DD(s)

RR(s)

(
nr
nd

)2

− 2
DR(s)

RR(s)

(
nr
nd

)
(2.4.4)

where s = c(z1 − z2) is the redshift-space distance between two galaxies at redshifts z1 and z2,
DD, DR and RR are data-data, data-random and random-random pair counts in bins centered
in s and and nd, nr are the mean number densities of galaxies in the data and random samples.

2.4.2 Cosmological implications
What we actually measure is a combination of two angular measurements (R.A. and Dec.)

and one line-of-sight measurement (redshift). It is common [4, 33, 34] to report the distance
constraints as

DV (z) =

[
(1 + z)2 d2

A(z)
cz

H0E(z)

]1/3

(2.4.5)

where dA is the angular diameter distance. (Note that, in contrast, the CMB measures a
purely transverse quantity). A useful parameter is also

A(zeff ) = 100DV (zeff )

√
ΩMH2

0

c zeff
(2.4.6)
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which is independent from H0 since DV ∝ H−1
0 . The parameter zeff is the effective redshift of

the sample,

zeff =

Nb∑
i

Nb∑
j

wiwj
2N2

b

(zi + zj) (2.4.7)

where Nb is the number of galaxies in a given bin and wi is the density weighting factor used in
the random catalogue.

The fit is actually performed through a distortion parameter α

ξmodel(s) = ξ′model(αs) (2.4.8)

where

α =
DV (zeff )

D
(fid)
V (zeff )

(2.4.9)

andD(fid)
V (zeff ) is the parameter computed from the available codes such as CMBFAST. This

avoids to re-calculate the correlation function for each different set of cosmological parameters
[33]. α measures the relative position of the acoustic peak in the data versus the model, thereby
characterising any observed shift. Parameter constraints are then obtained by computing χ2

with cosmological parameters ΩMh
2, Ωbh

2, ns and DV (note that the last contains h, ΩM , Ωk
and w(z)).

Figure 2.9: Left: The correlation function of 6dFGS with different fits. The best-fit value is
ΩM h2 = 0.138 ± 0.020.Figure from reference [33]. Right: The correlation function of SDSS.
Figure from reference [34]

In figure 2.9 we show the detection of the BAO peak in the correlation function obtained by
two different galaxy surveys, the 6dF Galaxy Survey (6dFGS) [35] and the Sloan Digital Sky
Survey (SDSS) [36].

Further implications on cosmological parameters and Dark Energy are discussed in section
2.5.
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Figure 2.10: Left: Constraints in the ΩM −ΩΛ plane with 68.3%, 95.4% and 99.7 % confidence
regions from SnIa of the Union 2.1 compilation combined with CMB and BAO. Figure from
reference [23]. Right: Constraints in the ΩM − ΩΛ plane with 68.3% and 95.4% confidence
regions from SnIa of the Pan-STARRS1 data combined with CMB, BAO and H0. Figure from
reference [24].

2.5 Putting it all together

A number of observables sensitive to the presence of a Dark Energy component has been
presented. In this section we shall try to give a picture of the state-of-the-art including the
most recent measurements and discussing their combination and agreement (or tension, if any),
concentrating on the parameters relevant for our discussion, i.e. on the Dark Energy equation
of state.

2.5.1 Cosmological parameters: flat and dominated by Dark Energy

The available data agree on a spatially-flat model, since fitting with k = 0 matches obser-
vations very well [10, 11, 23]. In principle, one could have a so-called "geometric degeneracy",
since in equations such as 2.3.12 one could trade Ωk and ΩM off one another through h to give the
same observed result. However, if an additional curvature parameter is included, one finds tight
constraints on it, e.g. |Ωk| < 0.0094 at 95% C.L. was found by WMAP [10], and Ωk = 0.002+0.005

0.005

by the Supernova Cosmology Project [23]. Alternatively the degeneracy is broken by combining
different measurements, e.g. adding BAO data to Planck (see below) gives 100Ωk = −0.05+0.65

−0.66

[11]. Observations then suggest that our Universe is spatially flat to an accuracy of better than
percent.
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Standard fits hence assume a flat geometry, k = 0, and explore a variety of models, from the
standard, ΛCDM models to Dark Energy models with constant, unknown w (referred to as
"wCDM"), or models with varying w, parametrized by w = w0 + wa(1 − a) (referred to as
"w0waCDM"). Broadly speaking, different measurements (SnIa, BAO, CMB) of the cosmolog-
ical parameters relevant for our discussion seem to agree on the values ΩΛ ' 0.7, ΩM ' 0.3,
w0 ' −1, wa ' 0. Despite this and an increasing precision in the determination of such pa-
rameters, though, recent discussion [11] showed that the results on dynamical dark energy are
dependent on the supplementary data we use in addition to Planck. We shall comment on the
differences shortly.

The most precise data are currently those of Planck.
Its most robust precision measurement is that of the angular size θ∗, equation 2.3.9, that gives
θ∗ = (1.04148 ± 0.00066) × 10−2 = 0.596724◦ ± 0.00038◦. If one assumes a flat cosmology with
a cosmological constant, then the parameters obtained from the combination r∗/DA∗ (equation
2.3.9 again) are tightly constrained: the sound horizon r∗ depends on the physical matter density
ΩMh

2 and DA on the geometry. The dimensionless energy densities must sum to unity (equation
1.3.9 with k = 0), and H0 is the fixed by the value of ΩMh

2, so the result constrains ΩM , ΩΛ

and H0. The corresponding values with 68% limits are [11]

ΩMh
2 = 0.1423± 0.0029 (68 %; Planck) (2.5.1)

H0 = (67.4± 1.4) kms−1Mpc−1 (68 %; Planck) (2.5.2)
ΩΛ = 0.686± 0.020 (68 %; Planck) (2.5.3)

(2.5.4)

For comparison, SnIa of the Union 2.1 compilation give [23]

ΩΛ = 0.705+0.040
−0.043 ( Union 2.1 ) (2.5.5)

The first evidence [16, 15] of the acceleration of the Universe is strongly confirmed by current
observation: we live in a spatially-flat, Dark-Energy dominated accelerating Universe.

As for the nature of the Dark Energy, if one allows for larger parameter spaces, such as
wCDM or w0waCDM, then a parameter degeneracy opens in the CMB, which alone does not
tightly constrain w. This degeneracy is broken by combining different measurements, see next
section.

In general, better constraints also on the already mentioned parameters are obtained by the
addition of more data sets. In figure 2.10 we show the confidence intervals on ΩM and ΩΛ from
Sn, CMB and BAO [23] for a ΛCDM model. Both the individual and combined constraints are
shown.

2.5.2 Dark Energy EOS parameters
A cosmological constant has equation of state P = −ρ, or w = −1. More general models can

be allowed to have constant w 6= −1 or time-varying w parametrized by a simple linear relation
w(z) = w0 + wa(1− a), a = 1/(1 + z).

For a constant w, adding to Planck WMAP data and BAO signal gives [11]

w = −1.13+0.24
−0.25 (95 %; Planck+WP+BAO) (2.5.6)
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Figure 2.11: wCDM model. Left: 68.3%, 95.4%, and 99.7% confidence regions in the (ΩM , w)
plane from SnIa of Union 2.1 combined with CMB and BAO. Figure from reference [23]. Right:
68.3% and 95.4% confidence regions in the (ΩM , w) plane from SnIa of Pan-STARRS1 combined
with CMB, BAO and H0. Figure from reference [24].

while using Planck, WMAP and Sn data gives [11]

w = −1.09± 0.17 (95 %; Planck+WP+Union 2.1), (2.5.7)
w = −1.13+0.13

−0.14 (95 %; Planck+WP+SNLS) (2.5.8)

Otherwise one can use the CMB data alone adding an external measurement of H0. Using
the Riess et al. 2011 measurement [37] gives

w = −1.24+0.18
−0.19 (95 %; Planck+WP+H0) (2.5.9)

On the other hand, by combining CMB, BAO and SnIa data, the SCP finds [23]

w = −1.013+0.068
−0.073 (Union 2.1+CMB+BAO) (2.5.10)

Finally, the Pan-STARRS1 data [24], combined with BAO+Planck+H0, give

w = −1.186+0.076
−0.065 (Pan-STARRS1+BAO+Planck+H0) (2.5.11)

while when combined with WMAP9 give

w = −1.142+0.076
−0.087 (Pan-STARRS1+BAO+WMAP9+H0) (2.5.12)

In figure 2.11 we show the constraints in the (ΩM , w) plane obtained by the SCP combined
with CMB and BAO [23].
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If instead we allow for a time-dependent EOS, we find a degeneracy in the w0 − wa space.
The Planck constraint becomes weaker,

w0 = −1.04+0.72
−0.69 (95 %; Planck+WP+BAO),

wa < 1.32 (95 %; Planck+WP+SNLS) (2.5.13)

In figure 2.12 we show results from Planck [11], the SCP [23] and BAO in SDSS III [38].

Figure 2.12: (w0, wa) plane. Top left: from Planck+WP+BAO (grey), Planck+WP+Union
2.1 (red), and Planck+WP+SNLS (blue). Top right: from Planck+WP+BAO. The points
are coloured according to the corresponding value of H0. In both, the contours are 68% and
95% and the dashed grey line shows the cosmological constant solution. Figures from reference
[11]. Bottom left: from SNe+BAO+CMB+H0, both with (solid contours) and without (shaded
contours) systematic errors, and 68.3%, 95.4%, and 99.7% confidence regions. Figure from
reference [23]. Bottom right: from Planck+BAO (red) and Planck+BAO+Sn (blue). Figure
from reference [38].
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2.5.3 Any tension?

Figure 2.13: Comparison of H0 measurements. Figure from reference [11]

The main outcome of the previous section is that the results for a non-cosmological constant
Dark Energy, either w = const. 6= −1 or w = w(z), are dependent on what supplementary data
set is used in addition to CMB measurements.

In particular, the official Planck analysis points out that for a constant w the combination
with SNLS (2.5.8) and Pan-STARRS1 favours the "phantom " (w < −1) side at ∼ 2σ, while the
Union 2.1 (2.5.7) is more compatible with a cosmological constant, a result confirmed by Shafer
and Huterer (2013) [39]. The combination with an external measurement of H0 is instead in
tension with a cosmological constant at more than 2σ level (2.5.9).
The inclusion of a dynamical Dark Energy instead shows a 3-dimensional degeneracy in the
w0 − wa − H0 space, as one can see in the top-right panel of figure 2.12. The results of the
Union 2.1 are in better agreement with a cosmological constant, while for the SNLS data the
cosmological constant solution lies at the boundary of the 2σ region (top-right panel of figure
2.12). The SNLS sample seems then to favour a dynamical Dark Energy, while BAO data are
more consistent with a cosmological constant.

A second striking outcome of the Planck results is the low value of the Hubble constant,
equation 2.5.2. This is still compatible with the previous result from CMB experiments, i.e. the
result of 9-year WMAP [10],

H0 = (70.0± 2.2) kms−1Mpc−1 (68 %; WMAP-9) (2.5.14)

but it is in tension with local measurements, as one can visually guess from figure 2.13.
Actually, the most recent results are those of Riess et al. [37] with use of observation of Cepheids
variables in the host galaxies of SnIa to calibrate the Sn redshift-magnitude relation,

H0 = (73.8± 2.4) kms−1Mpc−1 (Cepheids+SnIa) (2.5.15)

and Freedman et al., [40] within the Carnegie Hubble Program

H0 = [74.3± 1.5(statistical)± 2.1(systematic)] kms−1Mpc−1 (Carnegie HP) (2.5.16)
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Figure 2.14: Effects of an external H0 prior on the constant EOS parameter. Interesting
evidence for the EOS to be on the phantom side appear when the prior is somewhat large
H0 & 71 km/s/Mpc. Figure from reference [39].

The above mentioned data include measurements of different nature, from the solar neighbour-
hood [8], to the local Universe [33, 34, 41], to the epoch of recombination, z ' 1100 [10, 11]).
CMB measurements mostly probe the physics of the early Universe, and the interpretation of the
results in terms of the cosmological parameters defined at z = 0 require extrapolation through
a cosmological model, while local observables provide cosmology-independent measurements of
cosmological parameters. On the other hand, the beauty of observables such as BAO and the
CMB is that they use almost completely linear physics, while traditional astrophysical data set
involve more complex physics and should rely on some internal calibration, such as the stretch-
factor correction in SnIa measurements.

Being the CMB estimates on H0 model-dependent, a comparison with astrophysical measure-
ments is crucial. The tension could not be resolved by simply shifting the parameters of ΛCDM,
which are tightly constrained by Planck, and this is a very good reason why one should explore
the possibility of new physics.

Already from the publication of the official Planck analysis in 2013 [11] this tension has raised
some interest in the community. Recently (2013), Shafer and Huterer [39] found that the con-
straint strongly depends on the prior on H0 and a high prior H0 & 71 km/s/Mpc leads to a 2σ
evidence for phantom Dark Energy. The dependence is understood since the CMB constraints
the physical matter density Ωmh

2, so a change of H0 produces a shift δ log Ωm ' −2δ log h and
a higher H0 leads to a lower value of ΩM ; from the ΩM −w degeneracy in figure 2.11 we see that
a lower ΩM leads to a more negative w. The effects are shown in fig. 2.14.
This shift towards w < −1 being uncorrelated with any known systematics related to SN observ-
ables, they therefore claim that either the SNLS and Pan-STARRS1 data have systematics that
remain unaccounted for, or the Hubble constant is below 71 km/s/Mpc, or else the dark energy
equation of state is indeed phantom.
The same conclusions have been reached independently by Nesseris and Tsujikawa in a recent
work [42].

A quantitative estimate of the tension between local and high redshift measurements has
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log T interpretation betting odds
<1 not significant < 3 : 1
1-2.5 substantial ∼ 3 : 1
2.5-5 strong > 12 : 1
>5 highly significant > 150 : 1

Table 2.1: The scale to interpret the tension T

been recently proposed by Verde et al. (2013) [43], which could be useful to understand whether
ΛCDM is disfavoured, and in favour of what kind of extensions.

The estimator is defined as follows (we follow [43]).

If A,B are two different experiments to be compared, let PA,B(θ|DA,B) be the probability
of having a parameter set θ given the data DA,B from the experiments. We assume the same,
uniform prior, πA = πB = π with π = 1 or 0 and therefore πAπB = π. We define

ˆ
PA PB dx = λ

ˆ
πA πB dx = λ

ˆ
LA LB π dx = λE = E (2.5.17)

where L is the likelihood and λ−1 =
´
LAπAdx

´
LBπBdx′. E is the bayesian evidence for

the joint distribution and E is then a sort of unnormalised Evidence.
If we were to perform a translation of the distributions in x, the new distribution P̄A would have
the same shape and different position of the maximum. If the null hypothesis is that the two
experiments measure the same quantity, the models are correct and there are no unaccounted
errors, then it would translate into the condition that the maxima of the old and shifted distri-
bution coincide, ˆ

P̄A P̄B dx = Ē |maxA=maxB (2.5.18)

If the distance between the maxima increases, then
ˆ
P̄A P̄B dx = e < Ē (2.5.19)

Then the degree of tension is defined as

T =
Ē |maxA=maxB

E (2.5.20)

The chances of the null hypothesis are 1 : T , and a large tension T means that the null hy-
pothesis is unlikey, while a small T means that the experiments can be combined. The empirical
calibration of the scale T is shown in table 2.1.

In figure 2.15 we show the results of Verde et al. for the dependence of the tension on the
EOS parameter. In particular, any extension of the ΛCDM with a slightly phantom value for w
could be able to bring the tension to "not significant", while the ΛCDM value w = −1 indicates
a "strong" tension between the data.
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Figure 2.15: log T as a function of w. The black solid line corresponds to the ΛCDM value. A
value of w < −1 brings the tension down to a less significant value. Figure from reference [43].
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Chapter 3

Phantom Dark Energy from
non-local gravity

The observation of the accelerated expansion of the Universe raised an intense activity around
the nature of the so-called Dark Energy.
As we have seen in the previous chapter, adding a "cosmological constant " term with EOS
P = −ρ fits a large number of observations, but at the same time the origin of this term is still
mysterious. A plausible possibility is that the cosmological constant actually vanishes (a number
of mechanisms has been put forward in the literature), and that the acceleration of the Universe
is caused by an alternative model of Dark Energy.

Recent and planned observations open the possibility to measure the relevant Dark Energy
parameters with increasing precision, hence a direct comparison between ΛCDM and any viable
alternative model is very likely to be at our disposal in the near future.

In this chapter we introduce a non-local modification of General Relativity (section 3.2), that
represents an original result of this work and has been recently published (2014) [1]. The most
significant results of the present work are presented in section 3.3, where we show that tuning
the only free parameter we are able to predict the value of the Dark Energy density today as well
as the EOS parameter. In the rest of the chapter, we concentrate on some conceptual issues that
could arise from the introduction of non-local operators, that have been extensively discussed in
recent literature [44, 45, 46, 1, 47].

3.1 The road towards non-locality

The most studied possibility to obtain a dynamical Dark Energy is adding some scalar min-
imally coupled to gravity with an arbitrary potential, provided that one puts suitable con-
straints on the potential so to fit observations. Such mechanism is known in the literature as
"quintessence". As discussed by Woodard, the issue becomes then one of plausibility, since one
could reconstruct any expansion history [48]. Moreover, a general feature of these models is that
they generally lead to equations of state w ≥ −1 [3], which seems to be disfavoured by recent
observations.

The other obvious possibility is that of modifying General Relativity on cosmological scales.

33
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Modifications of the form "f(R)" obtained by replacing the Ricci scalar in the Einstein-Hilbert
action with an arbitrary function suffer the same problems as scalars models (indeed, they can
be turned into GR plus a minimally coupled scalar).

In recent years, a few authors explored the possibility of using non-local terms to produce
modifications of General Relativity in the infrared with different motivations.
Deser and Woodard [49, 50] observed that non-local additions to GR can naturally arise as
quantum loop corrections, and therefore introduced the phenomenological modification to the
Einstein-Hilbert Lagrangian

∆L =
1

16πG

√−g R f
(

1

2
R

)
(3.1.1)

The potential relevance of non-local cosmological effects due to quantum effects in loops have
been investigated independently in very recent work by Donoghue and El-Menoufi [51].

An independent introduction of the inverse d’Alembertian is due to Barvinsky [52]. He
observed that, expanding the Ricci tensor over flat-space background,

Rµν = −1

2
2hµν +

1

2
∇µ

(
∇λhνλ −

1

2
∇νh

)
+

1

2
∇ν

(
∇λhµλ −

1

2
∇µh

)
+O(h2

µν) (3.1.2)

one can invert for h and get a non-local expansion in powers of the curvature. Plugging back
into the Einstein-Hilbert action and upon use of the Bianchi identities one finds

SEH =
1

16πG

ˆ
d4x
√−g

[
−Gµν

1

2
Rµν +O(R3

µν)

]
(3.1.3)

His first suggestion for a non-local extension of GR is then

S =
M2

2

ˆ
d4x
√−g

[
−R+ αGµν

1

2
Rµν

]
(3.1.4)

we shall comment more extensively later on this kind of tensor non-localities, showing that
they lead to instabilities in the cosmological evolution.

Finally, non-local operators can be very useful in cosmology through the degravitation mech-
anism [53].
The basic idea is that the vacuum energy is not small itself, but simply gravitates little. A phe-
nomenological description can be given promoting Newton’s constant G to an operator acting
like a filter, G = G(L22) where L is the scale of the filter. Sources with wavelength λ >> L
should be screened or "degravitated". At the linearized level, introducing a mass scale m ∼ 1/L,
this is achieved by G(L22) = G× (1−m2/2), so Einstein’s equations become(

1− m2

2

)
Eµνρσ hρσ = −16πGTµν (3.1.5)

The source is then screened and appears weakened at energies E << m. The cosmological con-
stant would then appear very tiny.

Another natural way to extend GR in which a mass scale shows up, in particular from a
particle physicist’s point of view, is trying to give a mass to the graviton. "Massive gravity"
has recently received a growth of attention, since, besides its intrinsic theoretical interest, a tiny
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graviton mass could lead to late-time cosmic acceleration and possibly to a degravitation mech-
anism.
The subject has a long history and a series of very well-known issues. The original linear theory
of Fierz and Pauli (1939) [54] has a so-called van Dam-Veltman-Zacharov (vDVZ) discontinuity
such that GR is not recovered in the m→ 0 limit [55], while ghost-like modes - the "Boulware-
Deser " (BD) ghost - arise as soon as one includes non-linearities [56].
In the context of non-local extensions of GR, the inverse d’Alembertian shows up again in mas-
sive theories since it provides a way to write a mass term without breaking the gauge invariance
of the massless theory [57].

A promising approach to massive gravity has recently been introduced by Jaccard et al. [58],
who provided a fully non-linear, covariant theory of massive gravity very close to the degravitation
proposal 3.1.5, defined by the field equations

Gµν −m2(2−1Gµν)T = 8πGTµν (3.1.6)

where the superscript T denotes the extraction of the transverse part to preserve energy-momentum
covariant conservation. The resulting theory respects causality and smoothly reduces to GR in
the m → 0 limit, but turns out to be cosmologically unstable [44, 59, 60, 61]. Subsequently,
Maggiore [45] suggested that one can consider a more general class of models,

Gµν −m2[2−1(a1Rµν + a2 gµνR)]T = 8πGTµν (3.1.7)

the most promising one being defined by a1 = 0, a2 = 1/3 (the latter choice of a2 is a
convenient normalization of the mass parameter). A correct understanding of the meaning
of the non-local operators appearing in the above models, and a discussion of the promising
cosmological implications, has been provided in [44] and [46] and will be discussed in detail
below.

3.2 A new non-local model
A modification of gravity in the far infrared at scales ` ∼ H−1

0 naturally leads to introduce
some scale m ∼ H0, as we have seen for the degravitation mechanism and in theories of massive
gravity.
We propose a model in which again the 2−1 operator acts on the Ricci scalar and a mass scale
appears, but which is defined by the action

SNL =
1

16πG

ˆ
dd+1x

√−g
[
R− d− 1

4d
m2R

1

22
R

]
, (3.2.1)

where d is the number of spatial dimensions and the factor (d − 1)/4d is a convenient normali-
sation of the mass parameter m. We will see that, among the non-local models examined, such
a model seems the most convincing one, both at the theoretical level and for its potentially very
interesting cosmological consequences. The model has been introduced in [1] which we will follow
throughout the rest of the section if not otherwise specified.

The equations of motion of the theory can be obtained introducing two scalar fields

U = −2−1R , (3.2.2)

and
S = −2−1U = 2−2R , (3.2.3)
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and rewriting eq. (3.2.1) as

SNL = (16πG)−1

ˆ
dd+1x

√−g [R(1− µS)− ξ1(2U +R)− ξ2(2S + U)] , (3.2.4)

where we introduced µ = [(d−1)/(4d)]m2, and ξ1, ξ2 are two Lagrange multipliers. The variation
is then straightforward: varying the action (3.2.4) with respect to the four scalar fields one obtains
the equations of motion

2U = −R
2S = −U
2ξ1 = −ξ2
2ξ2 = −µR . (3.2.5)

Then, using the identities

δ
√−g(y) = −1

2

√−g gµνδ4(x− y) δgµν(x)

δR(y) = [Rµν −∇µ∇ν + gµν2] δ4(x− y)δgµν(x)

(3.2.6)

we get from the variation of (3.2.4) with respect to the metric - adding also the matter action
SM -

δg(SNL + SM ) =

ˆ √−g δgµν {[Rµν −∇µ∇ν + gµν2] (1− µS − ξ1)+

−1

2
gµν [R (1− µS − ξ1) + ∂αξ1 ∂αU + ∂αξ2 ∂

αS − ξ2 U ] +

+
1

2
[∂µξ1 ∂νU + ∂νξ2 ∂µS + µ↔ ν] +

1√−g
δSM
δgµν

}
= 0 (3.2.7)

We use the EOM 3.2.5 to eliminate ξ1 and ξ2 in favour of U, S:

ξ2 = −µ 1

2
R = µU

ξ1 =
1

2
ξ2 = −µS (3.2.8)

Thus, from 3.2.7 we get

Gµν − µKµν = 8πGTµν , (3.2.9)
2U = −R , 2S = −U . (3.2.10)

where

Kµν = 2SGµν − 2∇µ∂νS− 2Ugµν + gµν∂ρS∂
ρU − (1/2)gµνU

2− (∂µS∂νU + ∂νS∂µU) . (3.2.11)

It is straightforward to check explicitly that ∇µKµν = 0, as it should, since it has been derived
from a diff-invariant action.
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We emphasise immediately that a crucial point (already discussed in detail in [62, 50, 44,
45, 46, 1]) is that, despite the appearance of the a Klein-Gordon operator, eq. (3.2.10) do not
describe radiative degrees of freedom.
Indeed, to define our original non-local theory we must first specify what we mean exactly by
2−1. In general, an equation such as 2U = −R is solved by U = −2−1R, where

2−1R = Uhom(x)−
ˆ
dd+1x′

√
−g(x′)G(x;x′)R(x′) , (3.2.12)

and Uhom(x) is any solution of 2Uhom = 0. The choice of the homogeneous solution and of
the Green’s function is part of the definition of the 2−1 operator and therefore of the original
non-local theory. To ensure causality, we shall define 2−1 with the choice of the retarded Green’s
function. As for the homogeneous solution, Uhom(x) is not a free field that can be expanded in
plane waves which, at the quantum level, would corresponds to creation and annihilation oper-
ators of some particle. Neglecting this simple but important point leads to misinterpreting U as
an extra propagating degree of freedom. Similar consideration holds for the equation 2S = −U .
We shall illustrate the situation in more detail in the following.

Our exposition will have to follow two paths: first, we should clarify some conceptual issues,
namely, the correct interpretation of the theory 3.2.1 as a classical effective theory, the definition
of the operator 2−1, the form of spherically symmetric static solutions and the absence of a
vDVZ discontinuity. Second, we should discuss the cosmological properties of the model.

Actually, we choose to start with the cosmology, in order to display immediately the potential
interest of the model.

3.3 Cosmological evolution and dark energy

We proceed straight to the cosmological consequences of the model, at the level of background
evolution. We consider a flat FRW metric

ds2 = −dt2 + a2(t)dx2 , (3.3.1)

in d = 3 and in presence of an energy-momentum tensor Tµν = (ρ, a2(t) p δij). Our goal is to
see whether a viable Dark Energy model emerges from the term proportional to µ, so we do not
include a cosmological constant term: ρ = ρM + ρR.

From the (0, 0) component of 3.2.9 and from 3.2.10 we get the system

H2 +
m2

d2

(
−dHṠ − d(d− 1)

2
S H2 − 1

2
Ṡ U̇ − U2

4

)
=

16πG

d (d− 1)
ρ

−Ü − dHU̇ = 2dḢ + d(d+ 1)H2

−S̈ − dHṠ = U (3.3.2)

for the three functions H(t), S(t), U(t).

We introduce W (t) = H2(t)S(t) and h(t) = H(t)/H0, where H(t) = ȧ/a and H0 is the
present value of the Hubble parameter. We use x = ln a to parametrize the temporal evolution,
and henceforth f ′ ≡ df/dx. Trading the equation for S for an equation for W , 3.3.2 becomes
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h2(x) = ΩMe
−3x + ΩRe

−4x + γY (3.3.3)
U ′′ + (3 + ζ)U ′ = 6(2 + ζ) , (3.3.4)
W ′′ + 3(1− ζ)W ′ − 2(ζ ′ + 3ζ − ζ2)W = U , (3.3.5)

where γ = m2/(9H2
0 ), ζ = h′/h and

Y ≡ 1

2
W ′(6− U ′) +W (3− 6ζ + ζU ′) +

1

4
U2 . (3.3.6)

and we used ρ0 = 3H2
0/(8πG), ρM (x)/ρ0 = ΩMa

−3 = ΩMe
−3x and ρR(x)/ρ0 = ΩRe

−4x. From
the right hand side of 4.2.19 we see that we can consider the term γY (x) as an effective dark
energy density ρDE(x) = ρ0γY (x).

3.3.1 Perturbative solutions
The system of equations 3.3.3-3.3.5 is a coupled system of non-linear differential equations,

since Y (x) and its derivative appear also in ζ(x). Before integrating numerically, it is convenient
to understand analytically the behaviour of the evolution. In particular, we can work pertur-
batively in γ, assuming that the contribution of the function Y (x) to ζ(x) is negligible at early
times - so that we recover the standard cosmology - and checking a posteriori the self-consistency
of the procedure.
Then, as x→ −∞,

ζ(x) ' −3ΩMe
−3x + 4ΩRe

−4x

ΩMe−3x + ΩRe−4x
(3.3.7)

Under this assumption, in each given era ζ(x) can be approximated by a constant ζ0, with
ζ0 = {−2,−3/2, 0} in RD, MD and a De Sitter inflationary epoch, respectively. Then, equation
3.3.4 can be integrated analytically,

Upert(x) =
6(2 + ζ0)

3 + ζ0
x+ u0 + u1 e

−(3+ζ0)x (3.3.8)

The coefficients u0, u1 parametrize the general solution of the homogeneous equation U ′′ +
(3 + ζ)U ′ = 0. Plugging equation 3.3.8 into 3.3.5 we get

Wpert(x) = w1e
−(3−ζ0)x + w2e

2ζ0x +
u1

6ζ0(1 + ζ0)
e−(3+ζ0)x +

+
−18 + 9 ζ0 (1 + ζ0) + u0 ζ0 (−9 + ζ2

0 )

2 ζ2
0 (ζ0 − 3)2 (3 + ζ0)

− 3 (2 + ζ0)

(9− ζ2
0 ) ζ0

x (3.3.9)

where again w1 and w2 parametrize the homogeneous solution.

Observe that in RD ζ0 = −2 and the inhomogeneous solution for both U and W vanish.
This is a consequence of the fact that in RD the Ricci scalar vanishes, so 2U = 0 and the only
contributions come from the solutions of the homogeneous equations. Moreover, in a generic
epoch, as x→ −∞ the inhomogeneous solutions go as U(x) ∝ x and W (x) ∝ x, so Y (x) goes at
most as Y (x) ∝ x2 and its contribution to h2(x) is negligible with respect to the exponentially
growing terms ΩMe

−3x and ΩRe
−4x in 3.3.3. As for the homogeneous solutions, we note that all

the terms in equations 3.3.8, 3.3.9 proportional to u0, u1, w1, w2 are either constant or decaying
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Figure 3.1: Left panel: the function γY (x) = ρDE(x)/ρ0, against x = ln a. Right panel: the
function γY (z) = ρDE(z)/ρ0, against the redshift z = e−x − 1.

with x, since in the Early Universe we have −2 ≤ ζ0 ≤ 0, which means that the solutions are
stable in MD, RD, as well as in a previous inflationary stage, and that, apart for a constant mode,
in the perturbative regime the homogeneous solution is an attractor: starting the evolution in
RD with initial conditions such that the exponential modes are excited, we will be quickly driven
towards the inhomogeneous term of the perturbative solution. This shows that the perturbative
approach is self-consistent.

Since the homogeneous solution vanishes in RD, starting the evolution deep in RD and
imposing the initial conditions U(xin) = W (xin) = 0 (since in RD the Ricci scalar vanishes)
amounts to set

U(xin) = u0 + u1e
−xin = 0 (3.3.10)

W (xin) = w1e
−5xin + w2e

−4xin +
u0

20
+
u1

12
e−xin = 0 (3.3.11)

i.e.
u0 = u1 = w1 = w2 = 0 . (3.3.12)

3.3.2 Numerical solutions

We can now integrate the full equations 3.3.3-3.3.5 numerically. We can eliminate the vari-
able h(x) (and hence ζ(x)) through 3.3.3, so that equations 3.3.4 and 3.3.5 form a closed sys-
tem for the variables U(x), W (x). We choose the initial conditions so that at early times
we sit on the inhomogeneous analytical solution found above with the condition 3.3.12 - we
shall set ζ0 = −2 + ε with ε = ΩMe

xin/2ΩR. We make use of the Planck best-fit values,
ΩM = 0.3175, ΩR = 4.15 × 10−5 h−2

0 , h0 = 0.6711 [11], and we set ΩΛ = 0. The model has a
single free parameter, γ, that has to be tuned by trial and error in such a way that today we
have ΩDE = 1 − ΩM − ΩR ' 0.6825. This is of course the only consistent solution, since we
have adopted a spatially flat metric. Choosing γ ' 0.00891 (corresponding to m ' 0.283H0) we
reproduce the observed value ΩDE ' 0.68. It is already quite significant that a DE is dynamically
generated and that the observed value can be reproduced.

Furthermore, having fixed this, we are left with no more free parameters. In particular, we
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Figure 3.2: The quantities ΩR(x) (brown, dot-dashed) , ΩM (x) (red, dashed) and ΩDE(x) (blue,
solid line).
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Figure 3.3: The normalized Hubble parameter h(x) = H(x)/H0 in our model (blue, solid line)
and in ΛCDM (red, dashed line)

obtain a pure prediction for the dark energy equation of state parameter wDE, defined from

ρ′DE + 3(1 + wDE)ρDE = 0 . (3.3.13)

Hence, since ρDE(x) ∝ Y (x),

wDE(x) = −1− Y ′(x)

3Y (x)
(3.3.14)

The result of the numerical integration of eqs. (3.3.3)–(3.3.5) is shown in Figs. 3.1-3.3. In
Fig. 1 we show the effective dark energy fraction ΩDE = ρDE/ρ0 = γY as a function of x = log a
(left panel) and of the redshift z (right panel). We see that it starts from zero in RD and
then grows during MD. The quantities ΩR(x) = ρR(x)/ρtot(x), ΩM (x) = ρM (x)/ρtot(x) and
ΩDE(x) = ρDE(x)/ρtot(x) are shown in figure 3.2.
In Fig. 3.3 we see that the normalised Hubble parameter h(x) becomes a growing function when
the DE density begins to dominate, while for comparison we have included the result of ΛCDM
(red dashed line), which continues to decrease.

The result for wDE(x) is shown Fig. 3.4 as a function of x (left panel) and of the redshift



3.3. COSMOLOGICAL EVOLUTION AND DARK ENERGY 41

-5 -4 -3 -2 -1 0 1 2

-1.18

-1.16

-1.14

-1.12

-1.10

x

w
D

E
Hx

L

0 1 2 3 4 5
-1.20

-1.15

-1.10

-1.05

-1.00

z

w
HzL

Figure 3.4: Left panel: the EOS parameter wDE(x). Right panel: the EOS parameter wDE(z) .

(right panel).

3.3.3 A first look to experimental data
In principle, once the parameter m is fixed so to reproduce the DE density today, the model

contains all the necessary information to fix the DE evolution, as well as its equation of state
- and hence the whole background evolution (actually, it has been shown in recent work [63]
that also the perturbations are fully characterised, a result that significantly strengthens the
predictive power of the model). On the other hand, the value of ΩM quoted above and used
to derive our results, as well as the other cosmological parameters, has been obtained from the
Planck data assuming ΛCDM. On the contrary, the correct values in the non-local model should
be determined in a self-consistent way by a global fit to the CMB, BAO and Sn data taking into
account the specific form of the perturbations.

However, in practise we can obtain some preliminary encouraging (or discouraging) hints by a
"coarse graining" of the information in terms of a few parameters that can be directly compared
to available observations, although in principle the model contains all the information necessary
to a direct comparison. The most relevant region is the recent past, where the DE density starts
to become important. In the region −1 ≤ x ≤ 0, corresponding to redshifts 0 ≤ z ≤ 1.72, we use
the standard fitting function

wDE(a) = w0 + (1− a)wa , (3.3.15)

(where a(x) = ex). We define ∆w as the difference between the numerical expression and the
fitting function, and we minimise with respect to the parameters w0, wa the quantity

χ2 =

ˆ 0

−1

dx (∆w)2(x) (3.3.16)

We find the best-fit values

w0 = −1.144 , wa = 0.084 . (3.3.17)

In figure 3.5 (left panel) we show the numerical solution for wDE(x) (blue solid line) compared
to the best-fit function (red, dashed line) and the value of ∆w/w (right panel). We see that the
relative error is at the level |∆w/w| ≤ 5× 10−3 in this region.
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Figure 3.5: Left panel: the numerical solution for wDE(x) (blue solid line) compared to the
best-fit function wDE(a) = w0 + (1 − a)wa with w0 = −1.144, wa = 0.084 (red, dashed line).
Right panel: The value of ∆w/w in the region −1 ≤ x ≤ 0.

We can also compare to a more general fit of the form

wDE(a) = w0 + (1− aq)wa , (3.3.18)

with q another free fitting parameter. We get

w0 = −1.149 , wa = 0.062 , q = 2.129, (3.3.19)

but the improvement in the minimisation of χ2 is not relevant, so the introduction of q as a
free parameter is not justified.

The fact that the EOS turns out to be on the phantom side is a general property of these
non-local models, due to the fact the DE density starts from zero in RD and then grows during
MD. Thus, in this regime ρDE > 0 and ρ′DE > 0, and then eq. (3.3.13) gives (1 + wDE) < 0.

The numerical values in (3.3.17) are quite interesting, considering that the result from
Planck+WP+BAO in the (w0, wa) plane is the one given in 2.5.13, w0 = −1.04+0.72

−0.69, wa < 1.36
at 95% c.l.. Since our prediction for wa is such that |wa| � 1, it makes sense to compare
directly with the fit for a constant wDE , which gives more tight constraints. The result of
Planck+WP+SNLS for a constant wDE is the one given in 2.5.8

wDE = −1.13+0.13
−0.14 , (3.3.20)

at 95% c.l. [11], while the Pan-STARRS1 data, combined with BAO+Planck+H0, give 2.5.11

wDE = −1.186+0.076
−0.065 , (3.3.21)

while, when combined with WMAP9 instead of Planck, give 2.5.12

wDE = −1.142+0.076
−0.087 . (3.3.22)

As discussed in the previous chapter, in the framework of ΛCDM there is a tension between the
value of H0 derived from the Planck measurement and that derived from direct measurements
in the local Universe. Ref. [43] has studied the impact of various extensions of ΛCDM on
such a discrepancy. It has been found that the only parameter that can reduce the tension to a
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⌦M 2 [0.20, 0.35], up to the third decimal figure (included), these values are reproduced
by the fits

w0 ' �1.2018 + 0.1877⌦M , (3.12)

wa ' 0.1558 � 0.2384⌦M . (3.13)

Thus, even varying ⌦M over the rather broad range ⌦M 2 [0.20, 0.36], w0 remains within
the relatively narrow interval [�1.165,�1.135], while wa 2 [0.07, 0.11]. These results fully
characterize the model, at the level of the background evolution.

3.3 Comparison with SNe Ia data

Supernova data are mostly sensitive to the background evolution of the cosmological model.
To test whether the background evolution found above is in agreement with distance
measurements of type-Ia supernovae (SNe Ia) we have compared its predictions with the
recent joint analysis (“JLA”) of the SDSS-II and SNLS supernova samples [74]. We used
the analysis module provided by the supernova collaboration, varying the cosmological
parameters ⌦M and H0,

5 as well as the nuisance parameters ↵ and � of the SALT2 light
curve model. We assume a spatially flat geometry, we set the radiation energy density
today to ⌦R = 4.15 ⇥ 10�5/h2

0, and we fix the parameter � of the nonlocal models by
requiring that H(a = 1) = H0. For the ⇤CDM model we find parameter constraints in
agreement with table 10 of [74] although the minimal �2 value returned by the likelihood
module lies in between the ‘stat+sys’ and the ‘stat’ values given in that table.

We find that the “R2�2R model” fits the SNe Ia data roughly as well as ⇤CDM,
with a minimal �2 that is 0.9 higher (which is not significant). However, due to the
lower value of the equation of state the model prefers a slightly higher matter density,
⌦M = 0.341 ± 0.031 (which, according to eq. (3.12), gives w0 ' �1.138 and wa ' 0.075)
compared to ⌦M = 0.297 ± 0.034 for ⇤CDM. Of course, the best-fit value of ⌦M for the
nonlocal model must eventually be determined through a global fit to SNe, CMB and
structure formation.

We also tested the background evolution predicted by the “gµ⌫2
�1R model” from [25].

Not surprisingly the results lie in between the other two models, with ⌦M = 0.314 ±
5The module marginalises internally over one or two absolute magnitudes that are degenerate with H0,

and indeed we find no constraint on H0 as expected.
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with a minimal �2 that is 0.9 higher (which is not significant). However, due to the
lower value of the equation of state the model prefers a slightly higher matter density,
⌦M = 0.341 ± 0.031 (which, according to eq. (3.12), gives w0 ' �1.138 and wa ' 0.075)
compared to ⌦M = 0.297 ± 0.034 for ⇤CDM. Of course, the best-fit value of ⌦M for the
nonlocal model must eventually be determined through a global fit to SNe, CMB and
structure formation.

We also tested the background evolution predicted by the “gµ⌫2
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Figure 3.6: Left panel: w0 as a function of ΩM . Right panel: wa as a function of ΩM .

statistically non-significant value is indeed wDE, and this requires a value of wDE approximately in
the range −1.3 < wDE < −1.1. Our prediction (3.3.17) is therefore able to bring this discrepancy
down to a statistically not significant value, even if the indicators should only be taken as a first
suggestion that needs more accurate data to assess the real significance of such "tension". In
any case, it is quite remarkable that such a value of wDE is predicted by a relatively simple
and theoretically consistent modification of GR. This should be compared with models that
involve an arbitrary function such as f(R) or f(2−1R), which can be chosen to reproduce any
expansion history. For instance, the function f(2−1R) of the Deser-Woodard model 3.1.1 can
be reconstructed to fit any expansion history, and Deffayet and Woodard [64] showed that the
numerical form needed to fit observation can be analytically approximated by a rather artificial
expression,

f(X) = 0.245[tanh (0.350Y + 0.032Y 2 + 0.003Y 3)− 1] (3.3.23)

where Y = 16.5 +X.

The model 3.2.1 is therefore much more predictive, and gives an equation of state consistent
with present limits without the need of a fine-tuning. Moreover, in the next few years planned
surveys should measure w0 and wa to an accuracy that will allow for direct comparison between
this non-local model and ΛCDM, making our proposal highly testable and well distinguishable
from ΛCDM. Of course, given what we said at the beginning of this paragraph, the final sen-
tence will be given only once a global fit to the data assuming this nonlocal model will become
available: strictly speaking, one could not claim that this model is falsified even if a tension with
fits performed assuming ΛCDM emerged, since the only logically consistent option is to test its
predictivity through a direct fit of the data. On the other hand, if one had found a result already
in strong tension with the observed value of w as fitted assuming ΛCDM, this would be a signif-
icant indication that the model is unable to predict a viable evolution either of the background
(e.g. if w > −0.5 we would not have an accelerating solution) or of the perturbations. Then,
the results obtained above are highly non-trivial and promising, and motivate further (ongoing)
investigations.

Given this discussion, a final important observation concerns the robustness of our prediction
with respect to a change in the measured values of the cosmological parameters. If we change
the value of ΩM , we should contemporarily adjust the value of ΩDE so to maintain the flatness
condition, ΩM+ΩR+ΩDE = 1, and hence the value of γ should be changed to a new value γ̃. Since
ΩDE = γ Y (0), we get the new value Ω̃DE ' ΩDE × (γ̃/γ), while w̃0 ' w0 + γ ∂γw0 × (γ̃ − γ)/γ.
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Hence, even a revision of the value of ΩM at the 10% level would produce a change in our
prediction only at a level ∆w0/w0 ' 10−3(∂γw0/w0). In recent work, Dirian et al. [63] repeated
the analysis for different values of ΩM in the broad range [0.20, 0.35], adjusting each time γ so
to reproduce the desired value of ΩM . The results for w0 and wa are shown in figure 3.6. They
find that the w0 remains within the relatively narrow range [−1.165,−1.135], while wa varies
between [0.07, 0.11].

3.4 Conceptual issues
As already mentioned, the presence of the 2−1 operator raises a number of potential problems

of theoretical consistency that have to be clarified. In particular, the theory should be considered
as a classical effective one, as we shall discuss in this section. In this framework, it is shown that
it is fully consistent at the theoretical level.

3.4.1 Classical effective equations vs non-local QFT

The crucial feature of the non-local terms introduced in our theory is that they come explicitly
with a retarded propagator, since this choice is forced by causality. The difference with the usual
appearance of such prescription with respect to, say, the solution of some classical equation, is
that here the retarded propagator already appears in the definition of the theory, and not just
in the solution of its equations.

Consider what happens if we study the classical matter-matter interaction in the classical
theory defined by equation 3.2.9, linearizing it over Minkowski space. Writing gµν = ηµν + hµν
we get from 3.2.9

Eµν,ρσhρσ −
d− 1

d
m2PµνP ρσhρσ = −16πGTµν , (3.4.1)

where Eµν,ρσ is the Lichnerowicz operator,

Eµν,ρσ ≡ 1

2
(ηµρηνσ + ηνρηµσ − 2ηµνηρσ)2 + (ηρσ∂µ∂ν + ηµν∂ρ∂σ) +

− 1

2
(ηµρ∂σ∂ν + ηνρ∂σ∂µ + ηµσ∂ρ∂ν + ηνσ∂ρ∂µ) , (3.4.2)

so
Eµν,ρσhρσ = 2hµν − ηµν2h+ ηµν∂ρ∂σh

ρσ + ∂µ∂νh− ∂ρ∂νhµρ − ∂ρ∂µhνρ . (3.4.3)

We have also defined
Pµν = ηµν − ∂µ∂ν

2
, (3.4.4)

and 2 is now the flat-space d’Alembertian. We solve equation 3.4.1 for hµν fixing the gauge
∂µh̄µν = 0, where h̄µν = hµν − (1/2) ηµν h , h̄ = −(d− 1)h/2. Equation 3.4.1 becomes

2h̄µν +
m2

d
Pµν h̄ = −16πGTµν (3.4.5)

Taking the trace in momentum space we can invert for h̄, h̄(k) = 16πGT (k)/(k2 −m2) and
plug back into 3.4.5. We get

− k2 h̄µν = −16πGTµν −
m2 Pµν(k)

d (k2 −m2)
16πGT (3.4.6)
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We then solve for hµν(k). We get, as in [45],

hµν(k) = ∆ρσ
µν Tρσ =

=
16πG

k2

[
Tµν −

1

d− 1
ηµνT −

1

d(d− 1)

m2

(k2 −m2)
ηµν T

]
(3.4.7)

where we have neglected terms proportional to kµkν that do not contribute when saturated
with a conserved EM tensor.

The first two terms correspond to the usual GR propagator, while the third corresponds to
the non-local modification, and for m → 0 it smoothly goes to zero, so the theory smoothly
reduces to GR.
The above computation of the matter-matter interaction stresses the purely classical nature of
the derivation. If one were instead so ambitious to consider the theory 3.2.1 as a fundamental
non-local quantum field theory, he would try to read the propagating degrees of freedom from
the saturated propagator, −i Tµν ∆µνρσ Tρσ. In the language of QFT, the first two terms in 3.4.7
describe the exchange of a massless graviton, while the non-local modification gives extra terms
in the scalar sector, that read

−i
d(d− 1)

T (−k)

[
1

k2
− 1

k2 −m2

]
T (k) (3.4.8)

In a quantum framework, the above term would describe the exchange of a healthy massless
scalar plus a ghostlike massive scalar (remember we are working in the "mostly +" signature
ηµν = (−1, 1, 1, 1)). In general, a ghost has two distinct effects: (1) at the classical level, it can
give rise to runaway solutions. In the cosmological context, with a ghost of mass m = O(H0),
this is an IR issue, since the instability shows up on cosmological scales. This can then even
be a virtue of the theory, since a phase of accelerated expansion can be considered in a sense
as an instability of the classical background evolution. (2) At the quantum level, a ghost cor-
responds to a particle with negative energy and induces a vacuum decay rate Γ rendering the
theory inconsistent. This is clearly a UV problem, since the rate is determined by the UV cut-
off of the theory and one could circumvent it appealing to a suitable UV completion of the theory.

However, there is no such problem in our theory, since the 2−1 operator in the equations of
motion automatically comes with a retarded prescription. Since it is this term that gives rise to
the scalar sector contribution in eq. 3.4.8, these propagators inherit the retarded prescription
and cannot be promoted to Feynman propagators. They describe classical radiation effects from
already existing degrees of freedom, and not new propagating degrees of freedom.

A related points concerns the Lagrangian giving the linearised equations 3.4.1, that is,

L =
1

2
hµν Eµν,ρσhρσ −

d− 1

2d
m2hµν P

µνP ρσhρσ (3.4.9)

Since we stressed that the equations of the theory already contain themselves a retarded
propagator, the question is if it is possible to obtain them from a variational principle. The
answer is crucially no: the variation of the above Lagrangian never gives a retarded 2−1 in the
equations of motion, whatever definition of the Green’s function we use, as extensively discussed
in the existing literature about non-local extensions of GR [45, 58, 52, 49, 44, 65, 51]. Consider
for example a scalar field with a non-local term in the action of the form

ˆ
d4xφ2−1φ (3.4.10)
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Taking the variation with respect to φ(x) we get

δ

δφ(x)

ˆ
d4x′φ(x′)(2−1φ)(x′) =

δ

δφ(x)

ˆ
d4x′ d4x′′ φ(x′)G(x′;x′′)φ(x′′) =

=

ˆ
d4x′ [G(x;x′) +G(x′;x)]φ(x′) (3.4.11)

In other words, the variational derivative automatically symmetrizes the Green’s function,
and we cannot obtain equations of motions in which a retarded propagator appears from a
variational principle, since Gret(x;x′) is not symmetric under x ↔ x′ (actually, Gret(x;x′) =
Gadv(x

′;x)). The correct point of view is then that the action is used as a "formal trick" to
obtain the classical equations of motions from a variational principle, as extensively recognised
in the literature after the original proposal by Barvinsky and Velkovisky [66, 65, 51]. After
taking the variation, one should adopt the rule of replacing 2−1

sym 7→ 2−1
ret. This way we loose

any connection with a fundamental quantum field theory. The model 3.2.1 should rather be
considered as a classical effective one. The "QFT" that one would obtain taking the propagators
in 3.4.8 as Feynman propagators has nothing to do with our classical equations, and those degrees
of freedom are simply not degrees of freedom of our theory. In particular, this shows that any
discussion on "ghostlike" and "propagating" degrees of freedom, that one is inevitably tempted
to address, simply makes no sense in this framework, but it could consistently addressed only in
the fundamental (and local) theory giving rise to such classical effective equations.
Thus, equation 3.4.1 is not the classical equation of motion of a non-local QFT. On the contrary,
non-local classical equations emerge in other context in physics, and are never fundamental.
A related situation comes from the classical post Newtonian formalism for GW production ([44],
[67]). In the linearised theory, the GW amplitude is 2h̄µν = −16πGTµν , so this is a classical
radiation problem and is solved by h̄µν = −16πG2−1

retTµν . Considering higher order corrections,
the radiation generated at the linear order becomes itself source for GW production at next
perturbative order. In the far-wave zone, then, one has an effect described by effective equations
containing 2−1

ret. Any issue of quantization, however, should address the underlying fundamental
theory and not such effective equations. This is what happens in our theory.

3.4.2 Spurious degrees of freedom from auxiliary fields

The issue of the extra degrees of freedom in non-local theories can be understood considering
the "localisation" obtained by the introduction of auxiliary fields, as we did in passing from
3.2.1 to 3.2.4. The point is that such localisation procedure can introduce spurious degrees of
freedom, and in particular spurious "ghosts" if one adopts the wrong point of view of considering
the theory a fundamental QFT.
As we have pointed out from the beginning, to define our original non-local theory we must
specify what we mean exactly by 2−1. In general, an equation such as 2U = −R is solved by
U = −2−1R, where

2−1R = Uhom(x)−
ˆ
dd+1x′

√
−g(x′)G(x;x′)R(x′) , (3.4.12)

The choice of both Uhom(x) and G(x;x′) are then part of the definition of the theory, and as
such remain fixed from the very beginning. Introducing the auxiliary field U(x), the assignment
of the homogeneous solution translates into the assignment of given initial conditions on the field
U(x): there exists one, and only one, choice that gives back the original model. Our model is
defined by the choice of the retarded Green’s function and by the requirement that U = 0 in
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RD, that translates into the initial conditions 3.3.12. Different choices of the homogeneous so-
lution would therefore define different theories, and since the choice of Uhom amounts to impose
different initial conditions on the fields U , W as those given in 3.3.12, the space of such theories
can be parametrized by the space of the coefficients u0, u1, w1, w2.

As far as the issue of quantisation is concerned, the homogeneous solution of an equation
such as 2φ = 0 for a scalar theory in flat space is just a superposition of plane waves,

φhom(x) =

ˆ
d3k

(2π)3

[
ake

ikx + a∗ke
−ikx] (3.4.13)

where the coefficients ak, a∗k are subsequently promoted to creation and annihilation opera-
tors during the quantization procedure. In our case, the coefficients are instead uniquely fixed
once the initial conditions are specified, hence they cannot be promoted to operators and there
is no quantum degree of freedom associated to them.

The case of the Deser-Woodard model 3.1.1 is interesting. We recall the action 3.1.1,

S =
1

16πG

ˆ
d4x
√−g R

[
1 + f

(
1

2
R

)]
(3.4.14)

Rewriting the action 3.4.14 in local form with two fields φ ≡ 2−1R and a Lagrange multiplier
ξ that enforces 2φ = R. We get

S =
1

16πG

ˆ
d4x
√−g {R[1 + f(φ)] + ξ(2φ−R)} (3.4.15)

The kinetic term can be diagonalised setting ξ = ϕ1 + ϕ2, φ = ϕ1 − ϕ2, so

S =
1

16πG

ˆ
d4x
√−g

{
R[1 + f(ϕ1 − ϕ2)− ϕ1 − ϕ2]− (∂ϕ1)2 + (∂ϕ2)2

}
(3.4.16)

The field ϕ2 in our signature is then a ghost, and this is true even in the case f = 0, i.e.
General Relativity! Again, the point is that 3.4.16 is equivalent to 3.4.14 only if we discard
the homogeneous solution of 2φ = R, and therefor neither φ nor ξ are propagating degrees of
freedom.

Vacuum (in)stability in classical General Relativity

A very instructive example of how spurious degrees of freedom arise if one uses non-local
variables has been provided in [44] and [68] and comes from GR itself. We shall illustrate it here
following in particular reference [44]. Consider the quadratic Einstein-Hilbert action,

S =
1

2

ˆ
d4x hµν Eµν,ρσhρσ + 16πG

ˆ
d4x hµνT

µν (3.4.17)

We can decompose the metric as

hµν = hTTµν +
1

2
(∂µεν + ∂νεµ) +

1

3
ηµν s (3.4.18)

where hTTµν is the transverse-traceless part. This part and the scalar s are gauge invariant under
linearised diffeomorphism. Plugging 3.4.18 into 3.4.17, the "pure gauge" mode εµ cancels and
we are left with

S =
1

2

ˆ
d4x

[
hTTµν 2h

TT
µν −

2

3
s2s

]
+ 16πG

ˆ
d4x

[
hTTµν (Tµν)

TT
+

1

3
s T

]
(3.4.19)
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Then, it seems that we have an additional scalar propagating degree of freedom with respect
to what we would expect in GR, i.e. the two radiative degrees of freedom corresponding to the ±2
helicities of the massless graviton. Moreover, the additional degree of freedom s is ghost-like. Of
course, this conclusion is wrong, and all degrees of freedom different from the latter are physical
(i.e. gauge invariant) but non-radiative.
The spurious radiative degree of freedom is in fact nothing but an artefact of the decomposition
3.4.18. The crucial point is that hTTµν and s are obtained from hµν through a non-local operator.
In particular, inverting 3.4.18 for s one finds

s =

(
ηµν −

1

2
∂µ∂ν

)
hµν = Pµνhµν (3.4.20)

Being s a non-local function of hµν , an ordinary counting of the degrees of freedom in 3.4.19
leads to a wrong result, since the initial data assigned on hµν are not sufficient to evolve s.
This is better understood [44] in the case of a scalar field φ that satisfies the Poisson’s equation,
∇2φ = ρ. If we define a new field φ̃ as φ̃ = 2−1φ, the original equation can be written as

2φ̃ = ∇−2ρ ≡ ρ̃ (3.4.21)

so that now φ̃ looks like a propagating field. The point is that for ρ = 0 our original equation
has the unique solution φ = 0, so equation 3.4.21 must be solved with the condition that φ̃ = 0
if ρ = 0. The homogeneous plane-wave solution would read

φ̃hom(x) =

ˆ
d3k

(2π)3

[
ake

ikx + a∗ke
−ikx] (3.4.22)

with ak, a∗k becoming creation and annihilation operators upon quantization. Here however such
solution is fixed uniquely by the condition φ̃ = 0 if ρ = 0, and they cannot be considered as free
parameters.

The situation in GR is exactly the same, since s can be related to a non-radiative degree of
freedom via a non-local transformation using the 3 + 1 decomposition of the metric. In terms of
the Bardeen’s variables Φ, Ψ one has

s = 6Φ− 22−1∇2(Φ + Ψ) (3.4.23)

As in the simple example given above, this potentially introduces a spurious degree of freedom.
Considering the equation of motion for s,

2s = 8πGT (3.4.24)

we see that the correct solution corresponding to GR is the one that satisfies the condition
s = 0 when T = 0, i.e. the homogeneous solution must be discarded, and there are no annihila-
tion and creation operators associated to s.

3.4.3 Radiative and non-radiative degrees of freedom
Another way to study what radiative and non-radiative degrees of freedom are described by

eq. (3.4.1) is proceeding as in GR. We henceforth restrict to d = 3, we consider first the scalar
sector, and we use the diff-invariance of the non-local theory to fix the Newtonian gauge

h00 = 2Ψ , h0i = 0 , hij = 2Φδij . (3.4.25)
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We also write the energy-momentum tensor in the scalar sector as

T00 = ρ , T0i = ∂iΣ , Tij = Pδij + [∂i∂j − (1/3)δij∇2]σ . (3.4.26)

The field equations 3.2.9 in this gauge are obtained by a straightforward generalization of the
standard computation performed in GR (see e.g. [68]). The linearization of the (0, 0) component
gives

∇2
[
Φ− (m2/6)S

]
= −4πGρ , (3.4.27)

while from the (i, j) component we get

− δij∇2(Φ + Ψ) + ∂i∂j(Φ + Ψ)− 2δij∂
2
0Ψ− m2

3
(Uδij + ∂i∂jS) = 8πGTij (3.4.28)

where we have written all spatial indices as lower indices since we are linearising over Minkowsky.
We apply the projector (∇−2∂i∂j − 1

3δij) to extract the traceless part, and we get

∇2

(
Φ + Ψ− m2

3
S

)
= 8πG∇2σ (3.4.29)

Since this holds over all space and we impose the boundary condition that the potentials
vanish at infinity, this has the solution Φ + Ψ− m2

3 S − 8πGσ = 0. Finally, from the trace of the
field equations we get

2∇2Φ + 4∇2Ψ− 6 ∂2
0 Ψ +m2U = −8πG(ρ− 3P ) (3.4.30)

Hence, since the Ricci scalar is

R = −2U = −∇2Φ + 3 ∂2
0 Ψ−∇2(Φ + Ψ)− 32Ψ = −(2∇2Φ + 4∇2Ψ− 6 ∂2

0 Ψ) , (3.4.31)

we have
(2 +m2)U = −8πG(ρ− 3P ) (3.4.32)

To summarise, we have four independent equations for the four scalar variables Φ,Ψ, U and
S,

∇2
[
Φ− (m2/6)S

]
= −4πGρ , (3.4.33)

Φ−Ψ− (m2/3)S = 8πGσ , (3.4.34)
(2 +m2)U = −8πG(ρ− 3P ) , (3.4.35)

together with 2S = −U .

Eqs. (3.4.33) and (3.4.34) show that Φ and Ψ remain non-radiative, just as in GR. This should
be contrasted with what happens when one linearizes massive gravity with a Fierz-Pauli mass
term, in which case Φ becomes a radiative field that satisfies (2−m2)Φ = 0 [68]. Furthermore,
in local massive gravity with a mass term that does not satisfies the Fierz-Pauli tuning, in the
Lagrangian also appears a term (2Φ)2 [68], signaling the presence of a dynamical ghost. In
our non-local model, in contrast, Φ and Ψ satisfy Poisson equations and therefore remain non-
radiative. The equations for U and S might fool us to believe that we have two radiative scalars.
However, eq. (3.4.35) is just the linearization of 2U = −R where, as we have discussed, the
radiative solution is a spurious one, introduced when the original non-local model is written
in a local form using the auxiliary fields U and S. In a quantum treatment, there are no
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annihilation and creation operators associated to them, and they do not represent radiative
degrees of freedom of the original non-local theory (see also the discussion in [44]). Observe
that the argument on the absence of radiative ghost-like degrees of freedom is not restricted
to the linearized approximation. The full non-linear equations (3.2.10) by definition must be
supplemented with a given fixed choice of the homogeneous solutions, so they never describe
propagating fields.

3.5 Absence of a vDVZ discontinuity and of a Vainsthein
mechanism

A general feature of theories of massive gravity is that they become strongly coupled at dis-
tances smaller than a critical distance which is larger than the Schwarzschild radius rS . For
example, adding a Fierz-Pauli term to the Einstein-Hilbert action one finds that the classical
non-linearities become large below a "Vainshtein radius" rV = (GM/m4)1/5. At the classical
level, this is due to the so-called "Vainshtein mechanism" [69], and it it necessary to cure the
vDVZ discontinuity that would otherwise rule out the theory through the usual Solar System
tests. In appendix C we illustrate these classical results.

In the case of our non-local model, eq. (3.4.8) shows that, in the limitm→ 0, the contribution
of the scalar sector to the matter-matter interaction vanishes, and the result reduces smoothly to
that of GR. Therefore there is no vDVZ discontinuity, and no Vainshtein mechanism is needed.
Of course, by itself this does not necessarily mean that non-linearities will remain small down to
the Schwarzschild radius rS , where also the classical non-linearities of GR get large. However,
this can be checked computing the metric generated by static sources in the non-local theory.
This computation has been performed in detail in [47] for the model defined adding a term
m2(gµν2

−1R)T to the Einstein equations, and can be simply adapted to our case. Thus, we will
follow very close the computations illustrated in [47] and adapted to our model in [1] throughout
the rest of the section.

In our theory, for a static source we have two independent lenght-scales, the Schwarzschild
radius rS of the source and m−1 = O(H−1

0 ) >> rS . Since between the two there is a huge
separation, we should explicitly check if in the intermediate region rS << r << m−1 the theory
remains linear and close to GR, in contrast to usual massive gravity theories.

We write the most general static spherically symmetric metric in the form

ds2 = −e2α(r)dt2 + e2β(r)dr2 + r2(dθ2 + sin2 θ dφ2) . (3.5.1)

Since the theory is diff-invariant, we can use the invariance to set to one a function e2µ(r) that
in the most general solution would multiply the term r2dΩ2. We use the labels (0, 1, 2, 3) for the
coordinate system (t, r, θ, φ) and we denote f ′ ≡ df/dr. The Christoffel symbols are those of GR
and can be found e.g. in [2].
In GR two independent equations for α and β are usually obtained taking the combinations
e2(-

¯
α)R00+R11 andR22 (see e.g. [2]). In our non-local theory, using eq. (3.2.9) we get, respectively

(1− 2µS)(α′ + β′) = −µr[S′′ − (α′ + β′ − U ′)S′] , (3.5.2)

and
(1− 2µS)

{
1 + e−2β [r(β′ − α′)− 1]

}
= µr2(U + U2/2)− 2µre−2βS′ , (3.5.3)
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which reduce to their GR counterparts for µ = 0. Finally, in the metric (3.5.1) eq. (3.2.10)
becomes

r2U ′′ + [2r + (α′ − β′)r2]U ′ = −2e2β + 2[1 + 2r(α′ − β′) + r2(α′′ + α′
2 − α′β′)] , (3.5.4)

S′′ + (α′ − β′ + 2/r)S′ = −e2βU . (3.5.5)

Eqs. (3.5.2)–(3.5.5) provide four independent equations for the four functions α, β, U, S. As
discussed in [47], we can study these equations with two different expansions: in the region
r � m−1 we can perform a low-m expansion, in which we solve the equation iteratively taking
m as a small expansion parameter. The solution in the region r � rS , with no limitation of
the parameter mr, can instead be obtained considering the effect of the source as a perturbation
of Minkowski space, adapting the standard analysis performed in GR to recover the Newtonian
limit. The low-m expansion is valid for mr � 1 while the Newtonian analysis is valid for r � rS .
The two expansions therefore have an overlapping domain of validity rS � r � m−1, where
they can be matched, and this allows us to fix uniquely all the coefficients that appears in the
solutions, see the discussion in [47].

3.5.1 Solution for r << m−1

We perform a low-m expansion, summing that in the limit mr → 0 the terms ∝ µ are
negligible and checking a posteriori the del-consistency of the procedure. We shall consider the
equations in the external region, Tµν = 0. Hence, to lowest order equations 3.5.2-3.5.3 reduce to
their GR counterparts, whose solution is given by

α(r) =
1

2
log
(

1− rS
r

)
, β(r) = −α(r) (3.5.6)

We plug into 3.5.4 and we get

U(r) = u0 − u1 log
(

1− rS
r

)
(3.5.7)

with u0, u1 are some constants that parametrize the solution of the associated homogeneous
equation. The choice of the homogeneous solutions is a point extensively discussed above in the
context of the definition of the inverse d’Alembertian and of or non-local theory. Each choice of
the coefficients u0, u1 defines a different theory. Since the choice of u1 could be subtle in this
context, we shall keep it generic, while we set to zero the constant u0. Equation 3.5.5 reads

S′′ + (α′ − β′ + 2/r)S′ = −e2βU (3.5.8)

The computation could be done in principle for every r << m−1, but the full solutions involve
polylog functions and are not very interesting to write down here. Hence, we expand for r >> rS
with the above solution for U and we get

S′′ +

[
2/r +O

(
r2
S

r2

)]
S′ = u1

rS
r

+O
(
r2
S

r2

)
(3.5.9)

with solution
S(r) =

1

2
r2
Su1

r

rS
(3.5.10)

This completes the zeroth-order solution of the system Eqs. (3.5.2)–(3.5.5) in the regime
rS . r << m−1. To get the first-order correction to α and β we plug these solutions back into
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the equations.

From 3.5.2, to leading order in rs/r we still find

α′ + β′ = 0 (3.5.11)

while plugging into 3.5.3 we find

2rβ′ ' −e2β + 2u1 µ rs r (3.5.12)

In the limit r >> rS we can further approximate e2β ' 1, and the solution can be written as

α(r) = β(r) =
1

2
log
(

1− rS
r
− u1µrsr

)
(3.5.13)

Thus, in the region rS << r << m−1 we have, using µ = m2/6 in d = 3,

A(r) ≡ e2α(r) ' 1− rS
r

(
1 +

u1m
2r2

6

)
, B(r) ≡ e2β(r) = 1/A(r) (3.5.14)

Observe that, since µ = m2/6 in d = 3, to first order in the low-m expansion and for r � rS ,
the result for α and β is the same as that found in [47]. The corrections to linearised theory are
very small for mr << 1, so the perturbative procedure is self-consistent.

3.5.2 The Newtonian limit
We can obtain the solution in the regime r >> rS without limitation on the product mr

following the standard analysis of GR to recover the Newtonian limit, i.e., considering the effects
of the source as perturbations of Minkowsky space. For a static non-relativistic source, we
have the Newtonian gauge 3.4.25 and for a static non-relativistic source the energy-momentum
tensor perturbations 3.4.26 read δT00 = ρ,δT0i = δTij = 0. We start from a background where
Uback = Sback = 0, so we shall write the perturbations simply as U , S keeping in mind that
they are first order quantities as Φ and Ψ. since the source is static, we set to zero all time
dependencies. Equations 3.2.10 become

∇2U = ∇2(2Ψ + 4Φ) (3.5.15)
U = −∇2S (3.5.16)

while equation 3.4.33 with σ = 0 is

∇2

(
Φ + Ψ− m2

3
S

)
= 0 (3.5.17)

However, in this section we are considering equations valid in the regime r >> rS , so we
cannot conclude that Φ + Ψ − m2

3 S = 0. Any function that at large r reduce to the form
f(r) = a1rS/r satisfies ∇2f = 0 at large r and vanishes at infinity. Hence, the solution of
equation 3.5.17 reads

Φ + Ψ =
m2

3
S + a1

rS
r

(3.5.18)

From the same reasoning we conclude that equation 3.5.15 has solution

U = 2Ψ + 4Φ + a2
rS
r

(3.5.19)



3.5. ABSENCE OF A VDVZ DISCONTINUITY AND OF A VAINSTHEIN MECHANISM53

Finally, from equation 3.4.35 with P = 0 and 2 7→ ∇2 we get the inhomogeneous Helmoltz
equation

(∇2 +m2)U = −8πGρ (3.5.20)

The solution is written in terms of the Green’s function G(x− x′),

U(x) = −8πG

ˆ
V

d3x′ G(x− x′)ρ(x′) (3.5.21)

where
(∇2 +m2)G(x) = δ(3)(x) (3.5.22)

Writing G = G(r) = −(1/4πr)f(r) one has

(∇2 +m2)G(x) = δ(3)(x)f(0)− 1

4πr
(f ′′ +m2f) (3.5.23)

Therefore f(0) = 1 and f ′′ +m2f = 0. The most general solution is

f(r) = cos (mr) + β sin (mr) (3.5.24)

hence 3.5.21 becomes

U(x) = 2G

ˆ
V

d3x′
ρ(x′)

|(x− x′| [cos (m|(x− x′|) + β sin (m|(x− x′|)] (3.5.25)

to leading order in r >> rS ,

U(x) ' 2G

r

ˆ
V

d3x′ ρ(x′) [cos (m|(x− x′|) + β sin (m|(x− x′|)] (3.5.26)

For a point like source, ρ(x) = Mδ(3)(x) we finally find

U(r) =
rS
r

[cos (mr) + β sin (mr)] (3.5.27)

The coefficient β has to be determined by matching this solution with the solution in the region
mr << 1 found above. Plugging this solution in 3.4.33 and using U = −∇2S, ρ(x) = Mδ(3)(x)
we get

∇2Φ = −2πrSδ
(3)(x)− m2rS

6r
[cos (mr) + β sin (mr)] (3.5.28)

The solution can be put in the form

Φ =
rS
2r

{
cΦ +

1

3
[cos (mr) + β sin (mr)]

}
(3.5.29)

then, plugging the solutions for U and Φ into equation 3.5.19 we get

Ψ =
rS
2r

{
cΨ +

1

3
[cos (mr) + β sin (mr)]

}
(3.5.30)

with cΦ = −(a2 + 2cΨ).

We are now ready to perform the matching with the functions A(r) and B(r) found in the
previous section. In the region r >> rS ,

A(r) ' 1 + 2α(r) , B(r) ' 1 + 2β(r) . (3.5.31)



54 CHAPTER 3. PHANTOM DARK ENERGY FROM NON-LOCAL GRAVITY

On the other hand, we must perform the matching considering the fact that the radial coor-
dinate used in the previous section is different from that used here, since we are in a different
gauge. This is clear from the fact that the linearised metric 3.5.1 is

ds2 = −(1 + 2α)dt2 + (1 + 2β)dr2 + r2dΩ2 (3.5.32)

while in the Newtonian gauge the factor 1 + 2Ψ multiplies the while factor dx2: denoting by
rN the radial coordinate in the Newtonian gauge,

ds2 = −(1 + 2Ψ)dt2 + (1 + 2Φ)[dr2
N + r2

NdΩ2] (3.5.33)

Thus we need a relation between α, β, Φ, Ψ, r, rN . This is obtained rewriting 3.5.33 as

ds2 = −(1 + 2Ψ)dt2 + (1 + 2Φ)

(
drN
dr

)
dr2 + (1 + 2Φ)r2

NdΩ2 (3.5.34)

Comparing with 3.5.32 we find

r = (1 + 2Φ)rN , 1 + β = (1 + Φ)
drN
dr

(3.5.35)

Combining the two we get β = −rΦ′/(1+Φ) which at linearised order is equivalent to β = rΦ′.
In summary,

r = (1 + 2Φ)rN , β = −Φ′ , α = Ψ . (3.5.36)

Using the latter and 3.5.31 we find A(r) = 1 + 2Ψ, B(r) = 1− 2rΦ′, so

A(r) = 1 +
rS
r

{
cΨ +

1

3
[cos (mr) + β sin (mr)]

}
(3.5.37)

B(r) = 1 +
rS
r

{
cΦ +

1

3
[cos (mr) + β sin (mr)] +

mr

3
[sin (mr)− β cos (mr)]

}
(3.5.38)

In the limit mr << 1 we get

A(r) = 1 +
rS
r

(
cΨ +

1

3
+ βmr − m2r2

6

)
(3.5.39)

B(r) = 1 +
rS
r

(
cΦ +

1

3
+
m2r2

6

)
(3.5.40)

Matching these with the solution found in the regimemr << 1, equation 3.5.14, we get β = 0,
cΨ = −4/3 and cPhi = 2/3. Comparing the terms ∝ m2r2 also allows us to fix u1 = 1.

In conclusion, the solution for r � rS (and mr generic) is

A(r) = 1− rS
r

[
1 +

1

3
(1− cosmr)

]
, (3.5.41)

B(r) = 1 +
rS
r

[
1− 1

3
(1− cosmr −mr sinmr)

]
. (3.5.42)

In particular, for rS � r � m−1 we have

A(r) ' 1− rS
r

(
1 +

m2r2

6

)
, (3.5.43)
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and B(r) ' 1/A(r).
This should be compared with the analogous result obtained in massive gravity, when one

considers the Einstein-Hilbert action plus a Fierz-Pauli mass term, which reads [69, 57]

A(r) = 1− 4

3

rS
r

(
1− rS

12m4r5

)
. (3.5.44)

The factor 4/3 in front of rS/r gives rise to the vDVZ discontinuity, see appendix C. In contrast,
no vDVZ discontinuity is present in eq. (3.5.43). Furthermore, in eq. (3.5.44) the linearized
expansions breaks down for r below the Vainshtein radius rV = (GM/m4)1/5, while in eq. (3.5.43)
the correction becomes smaller and smaller as r decreases. Thus the theory (3.2.1) (as well as
the theory defined adding a term m2(gµν2

−1R)T to the Einstein equations) remain linear down
to r ∼ rS , where eventually also GR becomes non-linear. This means that, taking m ∼ H0,
these non-local theory pass with flying colors all solar system tests. We have found that, for
r � m−1, the corrections to the GR result are 1 +O(m2r2). For m ∼ H0 and r ∼ 1 a.u. we have
m2r2 ∼ 10−30, and the predictions of these non-local theories are indistinguishable from that of
GR.
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Chapter 4

Possible extensions

In the previous chapter we have proposed a non-local extension of GR in which the funda-
mental ingredients are a mass parameter m2 = O(H0) and the inverse d’Alembertian acting on
the Ricci scalar.
Despite the fact that if one aims to modify GR on cosmological scale it is not surprising that a
mass scale m = O(H0) shows up, it would be interesting to check if such scale can be obtained
dynamically from existing degrees of freedom. The most obvious choice one has is trying to
exploit the curvature terms, since in FRW those can be expressed as functions of H and its
derivatives; for instance, R(t) ∼ H2(t), hence its value today sets a scale R0 = O(H0) ∼ m2.
Then, one could try to replace the scale m with a dynamical term R.
On the other hand, it would be interesting to see if, keeping a mass parameter in the theory, a
viable Dark Energy model emerges from the inverse d’Alembertian applied to other terms in-
volving the curvature, e.g. Rµν2−1Rµν , though the instability of such kind of terms has recently
emerged in the literature [58, 61].

4.1 Additional curvature terms

4.1.1 An immediate extension

The first action one could try to get rid of the mass parameter is obtained by replacing
directly the term m2 in 3.2.1 with αR, where α is an dimensional parameter. Then

SNL =
1

16πG

ˆ
dd+1x

√−g
[
R+ αR2 1

22
R

]
, (4.1.1)

Introducing the usual auxiliary fields U = −2−1R, S = −2−1U with the aid of two Lagrange
multipliers we get

SNL =
1

16πG

ˆ
dd+1x

√−g
[
R+ αR2 S − αξ1(2U +R)− αξ2(2S + U)

]
=

1

16πG

ˆ
dd+1x

√−g [R(1− α ξ1 + αRS) + α∂ξ1 · ∂U + α∂ξ2 · ∂S − α ξ2 U ]

(4.1.2)

57
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The equations of motion of the four scalar fields are

2U +R = 0

2S + U = 0

2ξ1 = −ξ2
2ξ2 = R2 (4.1.3)

while the equations for the metric read

Gµν + (Rµν −∇µ∇ν + gµν2) (2αRS − α ξ1) +

−α
2
gµν [R (RS − ξ1) + ∂ξ1 · ∂U + ∂ξ2 · ∂S − ξ2 U ] +

+
α

2
(∂µξ1 ∂νU + ∂µξ2 ∂νS + µ↔ ν) = 8πGTµν (4.1.4)

The (0, 0) component in FRW gives, after a little manipulation,

H2 − α
[
H2 ξ1 + 6S

(
H Ḧ + 2H2Ḣ − Ḣ2

)
−Hξ̇1+

+ 12Ṡ(HḢ + 2H3) +
1

6

(
ξ̇1U̇ + ξ̇2Ṡ − Uξ2

)]
=

8πG

3
ρ (4.1.5)

Passing to x = log a, V = H2
0 S, χ2 = ξ2/H

2
0 , ζ = h′/h and h = H/H0 we get

h2 + α

{
h2

(
−ξ1 − ξ′1 +

1

6
ξ′1U

′ +
1

6
χ′2V

′
)

+ h4
[
12V ′(2 + ζ) + 6V (ζ2 + ζ ′ + ζ)

]
− 1

6
χ2U

}
= ΩMe

−3x + ΩRe
−4x (4.1.6)

The EOM 4.1.3 give instead

U ′′ + U ′(3 + ζ) = 6(2 + ζ)

V ′′ + V ′(3 + ζ) =
U

h2

χ′′2 + χ′2(3 + ζ) = −36 (2 + ζ)2

ξ′′1 + ξ′1(3 + ζ) =
χ2

h2
(4.1.7)

We perform the change of variables χ2 = h2X, W = h2V and replace the equations for χ2

and V with those for W and X:

U ′′ + U ′(3 + ζ) = 6(2 + ζ) (4.1.8)
W ′′ + 3W ′(1− ζ)− 2W (ζ ′ + 3ζ − ζ2) = U (4.1.9)
X ′′ +X ′(3 + 5ζ) + 2X(ζ ′ + 3ζ + 3ζ2) = −36 (2 + ζ)2 (4.1.10)
ξ′′1 + ξ′1(3 + ζ) = X (4.1.11)

The effective DE density is then, from 4.1.6,

ρDE(x) = ρ0αh
2(x)

[
−ξ1 − ξ′1 +

1

6

(
ξ′1U

′ + 2ζ XW ′ − 4W X ζ2 +

X ′W ′ − 2WX ′ζ − UX) +W ′ − 2Wζ +
1

2
W ′ζ −Wζ2 +

+6W (ζ2 + ζ + ζ ′)
]

(4.1.12)
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The equations for U and W, 4.1.8 and 4.1.9, are the same as in section 3.3 and in [1] and
they have been proven to be perturbatively stable.

On the other hand, the equation for X in the perturbative approximation ζ = const. = ζ0
has the homogeneous solution

Xhom = a1e
−3(1+ζ0)x + a2e

−2ζ0x (4.1.13)

Since −2 ≤ ζ0 ≤ 0, the homogeneous solution blows up in the early Universe. The divergence
affects the whole evolution, since X enters in the evolution of other fields and in the effective
Dark Energy density. Then, this model is unable to give a convincing background evolution in
RD and MD.

4.1.2 Deser-Woodard models
The extension of 3.2.1 to 4.1.1 by promoting m2 to a curvature term is not unique, since we

have the inequivalent possibility

SNL =
1

16πG

ˆ
dd+1x

√−g
[
R+ αR

(
1

2
R

)2
]
, (4.1.14)

This is indeed a model of the Deser type 3.1.1 with f(X) = αX2. It is then convenient to
start with an arbitrary function f(X).

The action is
S =

1

16πG

ˆ √−g R
[
1 + f

(
1

2
R

)]
(4.1.15)

With the usual procedure of localisation, the field equations can be written in the form
Gµν + ∆Gµν = 8πGTµν where

∆Gµν = [Gµν + gµν2−∇µ∇ν ] {f (X) + U}+

+

[
δ(ρδσ)

ν −
1

2
gµνg

ρσ

]
∂ρX ∂σU (4.1.16)

where fX ≡ df(X)/dX and

X =
1

2
R

U =
1

2
[RfX(X)] (4.1.17)

The {0, 0} component in FRW gives

H2 +

[
H2f(X) +HẊfX +H2U +HU̇ +

1

6
ẊU̇

]
=

8πG

3
ρ (4.1.18)

Passing to x = log a and setting h = H/H0 we get

h2 = ΩMe
−3x + ΩRe

−4x − h2

[
f + f ′ + U + U ′ +

1

6
X ′U ′

]
X ′′ +X ′

(
3 +

h′

h

)
= −6

(
2 +

h′

h

)
U ′′ + U ′

(
3 +

h′

h

)
= −6fX

(
2 +

h′

h

)
(4.1.19)
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so we can define a Dark Energy density ρDE(x) = −ρ0h
2(x)Z(x) where

Z = f + f ′ + U + U ′ +
1

6
X ′U ′ (4.1.20)

Consider a power law of the form f(X) = γ Xk, k > 0.

We shall adopt the usual perturbative approach, according to which Y ≡ ρDE/(γ ρ0) con-
tributes negligibly to h at early times, so h′/h = ζ0 ∼ const. in every epoch. Under this
assumption, the variable X has the perturbative solution

Xpert(x) = −6(2 + ζ0)

3 + ζ0
x+ x0 + x1 e

−(3+ζ0)x (4.1.21)

The perturbative equation for U becomes

U ′′ + U ′(3 + ζ0) = (−)k 6 γk (2 + ζ0)Xk−1 (4.1.22)

Since Xpert = −A0x, where A0 = 6(2 + ζ0)/3 + ζ0, the perturbative solution for U is a
polynomial of degree k in x. Plugging a solution of the form Upert =

∑k
n=1 an x

n one finds

an = (n+ 1) (n+ 2)...(k − 1) (−)2k−n γ k Ak0
(3 + ζ0)k−n

(4.1.23)

Then the largest contribution to the dynamical Dark Energy goes as Y ∼ h2 x2(k−1) if k > 1,
or Y ∼ h2 xx if k = 1, as can be seen plugging the solutions for U and X in 4.1.20.

In particular, the case of the action 4.1.14 corresponds to k = 2, f(X) = γ X(x)2.

We get the perturbative inhomogeneous solution for U

Upert(x) = −72 γ (2 + ζ0)2

(3 + ζ0)3
x+

36 γ (2 + ζ0)2

(3 + ζ0)2
x2 (4.1.24)

We then get the perturbative expression for the Dark Energy density

Y = −h2Z = −h2

[
f + f ′ + U + U ′ +

1

6
X ′U ′

]
∝ h2(ax2 + bx) , (4.1.25)

where a and b are constant coefficients depending on ζ0 that can be obtained by direct substi-
tution and which we shall not need below. Indeed, a problem of consistency immediately comes
around. The assumption that Y contributes negligibly to h2 is safe if and only is a and b are very
small numbers. As discussed in section 3.3, in RD, R = 0, ζ0 = −2 and the non-local corrections
vanish, and so do the perturbative inhomogeneous solutions 4.1.21 and 4.1.24. Actually, since
we never have a "pure radiation" Universe, we can estimate the contribution of the matter com-
ponent by writing ζ0 ∼ −2 + ε. In this case, Xpert ∼ (2 + ζ0)x ∼ ε x, Upert ∼ (2 + ζ0)2x2 ∼ ε2 x2

and the perturbative assumption is safe. However, this in no more true as soon as we approach
the MD epoch, since ζ0 = −3/2 in MD. In this epoch the Dark Energy can then dominate over
matter, and we do not get back standard cosmology.

We have checked the above considerations integrating the equations numerically with initial
conditions such that in RD we sit on the perturbative solution. We should fix the value of the free
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Figure 4.1: The function h2(x) for different values of the parameter γ, indicated in the figure.

parameter γ so that the observed value of the Hubble parameter today reproduces the observed
value, i.e. h(0) = 1.

However, there exist no value for γ such that a solution exists. In figure 4.1 we show the
function

h2(x) =
ΩMe

−3x + ΩRe
−4x

1 + Z(x)
(4.1.26)

for different values of γ. As γ decreases, we approach the asymptotic value h2(0) ' 0.32 < 1.
Since the function Z(x) appears in the denominator and, as we just saw, the contribution of
this function becomes non-perturbative already in MD, the value of h(0) is driven towards small
values.

The considerations of this section also apply to other powers of X in the choice of f(X). The
result is not particularly surprising, since, as we have mentioned in section 3.1, the functional
form that gives the correct value of the Dark Energy today is the one provided by Deffayet and
Woodard, 3.3.23 [64].

4.2 Keeping the mass parameter

It is clear from dimensional considerations that, if one sticks to a model in which two powers
of the curvature and of the inverse d’Alembertian show up, then a mass parameters has to appear
in the theory. The possible combinations of this type are

m2R
1

22
R (4.2.1)

m2Rµν
1

22
Rµν (4.2.2)

m2Rµνρσ
1

22
Rµνρσ (4.2.3)
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m2Cµνρσ
1

22
Cµνρσ (4.2.4)

(4.2.5)

Where the Weyl tensor is given by

Cρσµν = Rρσµν −
2

d− 1

(
gρ[µRν]σ − gσ[µRν]ρ

)
+

2

d(d− 1)
gρ[µgν]σR (4.2.6)

Another intriguing possibility could be to insert the 2−2 operator between the terms that
appear in the Gauss-Bonnet invariant,

R
1

22
R− 4Rµν

1

22
Rµν +Rµνρσ

1

22
Rµνρσ (4.2.7)

Other combinations such as Rµν2−2(gµνR) reduce to the above due to metric compatibility.
Moreover, also the above terms are not independent, due to the definition 4.2.6 of the Weyl tensor.

Being interested in the cosmological implications, we note that, as pointed out in [61], in
particular, in FRW the Weyl tensor vanishes, hence 4.2.4 just vanishes, while from 4.2.6 we get:

Rµνρσ = gµρR
νσ − gµσRνρ − gνρRµσ + gνσR

µρ − 1

3

(
gµρ g

ν
σ − gµσgνρ

)
R (4.2.8)

Moreover, the metric commutes with the inverse d’Alembertian, since it certainly commutes
with ∇ for metric compatibility, so for any tensor Tµν we have

gµνTµν = 2(gµν2−1Tµν)⇒ 2−1(gµνTµν) = gµν2−1Tµν (4.2.9)

Hence, upon use of 4.2.8, the term 4.2.3 may be written as

Rµνρσ
1

22
Rµνρσ = −1

3
R

1

22
R+ 2Rµν

1

22
Rµν (4.2.10)

while 4.2.7 becomes

R
1

22
R− 4Rµν

1

22
Rµν +Rµνρσ

1

22
Rµνρσ =

2

3
R

1

22
R− 2Rµν

1

22
Rµν (4.2.11)

Then, the most general action we may write including two curvature terms just reduces to a
combination of 4.2.2 and 4.2.1,

SNL =
1

16πG

ˆ
d4x
√−g

[
R− µ

(
αR

1

22
R+ βRµν

1

22
Rµν

)]
(4.2.12)

where α and β are adimensional factors and we have introduced a normalisation of the mass
term in agreement with [1], µ = [(d − 1)/(4d)]m2. Note that the case α = 1, β = 0 is just the
action introduced in [1].

The corresponding equations of motion can be obtained localising the action through the
introduction of two auxiliary scalar fields

U ≡ −2R , S ≡ −2U = 2−2R, (4.2.13)

and two auxiliary tensor fields,

Uµν ≡ −2−1Rµν , Sµν ≡ −2−1Uµν = 2−2Rµν (4.2.14)
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The action can be rewritten as

SNL =
1

16πG

ˆ
d4x
√−g

{
R+ α µ

[
−2S R− U2 + 2gµν (∇µS∇νU)

]
+

+ β µ
[
−2RµνS

µν − µUµνUµν + 2gµν
(
∇µSαβ∇νU

αβ
)]}

(4.2.15)

The field equations obtained from 4.2.15 are

Gµν − µαKµν + µβ Iµν = 8πGTµν (4.2.16)

where

Kµν = 2SGµν − 2∇µ∂νS − 2Ugµν + gµν∂ρS∂
ρU − (1/2)gµνU

2 − (∂µS∂νU + ∂νS∂µU) (4.2.17)

is just the result found in [1], and

Iµν = gµνG
αβSαβ +

1

2
gµνUαβU

αβ − 2SµαG
α
ν − 2GαµSνα +

1

2
RSαα gµν − 2UαµUνα − 2RSµν +

− gµν∇ρ(Sαβ)∇ρ(Uαβ)− gµν∇β(∇α(Sαβ)) +

+ ∇µ(Uαβ)∇ν(Sαβ) + ∇µ(Sαβ)∇ν(Uαβ) + ∇α(Sαβ)∇µ(Uνβ) +

+ ∇α(Sαβ)∇ν(Uµβ)−∇β(Uµα)∇ν(Sαβ)−∇µ(Sαβ)∇β(Uνα) + ∇β(Uβα )∇µ(Sαν ) +

+ ∇β(Uβα )∇ν(Sαµ ) + Uαβ∇β(∇µ(Sνα))− Uαν ∇β(∇µ(Sβα)) + Sαβ∇β(∇µ(Uνα)) +

− Sαν∇β(∇µ(Uβα )) + Uαβ∇β(∇ν(Sµα))− Uαµ∇β(∇ν(Sβα)) + Sαβ∇β(∇ν(Uµα)) +

− Sαµ∇β(∇ν(Uβα ))− Uαν ∇β(∇β(Sµα))− Uαµ∇β(∇β(Sνα))− Sαν∇β(∇β(Uµα)) +

− Sαµ∇β(∇β(Uνα))−∇β(Sαµ )∇ν(Uαβ)−∇µ(Uαβ)∇β(Sαν ) +

+ ∇α(∇µ(Sαν )) + ∇α(∇ν(Sαµ ))−∇α(∇α(Sµν))

(4.2.18)

We proceed with the cosmological consequences of the model, at the level of background
evolution. We consider a flat FRW metric ds2 = −dt2 + a2(t)dx2, in d = 3 spatial dimensions
and in presence of an energy-momentum tensor Tµν = (ρ, a2(t) p δij). Our goal is to see whether
a viable Dark Energy model emerges from the term proportional to µ, so we do not include a
cosmological constant term: ρ = ρM + ρR.

Then, the (0, 0) component of 4.2.16 gives G00 = 8πGρ(t) + µ(αK00 − βI00). Parametrizing
the temporal evolution via x ≡ log a and defining h(x) = H(x)/H0, Ω(x) = ρ(x)/ρc we get in
d = 3

h2 = Ω(x) + γ (αK00 − βI00) (4.2.19)

where γ ≡ µ/(9H2
0 ). From the right hand side of 4.2.19 we see that we can consider the term

γY (x) ≡ γ(αK00 − βI00) as an effective dark energy density, ρDE(x) = ρ0γY (x).
In general, from the EOM for the scalars U, V , and of the tensor fields Uµν , Sµν in addition

to the (0, 0) component of the field equations, one can obtain a complete system of non-linear
differential equations that can be integrated numerically and completely specifies the temporal
evolution of the background once the free parameter m is fixed so to reproduce the Dark Energy
density today, see [45, 58, 44, 1].

Here, we shall first concentrate on the equations of motion for the auxiliary tensor fields,
equation 4.2.14. This can be also derived from the variation of the action 4.2.15 with respect to
Uµν and Sµν , as it should. The 2 operator evaluated on a rank-(1,1) tensor gives for 2Uµν = −Rµν
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2U0
0 = −Ü0

0 − dHU̇0
0 + 2dH2U0

0 − 2H2U ii = −R0
0

2U ii = −Ü ii − dHU̇ ii − 2dH2U0
0 + 2H2U ii = −Rii (4.2.20)

The system 4.2.20 can be diagonalised introducing U = U0
0 + U ii , V = U0

0 − U ii /d, so
Ü + dHU̇ = 2dḢ + d(1 + d)H2

V̈ + dHV̇ − 2(d+ 1)H2 V = (d− 1) Ḣ (4.2.21)

It is easy to show that the equation for V contains a growing mode. Passing again to x ≡ log a,
we get in d = 3

V ′′ + V ′ (3 + ζ)− 8V = 2 ζ (4.2.22)

where we denote f ′ ≡ df/dx and ζ(x) = h′(x)/h(x).

It is convenient to understand analytically the behaviour of the evolution. In the perturbative
approximation, in each given era ζ(x) = h′(x)/h(x) can be approximated by a constant ζ0, with
ζ0 = {−2,−3/2, 0} in RD, MD and a De Sitter inflationary epoch, respectively.

The homogeneous equation associated to 4.2.22 is the same encountered in the non-local
model introduced in [58] and further analyzed in [44]. The solution in the perturbative approxi-
mation is

V (x) =
ζ0
4

+ v0 e
β+x + v1 e

β−x (4.2.23)

with

β± = −3 + ζ0
2
±
√(

3 + ζ0
2

)2

+ 8 (4.2.24)

We have β+ > 0 both in MD and RD, which leads to a growing solution that affects the whole
cosmological evolution, since the function V contributes to the time evolution of the dynamical
Dark Energy, since the function V enters in the term I00 in 4.2.19. Then, it seems that the
growing behaviour does not allow to recover standard cosmology at early times. One could hope
that some "cancellation" between growing homogeneous modes occurs in the time evolution of
the DE density, which in principle could be obtained by an appropriate choice of the coefficients
α and β in 4.2.12. However, there isn’t any growing mode in the part coming from the scalar
auxiliary fields, since that part is nothing but the model introduced in the previous chapter, that
has been proven to be perturbatively stable, and the two sets of auxiliary fields - scalars and
tensors - do not mix between each other. Hence, each of the two non-local terms in 4.2.12 must
be stable on its own to allow a feasible cosmological evolution.

In a model such as 4.2.12, the instability originates can be traced back to equation 4.2.21
- since U, V are just introduced to decouple such equations - and thus to the very definition
of Uαβ = 2−1Rαβ . The presence of V in the form of equation 4.2.22 is then a feature of every
tensorial model involving the operator 2−1Rαβ , or 2−1Gαβ , and is in general due to the presence
of non-derivative terms of the form ∼ ΓΓH, as nicely illustrated in [61].

We thus conclude that tensor non-localities containing terms such as 2−1Rµν or 2−1Gµν are
unstable due to the tensorial nature of this additional term, in agreement with [61] and [44], and
that the only combination that allows for a feasible cosmology is that presented in the present
work, containing just the Ricci scalar, equation 4.2.1.



Conclusions and Perspectives

The main result of this work is the introduction of a modification of General Relativity (GR)
which is effective at cosmological scales. Any modification of GR is an extremely subtle and
challenging task for a number of reasons: on the one hand, any extension should face with the
impressive success of Einstein’s theory at Solar System scales, thus leaving (almost) untouched
predictions such as the deflection of light and the precession of perihelia. This aspect is at the
base, for example, of the difficulties in constructing a viable theory of massive gravity, as dis-
cussed in the text, though one would expect that moving slightly away from the point m = 0
(where m is the graviton mass) could be one of the most natural paths to try. On the contrary,
already from the works of Van Dam, Veltman and Zacharov it has been known that the m→ 0
limit is subtle and faces severe problems of theoretical consistency.
Besides Solar System scales, on the other hand, in recent years General Relativists have at their
disposal an impressive progress in cosmological observations that, from the first discovery of the
acceleration of the Universe in 1998, have increased their precision in a rapid and promising way.
Such observations indeed concern the long-distance regime of the theory, and do open the pos-
sibility for any modification of ΛCDM to be tested directly against the data in the near future.
A ΛCDM model fits a large number of observations, but any theoretical investigation on the
nature of Dark Energy could provide interesting benchmarks against it. In particular, the most
intriguing puzzle to be attacked remains the mysterious nature of the Cosmological Constant
itself and the huge departure of its value from any known scale in particle physics.

We believe that, in light of these reasoning, the non-local model we propose opens a new and
promising line of research for a variety of reasons. From a more theoretical point of view, as we
explained in detail, it is fully consistent and does recover all GR successes at Solar System and
lab scales. Indeed, the most important aspects are the absence of a vDVZ discontinuity, which
one can see already from the propagator in the linearised theory, and which we showed by the
explicit computation of the spherically symmetric, static solutions, and the absence of ghosts -
which is ensured by the fact that the non-local terms automatically come with a retarded pre-
scription, and hence do not describe propagating degrees of freedom. This last features comes
at the price that one can’t interpret the resulting equations as those of a fundamental QFT,
but rather as effective classical equations. They will likely be obtained from some smoothing
procedure of some more fundamental (and local) QFT.
As for the phenomenological side, we underlined repeatedly (and we believe that this is one of
the most remarkable features of the work) that the model is highly predictive, since it has the
same number of free parameters as ΛCDM and, after fixing the mass scale m so to reproduce
the observed value of the matter density ΩM , leads to a sharp prediction for the DE equation of
state at any redshift. The value today is in very good agreement with the Planck results and on
the phantom side, a feature that could help to solve the tension between existing measurements.
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The nature of the model naturally opens two main lines of investigation.
First, since the theory is an effective classical one involving non-local terms, an obvious point is
to understand if such equations can emerge from a fundamental quantum theory. At the same
time, one should continue investigating the cosmological consequences. We stress that, at least
in first approximation, the two problems are decoupled, even if the necessity to embed our equa-
tions in a more fundamental theory may lead to the introduction of a different nonlocal structure
for the effective theory. At the same time, extra degrees of freedom may emerge at the quantum
level, thus leading to a modified picture - e.g. of quantum fluctuations during inflation, and
subsequently to a different spectral index ns, or to non-standard polarisations in GW stochastic
background to which future experiments may be sensible. This motivates our investigation in
the last chapter of this work, in which we showed that a number of possible combinations in the
effective equations, in particular those containing a tensorial structure, actually generate an un-
stable background evolution, thus providing a constraint on the spectrum of the possible terms.
In any case, as already stressed in this thesis, a full analysis should be obtained evolving the
perturbations with a Boltzmann code and comparing with the available data. The first issue in
this direction is to understand whether the perturbations are well-behaved, a point that already
allows a more direct comparison with CMB, BAO and SnIa data. This is the subject of a recent
work by Dirian et al. [63] which is the natural prosecution of the results presented in this thesis
as far as the cosmological consequences of the model are concerned. Their results are encouraging
for two reasons. First, the predictive power of the model is confirmed and even enhanced by the
fact that even the DE perturbations (energy, pressure, anisotropic stress and velocity divergence)
are fully characterised as functions of redshift and momentum once the only free parameter m is
fixed. Moreover, the cosmological perturbations are well-behaved, i.e. sufficiently close to those
of ΛCDM to be consistent with observations. Second, even if such difference lies within the cur-
rent experimental errors, they show that deviations from ΛCDM are still sufficiently significant
to allow a clear distinction to be made with near-future surveys.

While the field-theoretical aspect indeed opens an interesting problem for a more theoretical
mind, we believe that these last results indicate that our model deserves attention since it could
provide a significant way to approach the DE problem that may lead to decisive results in the
near future, either helping to solve the Cosmological Constant problem - if it will turn out that
it behaves better then ΛCDM- or strengthening ΛCDM - if falsified by a direct comparison with
future data.



Appendix A

Spectrum of inflationary scalar
perturbations

The initial conditions of FRW cosmology are highly fine-tuned. Inflation - an earlier period
of accelerated expansion - allows the observed Universe to arise from generic initial conditions.
As we pointed out in section 1.3, for acceleration to happen in Einstein’s gravity one should
introduce a negative pressure source (equation 1.3.6). A way to model inflation is if the Universe
is initially filled by a scalar field (the inflaton). The definition of the inflationary model amounts
to the definition of its potential and its coupling to gravity. One of the simplest models is the
single-field slow-roll inflation, where the scalar field is minimally coupled to gravity

S =

ˆ
d4x
√−g

[
1

2
R+

1

2
gµν∂µφ∂νφ− V (φ)

]
(A.0.1)

and the slow-roll conditions are satisfied:

εV =
M2
PL

2

(
V ′

V

)2

<< 1 ηV = M2
PL

(
V ′′

V

)
<< 1 (A.0.2)

This will lead to the realization of the (equivalent) conditions for inflation,

ä > 0 ⇒ d (aH)
−1

dt
< 0 ⇒ p <

ρ

3
(A.0.3)

Quantum fluctuations around the classical background evolution of the inflation will lead
local delays of the instant at which inflation ends, so different parts of the Universe will undergo
slightly different evolutions, acquiring relative density fluctuations δρ(t,x) that represent the
seeds of large-scale structure formation.

We define perturbations around the background solutions in FRW,

φ(t,x) = φ0(t) + ϕ(t,x) gµν(t,x) = ḡµν(t) + δgµν(t,x) (A.0.4)

The symmetries of the flat FRW solution allow to decompose the metric perturbations as
scalar, vector and tensor components,

ds2 = −(1 + 2Φ) dt2 + 2 a(t)Bi dx
i dt+ a2(t) [(1− 2Ψ) δij + Eij ] dx

idxj (A.0.5)
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Our focus will be on scalar perturbations, that dominate the CMB temperature fluctuations
[70]. It is convenient to introduce the gauge-independent variable ([71])

ζ = −Ψ−H ϕ

φ̇0

(A.0.6)

With a certain amount of labour (see [72] for the computation and [70] for a review) one can
show that the action A.0.1 can be rewritten as an action for the sole field ζ, which we write in
terms of the conformal time dη = dt/a(t):

S =
1

2

ˆ
d3x dη

(
a φ̇0

H

)2 [
(ζ ′)

2 − (∇ζ)
2
]

(A.0.7)

in the gauge

hij = a2(t)
(
e2ζ δij + γij

)
, φ(t,x) = φ0(t) , ∂iγ

ij = γii = 0 (A.0.8)

In this gauge the inflation field is unperturbed and the scalar degrees of freedom are parametrized
by the metric fluctuations.

An important property of ζ is that it remains constant outside the comoving Hubble hori-
zon (aH)

−1, as can be seen from the action A.0.7, since the spatial derivative term gives
∂iζ/(aH) ∼ 0 at scales k << aH.

In a De Sitter background, H = const. and the action A.0.7 is the action of a free field, so the
quantization can proceed in the standard way (see [73]). It is convenient to define the Mukhanov
variable

v ≡ z ζ z2 ≡ a2 φ̇
2
0

H2
(A.0.9)

so the action becomes :

S =
1

2

ˆ
d3x dη

[
(v′)

2 − (∇v)
2

+
z′′

z
v2

]
(A.0.10)

Expanding the field v in Fourier modes

v(η,x) =

ˆ
d3k

(2π)3
vk(η) eik·x (A.0.11)

The corresponding equations of motion are

v′′k +

(
k2 − z′′

z

)
vk = 0 (A.0.12)

We may write the general solution for vk as

vk = vk(η)âk + v∗k(η)â†−k (A.0.13)

Quantization is achieved promoting the coefficients âk, â
†
−k to creation and annihilation

operators satisfying the canonical commutation relations[
âk, â

†
p

]
= (2π)3δ(k− p) (A.0.14)
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which are realised if and only if the function v is normalised as

iW [vk, v
∗
k] ≡ i(v∗k v′k − v′k

∗
vk) = 1 (A.0.15)

In this case the solution vk(η) is called a mode function.

Equation A.0.15 is the first boundary condition to solve A.0.12. The second comes from
"vacuum selection", i.e. the requirement that the vacuum state for the fluctuations, âk|0〉 = 0,
reduce to the Minkowski vacuum of a comoving observer in the far past. In this limit A.0.12
becomes the equation of a simple harmonic oscillator with time-independent frequency, which
has a well-known, unique solution. Then, the second boundary condition we impose is

vk(η)
η→−∞−→ e−ikη√

2k
(A.0.16)

In a De Sitter universe with H = const., z′′/z = a′′/a = 2/η2, the solution for v with the
above boundary conditions is

vk =
e−ikη√

2k

(
1− i

kη

)
(A.0.17)

The resultant solution is known as Bunch-Davies vacuum

v(η,x) =

ˆ
d3k

(2π)3
√

2k

[
âke
−ikη

(
1− i

kη

)
+ â†ke

ikη

(
1 +

i

kη

)]
eik·x (A.0.18)

An important propriety is that, after a mode exits the horizon, it can be described as a
"classical" (in a sense to be specified) variable with a given probability distribution. In a De
Sitter background, the field ζ = (H v)/(φ̇0 a), with a = aDS = −1/(η H) can be written using
A.0.18 as

ζ(η,x) =
iH2

φ̇0

ˆ
d3k

(2π)3
√

2k3

[
âke
−ikη (1 + ikη)− â†keikη (1− ikη)

]
eik·x (A.0.19)

For a mode outside the horizon, k|η| << 1 and we can expand (1− ikη)eikη ' 1 + k2η2/2−
ik3η3/3, (1 + ikη)e−ikη ' 1 + k2η2/2 + ik3η3/3, so

ζk(η) =
iH2

φ̇0

√
2k3

[(
1 +

k2η2

2

)(
â†k − âk

)
+
i

3
(kη)

3
(
â†k + âk

)]
(A.0.20)

On the other hand, the conjugate momentum obtained from A.0.7 is

π =
∂L
∂ζ ′

=

(
a φ̇0

H

)2

ζ ′ (A.0.21)

Using A.0.20 we find for modes outside the horizon

πk =

(
φ̇0

H

)2

aH

√
k

2

[(
â†k − âk

)
+ ikη

(
â†k + âk

)]
(A.0.22)

In De Sitter, η = −1/(Ha) ∼ e−Ht, so the terms proportional to kη are decaying modes. For
the remaining, "growing" part of the solution we have, from A.0.20 and A.0.22,

[ζk, πp] ∼
[(
â†k − âk

)
,
(
â†p − âp

)]
= 0 (A.0.23)
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since we don’t measure the decaying mode, the variable ζ appears then as a classical stochas-
tic variable.

After a mode exits the horizon, then, it is described by a classical probability distribution
with variance given by the power spectrum Pζ(k) evaluated at horizon crossing, defined as

〈ζk(η) ζk′(η)〉 = (2π)3δ3(k− k′) Pζ(k) (A.0.24)

where Pζ(k) =
∣∣∣ζ(cl)

k (η)
∣∣∣2 and ζ(cl)

k (η) is the Bunch-Davies solution. Since the field is a free
field, we expect a Gaussian spectrum, so the two-point function is sufficient to characterise the
probability distribution.
On super horizon scales, |k η| << 1 one finds [70]

〈ζk(η) ζk′(η)〉 = (2π)3δ3(k− k′)

[
H2
∗

2k3

H2
∗

φ̇2
0 ∗

]
(A.0.25)

where the ∗ denotes that the quantity should be evaluated at horizon-crossing, i.e. at k = aH.
The standard parametrization is

Pζ(k) =
H4
∗

2k3 φ̇2
0 ∗

= 2π2As

(
k

k∗

)ns−1

k−3 (A.0.26)

Hence, inflation predicts a scale-invariant power spectrum, ns = 1. Observations give a quasi
scale-invariant spectrum, ns ' 0.96 [11].



Appendix B

CMB anisotropies

B.1 Angular Power Spectrum
The primordial fluctuations during inflation as described by Pζ(k) are related to cosmological

observables such as the CMB as they represent the initial conditions for cosmic evolution.

The measured CMB shows fluctuations δT/T0 ∼ 10−5 with respect to the background black-
body temperature T0 ' 2.7 K that are well-measured by recent and ongoing experiments
([10],[11]). A map of the measured fluctuations is shown in figure 2.6. We can quantify the
power expanding in harmonics

δT

T0
(n̂) =

T (n̂)− T0

T0
=
∑
`,m

a`m Y`m(n̂) (B.1.1)

where
a`m =

ˆ
dΩ(n̂) Y

∗
`m(n̂)

δT

T0
(n̂) (B.1.2)

The rotationally-invariant angular power spectrum is defined as

C` =
1

2`+ 1

∑
m

〈a∗`m a`m〉 (B.1.3)

For instantaneous recombination, the temperature fluctuations along the line-of-sight direc-
tion can be represented as

δT

T0
(n̂) =

ˆ
d3k

(2π)3
Θk(ηrec) ζk e

ik·xrec (B.1.4)

Plugging into B.1.2 and using the expansion

eik·r = 4π
∑
`m

(i)` j`(kr) Y
∗
`m(n̂)Y`m(n̂) (B.1.5)

we get, after the integration over the solid angle,

a`m = 4π(i)`
ˆ

d3k

(2π)3
Y ∗`m(n̂) Θk(ηrec) ζk j`(k(η0 − ηrec)) (B.1.6)
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where we have used rrec = η0 − ηrec for the geodesic of the photon travelling from recombi-
nation until the present. Then

〈a∗`m a`′m′〉 = (4π)2

ˆ
d3k

(2π)3

d3k′

(2π)3
Θk(ηrec) Θk′(ηrec) j`(k(η0 − ηrec)) j`′(k′(η0 − ηrec))×

×〈ζk ζk′m′〉Y ∗`m(n̂)Y`′m′(n̂) =

=
2

π

ˆ
k2 dk Θ2

k(ηrec) j
2
` (k(η0 − ηrec))Pζ(k) δ` `′δmm′ (B.1.7)

where we have used the definition of power spectrum, equation A.0.24. Finally, we put the
angular power spectrum in the standard form

C` =
2

π

ˆ
d log k Θ2

k(ηrec) j
2
` (k(η0 − ηrec)) k3 Pζ(k) (B.1.8)

The angular power spectrum contains then information about initial conditions - Pζ(k) -,
plasma physics - Θk(ηrec) - and sky position - j`(k(η0 − ηrec)) .

B.2 Tight-coupling approximation and Sachs-Wolfe effect
The computation of the power spectrum B.1.8 requires the numerical integration of the Boltz-

mann equations to get the function Θk(ηrec). Here we shall show how the computation can be
analytically performed under a few assumptions, and we shall give a qualitative understanding
and an estimate of the acoustic peaks appearing in the angular power spectrum.

Since we are concentrated on scalar perturbations, we shall work in the Newtonian gauge,

ds2 = −(1 + 2Φ) dt2 + a2(t) (1− 2Ψ) δij dx
idxj (B.2.1)

The traceless part of Einstein’s equations at first order gives, in absence of anisotropic stress,

0 = Gij −
1

3
δij G

k
k ∝ Ψ− Φ ⇒ Ψ = Φ (B.2.2)

While the trace Gkk = 0 gives in matter domination (a ∼ η2)

Φ′′ + 3
2

η2
Φ′ = 0 (B.2.3)

which has solutions Φ+ = const. and Φ− ∼ 1/η5. The second is a decaying mode and can be
neglected, so we obtain that in MD both Φ and Ψ are constant.

The first step to compute the transfer function is to take into account the redshift. Since
after decoupling the distribution function of the photons is fixed, energy and temperature are
related by

Tobs
Trec

=
ωobs
ωrec

(B.2.4)

On the other hand, in the metric B.2.1 we have

ωobs
ωrec

=

√√√√g
(rec)
00

g
(obs)
00

' arec
aobs

(1 + Φrec − Φobs) (B.2.5)
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The term propertional to Φobs corresponds to ` = 0 in the multipole expansion, and can be
neglected.

The Doppler effect instead gives

ωobs
ωrec

=
1 + n̂ · vobs
1 + n̂ · vrec

' 1 + n̂ · (vobs − vrec) (B.2.6)

Here, the term with vobs is a multipole with ` = 1 which can be subtracted. Combining the
above expressions with the definition of δT , equation B.2.8, we end up with the expression

δT

T0
(n̂) =

(
δT

T
+ Φ− n̂ · v

)∣∣∣∣
η=ηrec

(B.2.7)

The first term in brackets on the right-hand side is the intrinsic temperature fluctuation at
early times, while the second indicates the energy lost when the photon climbs out of a potential
well. Furthermore, ργ ∼ T 4 so we can set δT/T = δγ/4 where δγ = δργ/ργ :

δT

T0
(n̂) =

(
1

4
δγ + Φ− n̂ · v

)∣∣∣∣
η=ηrec

(B.2.8)

To make progress, we shall examine the behaviour of the system in the tight coupling
limit, i.e. protons and electron are highly coupled to photons through Compton scattering.
This condition is realised if the scattering rate is much larger than the expansion rate. Thus
we have a "baryon-photon" perfect fluid, described by Euler’s and continuity equations for the
variables δ ≡ δρ/ρ and v. These can be obtained to the evaluation of ∇µTµν at first order, see
e.g. [31]

δ′ + (1 + w) (θ − wΨ′) =
3a′

a
(w − c2s) (B.2.9)

θ′ +
a′

a
(1− 3w) θ +

w′

1 + w
θ +

∇2[δP ]

(1 + w)
+ ∇2Φ = 0 (B.2.10)

where θ = ∇ · v and c2s = ∂P/∂ρ is the sound speed.

Let us make the further assumption that the baryons contribute negligibly to the energy of
the fluid. For a relativistic perfect fluid with Pγ = ργ w, δPγ = c2s δγ we have thus w = c2s ' 1/3.
Taking the derivative of B.2.9 and using B.2.10 we get

δ′′γ =
4

3
∇2

(
1

4
δγ + Φ

)
(B.2.11)

which in Fourier space has the solution

1

4
δγ + Φ = Ak cos

(
1√
3
kη

)
+Bk sin

(
1√
3
kη

)
(B.2.12)

The initial conditions are fixed by requiring adiabatic fluctuations in a MD universe. Following
[74], we move from the rest frame of the fluid to the Newtonian gauge performing the shift of
time coordinate

dt 7→
√

1 + 2Φ dt ' (1 + Φ)dt (B.2.13)
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If the equation of state is P = w ρ then a ∼ t2/3(1+w) and the temperature scales as aT0 =
const., so with the aid of B.2.13 we get

δT

T0
= −δa

a
= − 2

3(1 + w)
Φ (B.2.14)

Furthermore, from equation B.2.10 we have v′ ∼ ∇Φ ⇒ v ∼ kηΦ << Φ on super horizon
scales, so we can neglect the Doppler shift term in B.2.8. Using B.2.14 we get the Sachs-Wolfe
formula

δT

T0
(n̂) =

1

3
Φ (B.2.15)

Our initial conditions for the solution B.2.12 follow from equation B.2.8(
1

4
δγ + Φ

)
in

=

(
δT

T0
(n̂)

)
in

=
1

3
Φin (B.2.16)

This gives Ak = Φk/3, Bk = 0. Finally, the velocity is obtained from B.2.10 in Fourier space
for a velocity field without vorticity, vk = −ik vk:

(ik · (−ik vk))
′

= −k2

(
1

4
δγ k + Φk

)
= −k

2

3
Φk cos

(
1√
3
kη

)
(B.2.17)

So, using the fact that in MD Φ = −3ζ/5,

vk = ik̂

√
3

5
ζk sin

(
1√
3
kη

)
(B.2.18)

Putting all the results together, we find

δT

T0
(n̂) =

1

4
δγ + Φ− n̂ · v =

= −1

5
ζk

[
cos

(
1√
3
kη

)
+ in̂ · k̂

√
3 sin

(
1√
3
kη

)]
(B.2.19)

Note that the modes are in phase with each other. This is another characteristic prediction
of inflation.

B.3 Acoustic peaks
Comparing equations B.2.19 and B.1.4 we find

Θk(ηrec) = −1

5

[
cos

(
1√
3
kηrec

)
+ in̂ · k̂

√
3 sin

(
1√
3
kηrec

)]
(B.3.1)

We shall examine two opposite regimes:

• kηrec << 1 (` ≤ 90)
In this regime, we simply have Θk ' 1/5. Plugging into B.1.8 we have

C` =
2

π

ˆ
d log k

(
−1

5

)2

j2
` (k(η0 − ηrec)) k3 Pζ(k) (B.3.2)
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The function j`(k(η0− ηrec)) is oscillating with a sharped peak at ` ' k(η0− ηrec). Hence,
we can approximate

k3 Pζ(k) '
(

`

η0 − ηrec

)3

Pζ

(
`

η0 − ηrec

)
(B.3.3)

Using A.0.26 we get

C` =
2

π
2π2As

(
`

k∗(η0 − ηrec)

)ns−1
1

25

ˆ
d log k j2

` (k(η0 − ηrec))

=
8πAs

25 ` (`+ 1)

(
`

`∗

)ns−1

(B.3.4)

Hence, for a quasi-scale invariant spectrum ns ∼ 1 the spectrum exhibits a plateau at low
multipoles.

• kηrec >> 1

Using again the fact that j`(k(η0 − ηrec)) is sharply peaked at ` ' k(η0 − ηrec), we have

Θ2
k(ηrec) '

[
cos2

(
` ηrec√

3(η0 − ηrec)

)
+ Doppler effect

]
(B.3.5)

Since the Doppler contribution in effective along the line of sight, we can neglect it with
respect to the Sachs-Wolfe effect, hence after integration we get

C` =
8πAs

25 ` (`+ 1)
cos2

(
` ηrec√

3(η0 − ηrec)

)(
`

`∗

)ns−1

(B.3.6)

We have an oscillating spectrum exhibiting peaks at (cs `nηrec)/η0 ∼ nπ.
The rough approximation of neglecting baryon contribution requires this estimate to be
corrected.

Including he effect of the baryons can be done observing that they provide extra inertia
in the Euler equation for pressure and potential gradients. Since inertial and gravitational
mass are equal, all the terms in the Euler equation but the pressure one should be multi-
plied by 1 +R where R = (Pb + ρb)/(Pγ + ργ) = 3ρB/4ργ . The effect is then to reduce the
sound speed by c2s 7→ 1/(3(1 +R)) .

The observational consequences and a qualitative understanding of the physics involved
can be found in the text.
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Appendix C

vDVZ discontinuity and
Vainshtein mechanism in massive
gravity

The attempt to give a mass to the graviton has a long history that dates back to a classical
paper by Fierz and Pauli [54], who first wrote an action describing a free massive gravi-
ton at the linearised level. To reach the next significant achievement in the field we have
however to jump to the 70’s, when van Dam, Veltman and Zacharov [55], [75] realized the
bizarre fact that the m→ 0 limit is not smooth, i.e., this theory makes predictions that do
not recover those of GR even for m = 0. In particular, we shall show that the prediction
for light bending is off by 25% from the GR prediction, which is strongly confirmed by
experiments. This phenomenon is known as vDVZ discontinuity. This argument seem to
rule out any massive extension of GR.
However, the linear approximation is the first step to construct a fully non-linear the-
ory. The introduction of non-linearities is due to Vainshtein [69], who found that non-
linearities become stronger as the mass decreases, and start dominating below a distance
scale rV = (M/(m4M2

Pl))
1/5 (the "Vainshtein radius"), so the predictions of the linear

theory are simply not applicable. The vDVZ discontinuity is therefore an artifact of a non
valid expansion and could disappear due to non-linear effects.

C.1 Linearized massive gravity

As in the more familiar case of a spin-1 field, the kinetic term for a massless spin-2 field
is uniquely determined by the requirement of locality, Lorentz invariance and absence of
ghosts. This uniquely fixes it to [67, 57, 76]

S =
1

2

ˆ
d4xhµνEµν,ρσhρσ , (C.1.1)

77
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where the factor 1/2 is fixed requiring the canonical normalization, and the Lichnerowicz
operator Eµν,ρσ is defined as

Eµν,ρσ ≡ 1

2
(ηµρηνσ + ηνρηµσ − 2ηµνηρσ)2 + (ηρσ∂µ∂ν + ηµν∂ρ∂σ) +

− 1

2
(ηµρ∂σ∂ν + ηνρ∂σ∂µ + ηµσ∂ρ∂ν + ηνσ∂ρ∂µ) , (C.1.2)

so

Eµν,ρσhρσ = 2hµν − ηµν2h+ ηµν∂ρ∂σh
ρσ + ∂µ∂νh− ∂ρ∂νhµρ − ∂ρ∂µhνρ . (C.1.3)

In this action we have given to hµν the canonical dimension 1 of QFT, and the dimensionless
metric can be recovered with the rescaling hµν 7→ hµν/(

√
32πG) through which the action

becomes exactly the linearized Einstein-Hilbert action, which appears then as the unique
local, Lorentz-invariant, ghost-free action for a massless spin 2 field. This is possible thanks
to a symmetry which projects out all unwanted dofs, namely diffeomorphism invariance

hµν 7→ hµν + ∂(µξν) (C.1.4)

In the case of a massive field, there exists two possible mass terms, ∝ h2
µν and ∝ h2, so the

most general is a combination of both,

Lmass = −1

2
m2
(
h2
µν − ah2

)
(C.1.5)

where a is a dimensionless parameter. The presence of this mass term breaks diffeomor-
phism invariance C.1.4, as it should, since we want to describe the 5 dof of a massive spin-2
particle while the gauge invariance leads to only two. Adding also the matter action in the
form

SM =
κ

2

ˆ
d4x hµνT

µν (C.1.6)

where κ is a coupling to be fixed below (in massless GR we would have κ =
√

32πG), the
full action can be put in the form

S =
1

2

ˆ
hµνOµν,ρσhρσ +

κ

2

ˆ
d4x hµνT

µν (C.1.7)

where Oµν,ρσ = Eµν,ρσ −m2(ηµρηνσ + ηνρηµσ − 2 a ηµνηρσ)/2.

From the action C.1.7 we get the equations of motion in the form Oµν,ρσhρσ = κ
2T

µν , i.e.

Eµν,ρσhρσ −m2(hµν − aηµνh) = −κ
2
Tµν (C.1.8)

Taking the trace we get

2∂µ∂ν(hµν − ηµνh) = m2 h (1− 4a)− κ

2
T , (C.1.9)

while taking the derivative of both sides and using ∂µTµν = 0 one has

∂µ(hµν − aηµνh) = 0 . (C.1.10)
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To count the propagating degrees of freedom, we compute the propagator of the theory,
∆µνρσ, defined in matrix notation as the solution of O(x) · ∆(y) = iδ4(x − y)1. Hence,
∆ = iO−1. The operator O−1 can be obtained from the equations of motion, since the
solution of C.1.8 is just hµν = −(κ/2)O−1

µνρσ T
ρσ = (κ/2)i∆µνρσT

ρσ.

Plugging C.1.10 in C.1.9 we get

[(2a− 2)2 + (4a− 1)m2]h = −κ
2
T (C.1.11)

We can solve in momentum space,

h(k) =
κ

2 [k2(−2a+ 2) +m2(4a− 1))]
T (k) (C.1.12)

plug back into the equations of motion C.1.8 in momentum space and solve for hµν(k),
neglecting terms proportional to kµkν that give a null contribution when saturated with a
conserved EM tensor. Putting the result in the form hµν(k) = (κ/2)i∆µνρσT

ρσ, we have

∆µνρσ =
−i

k2 +m2
×
[
ηµρηνσ + ηνρηµσ

2
− 1

2
ηµνηρσ +

(2a− 1)m2

2 [(2− 2a)k2 + (4a− 1)m2]
ηµνηρσ

]
(C.1.13)

We then compute the saturated propagator, Tµν(−k) ∆µνρσT
ρσ(k).

For massive gravitons, one can put the wave vector in the form kµ = (−ω, 0, 0, k) with
ω2 = k2 +m2. We have 0 = kµT

µν = −ωT 0ν + kT 3ν , so

T 0ν =
k

ω
T 3ν (C.1.14)

We can eliminate all the occurrences of T 0ν . We introduce the helicity eigenstates

T±2 =
1

2
(T11 − T22 ∓ 2iT12) (C.1.15)

T±1 = T13 ∓ iT23 (C.1.16)
(C.1.17)

together with the scalars T33 and the trace

T = T11 + T22 +
m2

ω2
T33 (C.1.18)

Then we get

Tµν(−k) ∆µνρσT
ρσ(k) =

∑
q=−2,2

T−q(−k)
−i

k2 +m2
Tq(k)

+
m2

2ω2

∑
q=−1,1

T−q(−k)
−i

k2 +m2
Tq(k)

+
m2

6ω2

(
T0(k), T (k)

) −iM
k2 +m2

(
T0(k)
T (k)

)
− 1

6
T (−k)

[
−i

k2 + 4a−1
2−2am

2

]
T (k)

(C.1.19)
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where T0 = 3T33 and

M =

(
m2

ω2 −1

−1 ω2

m2

)
(C.1.20)

The first two lines describe the 4 components of the helicities 2 and 1, respectively. As
for the scalar sector, the matrix M has the eigenvalues λ1 = 0, λ2 = (m4 + ω4)/(m2ω2),
hence it describes one scalar propagating degree of freedom carried by the eigenvector
t = T − (m2/ω2)T0. The last line in C.1.19 instead describes a ghost-like degree of freedom
with mass µ2 = [(4a− 1)/(2− 2a)]m2.

C.2 The Fierz-Pauli point and the vDVZ discontinuity

The Fierz-Pauli Lagrangian is defined by a = 1. In this case, C.1.10 gives ∂µ(hµν−ηµνh) =
0 which, used in C.1.9, implies −3m2h = κT/2. In vacuum, this gives h = 0. Then, start-
ing from the 10 dof of hµν , we can eliminate one scalar from the condition h = 0, and one
scalar plus one vector from C.1.10 which now gives ∂µhµν = 0. Then we are left with the
10− 4− 1 = 5 dof of a massive spin 2.
The Fierz-Pauli tuning is the only choice that allows to have the correct number of propa-
gating degrees of freedom. Indeed, from the saturated propagator C.1.19 we see that only
in the case a = 1 the ghost decouples and we are left with the correct number of dof. There
is no way to get rid of the ghost otherwise. This shows that the Fierz-Pauli point is indeed
special.

The surprise comes out if one takes the limit m → 0 at a = 1. Then, the helicity 1 part
decouples, since its saturated propagator is proportional to m2/ω2, while the helicity 2
part smoothly reduces to the GR contribution. In the scalar sector, the ghost has been
removed by the FP tuning, but the eigenvector tm=0 = T gives now a contribution

1

6
T (−k)

−i
k2 +m2

T (k) (C.2.1)

Hence, the limit m→ 0 does not recover GR, but it is rather GR+scalar, the scalar being
coupled with the trace of the EM tensor.

In order to compare with GR, we compute the potential induced by the exchange of a
graviton between two static sources of masses m1 and m2 in the non-relativistic limit. In
this limit, we can treat Tµν as an external classical field. Thus, we set Tµν, i = miUµ, iUν, i
in the limit Uµ, i → (1, 0, 0, 0).The relevant contribution from the propagator C.1.13 in the
non relativistic limit is

∆0000 =
2

3

−i
k2 +m2

, (C.2.2)

hence the amplitude is given by

A ∝
(
−iκ

2

)2

Tµν(−k) ∆µνρσT
ρσ(k) =

κ2

4

2

3

m1m2

k2 +m2
(C.2.3)
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whereas in GR we have, setting
√

32πG = κGR,

AGR ∝
(
−iκGR

2

)2

Tµν(−k) ∆(GR)
µνρσT

ρσ(k) =
κ2
GR

4

1

2

m1m2

k2 +m2
(C.2.4)

Hence, to fit Newton’s law we must have m−1 much larger than the Solar System radius
and

κ2 =
3

4
κ2
GR (C.2.5)

Next we examine the consequences on the deflection of light by m1. The light radius
is described by Tµν = EUµUν with Uµ = (1, 0, 0, 1). In the massive case we have the
amplitude

κ2

4

m1E

k2 +m2
(C.2.6)

while in the masses case
κ2
GR

4

m1E

k2
(C.2.7)

Thus also in the limit m → 0 the effect of the exchange of a massive graviton is 3/4 of
the one due to the exchange of a massless graviton due to the relation C.2.5. This is the
"van Dam-Veltman-Zacharov discontinuity". Experiments on light deflection agree with
the exchange of a massless graviton, i.e. with general relativity.

The reason of the discontinuity can be traced back to the survival of the coupling between
the trace of the EM tensor and a scalar degree of freedom. Since the EM tenor is traceless,
the latter doesn’t influence the scattering of light, but it affects the prediction for the
Newtonian potential, so in light deflection we cannot have an effect that compensates the
25% difference.

C.3 Another special point

Note that another point of interest is the point a = 1/2, where the ghost contribution
cancels exactly the contribution coming from the matrix elementM22. Hence, we are left
with a scalar sector of the form

m2

6ω2

(
T0(k), T (k)

) −iM(a=1/2)

k2 +m2

(
T0(k)
T (k)

)
where

M(a=1/2) =

(
m2

ω2 −1
−1 0

)
(C.3.1)

This is indeed the same result of reference [58], where the theory mentioned in the text
(see eqn. 3.1.6), defined by the following equations of motion, was studied:

Gµν −m2(2−1Gµν)T = 8πGTµν (C.3.2)

The corresponding equations of motion at the linearized level are obtained from the action

Snon−loc =
1

2

ˆ
d4x hµν

(
1− m2

2

)
Eµν,ρσhρσ (C.3.3)
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Then, the theory C.3.2 appears as a suitable "covariantization" of the linear Fierz-Pauli-
like theory C.1.7 with a = 1/2. In reference [58], such theory was introduced as a promising
non-local theory of massive gravity, and it was indeed recognised that it contains a ghost.
Moreover, in this case the limit m→ 0 recovers smoothly the results of GR, as can be seen
from the fact that the helicity 1 part and the scalar sector both smoothly decouple, while
the helicity 2 part smoothly reduces to the GR contribution. Hence the point a = 1/2
removes the vDVZ discontinuity but at the price of introducing a light ghost. The correct
approach to the problem is discussed in the text, where we show that theories such as C.3.2
involving non-local operators should not be considered as fundamental QFT but rather as
effective classical equations, hence the existence of a "ghost" is simply a problem that
cannot be consistently defined in this context. The real issue that lead to rule out such
theory is rather its incapability to give a convincing cosmological evolution [44].

C.4 Vainshtein mechanism

An inadequacy in the argument that the graviton mass should be exactly zero to avoid
the vDVZ discontinuity was found by Vainshtein [69]. He suggested that before applying
the linear approximation to the massive theory one should discuss its applicability in a
systematic way, i.e., we should start from the full GR action, add a mass term, and then
study the corresponding solutions for a static metric generated by a mass M , which will
be a suitable generalisation of the Schwarzschild metric. Then we start from

S = SEH + Smass (C.4.1)

where Smass is any mass term in the action that at the linearised level reduces to the
Fierz-Pauli term,

Smass ∝ m2

ˆ
d4x

(
h2
µν − h2 +O(h3

µν)
)

(C.4.2)

Then one should look for the solution for the metric generated by a source M , writing

ds2 = −e2α(r)dt2 + e2β(r)dr2 + eµ(ρ)r2(dθ2 + sin2 θ dφ2) (C.4.3)

The results are given e.g in [67], and we do not perform the calculation here since in the
text we do the same for the more interesting case of our non-local theory. The steps are
analogous, with the difference that, contrary to our theory, in the present case of massive
gravity diff invariance is broken, hence one can’t set to zero the function µ(ρ). With the
definitions

r ≡ ρeµ/2 , eλ ≡
(

1 +
ρ

2

dµ

dρ

)−2

eσ−µ (C.4.4)

one gets, up to next-to leading-order in G (i.e. in the Schwarzshild radius rS),

ν(r) = −rs
r

[
1 +O

( rs
m4r5

)]
, (C.4.5)

λ(r) =
1

2

rs
r

[
1 +O

( rs
m4r5

)]
, (C.4.6)

µ(r) = −1

2

rs
m2r3

[
1 +O

( rs
m4r5

)]
. (C.4.7)
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To leading order, the difference from GR is the factor 1/2 in front of λ(r), which is the
origin of the vDVZ discontinuity. However, if we go to the next order, we discover that the
corrections blow up for m → 0. Hence, the linearised theory becomes meaningful only at
scales larger than the Vainshtein radius rV ,

rv =
( rs
m4

)1/5

(C.4.8)

For the Solar System case, we have rV� ≥ 40 pC for a reasonable lower limit on m of
m−1 > 200 kPc, hence the Newtonian potential and the result for the scattering of light
from the Sun found in the linearised massive case are simply not applicable.

On the other hand, well inside the Vainshtein radius, a tiny graviton mass has a negligible
effect, since in the opposite limit r << rV one can find a consistent solution in powers of
m in the form

ν(r) = −rs
r

+O
(
m2
√
rsr3

)
, (C.4.9)

λ(r) =
rs
r

+O
(
m2
√
rsr3

)
, (C.4.10)

µ(r) =

√
8rs
13r

+O
(
m2r2

)
. (C.4.11)

that approaches smoothly the Schwarzschild solution for GR as m → 0. In this case,
since the expansion in m reproduces the smoothly the massless limit, the results for light
deflection and for the Newtonian potentials also reproduce the GR results, and no vDVZ
discontinuity is present.

To prove that this mechanism actually works, one should however be able to show that
the solutions found in the opposite regimes actually match. This is complicated by the
fact that, as we approach rV , the scalar mode becomes strongly coupled and perturbation
theory breaks down.

In contrast, in the text we show that our theory is free of vDVZ discontinuity and there is
no Vainshtein radius below which the theory becomes strongly coupled. Then, our results
do match smoothly those of GR in the m→ 0 limit.
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