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1. Introduction

The Toda lattice
d’z,,

— emnfl_mn _ ewn_wnJrl’ n e Z (1)

was the first integrable differential-difference equation to be discovered [1]. The
Yablonskii-Vorob’ev polynomials [2, [3] yield rational solutions of both the Toda lattice
and the second Painlevé transcendent (Pj;), since the tau-functions of Pj; satisfy the
bilinear form of the Toda lattice. In a previous work [4] one of the authors obtained an
expression for solutions of the Toda lattice as ratios of Hankel determinants, by using
the associated Lax pair to construct continued fraction solutions to a sequence of Riccati
equations. This in turn led to an expression for the Yablonskii-Vorob’ev poynomials as
Hankel determinants [5], equivalent to that discovered more recently [6] (see also [7]).

Here we will consider the case when the time evolution becomes discrete. Our
approach is to start from the Lax pair for the discrete Toda lattice (dTL) given by Suris
[8]. In section 2 we present this construction and derive polynomials Y, (¢, h) in two
variables ¢, h, which satisfy relations at a discrete set of points t = ¢ty + mh, m € Z
(where tq is arbitrary). These polynomials tend to the Yablonskii-Vorob’ev polynomials
yn(t) as the spacing h — 0, so that Y,,(¢,0) = y,(t). A discrete analogue of the bilinear
defining equation for the y, is derived and a corresponding representation of these Y,
as Hankel determinants is given.

The first few Yablonskii-Vorob’ev polynomials are

Yo=1, 11 =t, yo =t>+4, y3 =1+ 20t> — 80, y, = ' + 60t” 4 11200t. (2)

A further property of these polynomials, investigated recently by Clarkson and Mansfield
[9], is the distribution of their zeroes. It is known that each y,(¢) has no zeroes in
common with y,41(t), and that these zeroes are simple [10, [11I]. Numerical studies
indicate that these zeroes lie in approximately triangular arrays and that the zeroes of
yn(t) interlace, in a certain sense, with those of y,41(t), in a similar way to the zeroes
of classical orthogonal polynomials. In section 3 we show that the polynomials Y, (¢, h)
have analogous properties.

In the continuum case the bilinear differential-difference equation that defines the
Yablonskii-Vorob’ev polynomials is given in terms of the Hirota derivative D, by

Yni1Yn-1 =ty — 2D}y * Yn, (3)

with the initial polynomials yo = 1, y; = t, and this equation follows from the
representation of Pj; as a pair of bilinear equations for the associated tau-functions. In
section 4 we consider a discretisation of Py, namely the alternate discrete P;; equation
(alt-dPpy) studied in [12], and explain how its solutions are specified by tau-functions
which satisfy a discrete bilinear equation together with a quadrilinear (degree four)
relation. The bilinear relation defining the polynomials Y,,(¢,h) is a consequence of
these tau-function equations. The alt-dP;; equation has Backlund transformations
corresponding to the shifts n — n £ 1, just as in the continuum case, which imply
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that the discrete Yablonskii-Vorob’ev polynomials satisfy recurrence relations which
are analogous to those in the continuum setting. It is also known that the alt-dP;;
equation arises as the contiguity relations for a Backlund transformation for P;;;. The
latter connection leads to an alternative formula for the discrete Yablonskii-Vorob’ev
polynomials in terms of determinants of Jacobi-Trudi type, corresponding to Umemura
polynomials [13].

It is known from the work of Okamoto that the continuum P;; can be written
in Hamiltonian form, and the Backlund transformation is a canonical transformation
[14]. In section 5 we present a Poisson structure for the discrete case such that
both development in time and the Backlund transformation for alt-d Pr; are symplectic
maps. Finally in section 6 we present a Lax pair for alt-dP;;, which relates it to the
isomonodromic deformation of an associated linear system, and show that this tends to
Jimbo and Miwa’s Lax pair for the continuum case as h — 0.

2. Discrete time Toda lattice and discrete Yablonskii-Vorob’ev polynomials

The equations for the discrete Toda lattice obtained by Suris [8] are
T(t+h) —x,(t) = hm(t+h),

1 1+h2 exp(@n—1(t)—2n (1)) (4)
T (t + h) - ﬂ-n(t> — h ]'Og |:1—i—h2 Cxi(mn(tl)—mn+1(t))i| )

where 7, denotes the canonically conjugate momentum to z,, and these discrete
equations clearly yield Hamilton’s equations for the Toda lattice (I]) in the continuum
limit, as h — 0. They arise from the consistency condition for the Lax pair
that is Ly, (t + h)V,,(t) = V,11(¢) L, (f), where
—_ _ 1 _
L (1) = Aexp(—hm,(t)) —5  hexp(—,(t)) (6)
—hexp(xn(t) - hﬂ-n (t)) 0
and
_ % —hexp(—xn(t)) ) (7>
hexp(z,-1(t)) A
Upon setting W,,(t) = [X,(¢), Y,.(8)]" and Z,(t) = X, (¢)Y,(t)~!, we find from the
second of (] that
hexp(—zn (1))
Aexp(—hm,(t)) — % + hexp(—hm,(t) + 2, (1)) Znia ()
This recurrence relation can be used to generate the continued fraction expansion

vfi vf2 v /3
9)
L+501 71479271 +7gs ™"
where v = A%, fi = h? exp(—xz¢(t)), 91 = — exp(—hmo(t)) and for n = 2,3, ... we have
fo= —Rhrexp(—2p_1(t) + Tn_o(t) — hmu_s(t)),
gn = — exp(—hm,_1(t)). (10)

Zn(t) = = (8)

AhZy(t) =
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Similarly from the first of (&) we have the discrete time Riccati equation

h 1 h
Zo(t +h) — Zy(t) = —Xe—%(t) + <ﬁ — 1) Zo(t) — Xe”””(t)Zo(t + h) Zo(t). (11)
In our previous work [15] we took x_1(t) — —oo so that this became a linear equation.

Here we take z_;(t) = 0 and set Zy(t) = W (t) so that with v = A* we find
1 1
W (t+h) = —h2e 0 4 ;W(t) - ;W(t + h)W (t). (12)

Now the continued fraction (Q) has expansions both in positive and negative powers
of 7, namely W (t) = 320, a,(t)y" and W (t) = 32720 v, (t)y" respectively. Substituting
these expansions in turn into (I2)) and equating coefficients of corresponding powers of
v, we obtain the recurrence relations for their coefficients, given respectively by

J
Oéj+1(t) = Oé](t"—h) +Zak(t+h)ozj_k+1(t), j = 1,2,3,..., (13)
k=1
0
it +h) = a;a(t) = > aplt+hajnk(t), j=-1,-2,.... (14)
k=j+1

where ay(t) = h? exp(—xo(t)) and ao(t + h) = —h% exp(—xo(t)).
The continued fraction in (@) is known as a T-fraction [16] and its elements are
given in terms of Hankel determinants. If we take the definitions

up = H" v, = HTMY, (15)

with Hankel determinants

/Gm ﬁm-{-l s /Gm—i-k—l

ngm) _ ﬂrrf-l—l ﬂrr‘b+2 e 5rrf+k (16)
Brtk-1 Bmtk - Bmrok—2
whose elements are given by
B = — ag(t), k=1,2,...,
= ag(t), k=0,-1,-2,..., (17)
then the elements of the T-fraction are given by
fn:—ﬁ, gn:—::;:ij, n=234,.... (18)

From the expression for the f,, g, in terms of the coordinates and momenta given
by (I0) and the equation of motion (), it follows that

f2(t)
t+h t+h 1+
fl( + ): —gl(t+h), 91( + ): g1(t) (19)
fi(t) g1(t) 1+ fi(t)
and more generally
frt2(t)
fn-i-l(t + h) _ gn—l—l(t + h) gn—l—l(t + h) 1+ gni(t)

= n € N. (20)

fria(t) gu(t) i) 14 fr;:(lt()t)7
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Proposition 2.1 The two types of Hankel determinant defined by (13) are related by
Un(t 4+ h) = u,(t), n=0,1,2.... (21)

Proof: Substituting the expressions for f,, g, given by (I8) into the first of (20) one
finds that
Upg1 (E 4 R)un(t)  vi(t + h)uo(t)
U (t+ P)upei(t)  vo(t + h)uy(t)
But ug = Héz) =1= Hél) = vy and uy(t) = B = —h%exp(—zo(t)), vi(t) = By =
—h? exp(—xo(t — h)). Therefore the right hand side of (22)) equals unity and the result
follows. [

(22)

Proposition 2.2 When exp(—wy(t)) = —%, the Hankel determinants u, satisfy the
bilinear relation
h*t )
1-— R Un(t + h)up(t — h) = w,(£)7 + Uppr (E)Up—1 (1) (23)
form=1,2,....

Proof: Substituting for g, and f,, from (I8) into the second of (20)) and then eliminating
the dependence on the v, using (2I), the result follows from the fact that wu(t) =
vi(t+h) = h%t and usy(t) = —g—i(t?’ —hit+4). O

Remark. In [I7], Hankel determinant solutions are given for a different (but gauge
equivalent) bilinear form of the discrete Toda lattice equation, namely the equation
Pt ot = (0)7 = e2plth ol Upon setting 2 = 1 and ¢ = (I — n)h, u,(t) = ™ / pj!
satisfies (23) for a suitable choice of the initial condition ph? for n = 0.

It follows from the recurrence relations (I4)) that when exp(—zo(t)) = —% the a;(t),

and hence also u,(t) and v,(t), are polynomials in h,t. We now renormalise the w,, so
that they are O(h%) as h — 0.

Definition 2.1 The discrete Yablonskii-Vorob’ev polynomials Y, (t, h) are defined by the
bilinear recurrence

forn > 1, with Yo(t,h) =1, Yi(t,h) =t as initial data.

Theorem 2.1 The discrete Yablonskii-Vorob’ev polynomials Y,(t,h) € Z[t, h?]
are given in terms of the Hankel determinants w, in (I3J) by Y.(t,h) =
(— 1) (=122, (4) for n = 0,1,2,.... Each Y, is a monic polynomial of degree
n(n + 1)/2 in t, satisfying Y,(t,h) = y,(t) + O(h?) as h — 0, where the y,(t) are the
usual Yablonskii-Vorob’ev polynomials defined by (3) with yo =1, y; = t.

Proof: With «a;(t) = —h?t/4 it is easy to prove by induction from the first recursion
in (I4) that «;(t) = h?P;/4’ for j > 1, where P; € Z[t,h]. Similarly, with ag(t) =
h2(t — h)/4 the second recursion in ([4) implies that a;(t) = h*P;/4=9*! for j < 0,
where P; € Z[t, h]. Tt follows from their definition in terms of the matrix elements (I7)
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that the Hankel determinants w,, are polynomials in Q[¢, k|, with powers of 4 as the only
possible denominators of the coefficients. If we let Y, (t, h) = (—1)"(—22)=n(+1/2q, (1)
for n € N then we find Yy(t,h) = 1, Yi(t, h) = ¢, and then the relation (24]) follows from
Proposition 2.2 by substituting for w,(¢) in (23) in terms of Y,,(¢, h). Since the Y,, are
uniquely defined by the recurrence (24)) together with the given initial data, the formula
in terms of renormalised Hankel determinants guarantees that they are polynomials in
t, and the recurrence also implies that they are monic and of degree d,, := n(n + 1)/2)
in t. However, further analysis is required to verify that there are no powers of h or
powers of 4 in the denominator for this choice of normalisation.

By induction, suppose that Y,,(t,h) € Z[t, h], and hence is regular as h — 0, for

n =0,1,..., N (which clearly holds for N = 1). Taking a Taylor expansion in ¢, with
Yy

50, we see that

derivatives denoted by Yy, =

2k 2 2k 2
Yl + b WY —hoh) = (S et e (e )

= Yn(t,h)? + h2P(t, h),

where 15(15, h) is a polynomial in ¢ and h by the inductive hypothesis. Moreover, at
leading order we have

P(t,h) = Yi(t,0)Yiu(t, 0) — Yn(t,0)* + O(h).
Substituting this into the right hand side of (24]) and dividing by h* we have
Y (t h)Yxoa(t h) = t¥n(t+ b, )Y (t = hy h) = 4P(t, D), (25)

from which it follows that Yyi1(t, k) is regular as h — 0, and hence lies in Q[t, h] with
at worst powers of 4 as denominators of its coefficients. Now for some K > 0 we can
write Yy 1(t,h) = Yy i1(t, h) /4% where Yy, € Z[t, h] with 4 [ V. If we multiply
both sides of (24 through by 4% we see that if & > 0 then we have 4|/h2Yy,1Yy_1; but
then since Yy_; is monic in ¢ it is clear that 2 /Yy_;(¢, k) we must have 4|Yy,, which
is a contradiction. Hence K = 0 and Yy € Z[t, h] as required.

Setting h — —h in the recurrence (24]) it also follows immediately by induction
that Y, (t,h) = Y, (t,—h) for all n, so in fact we have polynomials in Z[t, h?]. Thus we
can write Y, (t,h) = y,(t) + O(h?) where yo(t) = Yo(t,h) = 1 and y,(t) = Yi(¢t,h) = t,
and using the leading order part of P(t,h) in (25) we find that for n > 1 the y,, satisfy

Yn+1Yn—1 = ty?@ — 4ynin + 4yr2m
which is precisely the defining relation (B)) for the usual Yablonskii-Vorob’ev

polynomials. [

The first few discrete Yablonskii-Vorob’ev polynomials are
Yo(t.h) =1,

Yi(t,h) =t,

Yo(t, h) = t* +4 — h*t,

Ya(t, h) = t° + 20t° — 80 + h*(4t — 5t*) + 4t*h*,

Y
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Yi(t, h) = t'° + 607 4 11200t — h2(15t% + 252t° + 3360t%) +
+ h*(63t° 4 480t® + 576) — h°(85t* + 288t) + 36h°t2. (26)

These examples clearly reduce to the usual Yablonskii-Vorob’ev polynomials (2]) when
h = 0.

3. Zeroes of discrete Yablonskii-Vorob’ev polynomials

In the continuum case it has been shown that the zeroes of y,(t) are simple and are
not zeroes of y,,1(t) [10, 11]. Here we prove an analogous result in the discrete case,
by considering the roots of Y,,(t,h) as a polynomial in ¢, that is ty = to(h) such that
Y, (to(h), h) = 0. To begin with we require a simple observation.

Lemma 3.1 The discrete Yablonskii-Vorob’ev polynomials never vanish at t = 4/h?.
More precisely,

4 4 n(n+1)/2
Y, (ﬁ’h) = <ﬁ) # 0 foralln € N.

Proof: The result is trivially true when n = 0,1. Assume that it holds for n =
1,2,...,N. Then from @24) h*Yn,1(4/h* h)Yn_1(4/h? h) = 4Yn(4/h* h)* # 0, and
the result follows by induction. [J

From Theorem 2.1 we know that Y, (t + h, h) — Y,,(t, h) = hy,(t) + O(h?), and the
zeroes of Y, (¢, h) in ¢ differ from those of y,(t) by O(h?), so (because the zeroes of y,
are simple) we expect that Y,,(t + h, h) should not vanish where Y,,(¢, h) does. Indeed
this turns out to be the case. In the next section we shall see that the polynomials
Yy are tau-functions for a discrete PII equation, and hence satisfy many other bilinear
identities in addition to (24]). To prove the following result we make use of one such
identity, namely (50) below.

Theorem 3.1 For anyn = 1,2,..., if ty is a zero of Y,, so that Y, (to,h) = 0, then
Yn(to + h, h) 7é 0 and Yn+1(t0, h) 7é 0.

Proof: It is true for n = 1 by inspection. Suppose the result is true for n =
1,2,...,N — 1. Now assume that both Yy(to,h) = 0 and Yn(to + h,h) = 0. Using
the identity (B0) with 7,, = Y, (¢, k), and setting n = N — 1, t = t(, we have

Yn(to+ h,h)Yn_ao(to, h) — Yn(to,h)Yn_o(to+ h,h)

= (2N — 1)hYn_1(to + h, h)Yn_1(to, h).

By the assumption, the left hand side vanishes, and 2N — 1 # 0 for N € Z which means
that Yy_1(to,h) or Yn_1(to + h, h) = 0; but this contradicts the inductive hypothesis,
so Yn(to + h,h) # 0 whenever Yx(ty,h) = 0 (and similarly for Yn(ty — h,h)). Now if
Yn(to, h) = 0, then from (24)) we see that

h*Yn_1(to, h)Yni1(to, h) = (B*to — 4)Yn(to + b, h) Y (to — h, h)
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If we now assume that also Yy.1(to, h) = 0, then the left hand side of the above vanishes,
and since h%ty — 4 # 0 by Lemma B then Yy(to + h, h) = 0 or Yy(to — h, h) = 0, which
is a contradiction. Therefore the result holds for n = N, hence for all n by induction.
O

Clarkson and Mansfield have numerically studied the location of zeroes of y,,(t) for
low values of n [9]. They found that for a given n they occupy approximate triangular
arrays in the complex plane and that the zeroes of y,(t) interlace in a certain sense
with those of y,41(t). Since the zeroes of Y,,(¢,h) are the same as those of y,(t) up to
O(h?), the same picture holds for sufficiently small h, and our numerical observations
show that the same qualitative behaviour persists for values of A up to at least order of
unity.

4. Alternate discrete Painlevé I1

The second Painlevé equation (Pyy) is
i =2¢"+tq+a, (27)

where « is a constant. This second order differential equation is equivalent to a first
order system introduced by Okamoto [14], namely
¢ = p—q—3 (25)
p = 2qp+¢, {=a+3.
Rational solutions of (27) arise when o« = n € Z. However, in this and subsequent
sections n need not be an integer unless stated explicitly otherwise, and we use the
parameters n and « interchangeably. We also find it convenient to use the shifted
parameter £ = n + 1/2 as above, which fixes a point in the A; root space. This is
the parameter used by Okamoto to label solutions of P;; and the corresponding tau-
functions, but we stick with the label n to maintain contact with the preceding results.
P;; may be put into bilinear form by setting

G = %log (T“‘l(t>) . (29)

Ta(t)
Then(27) with o = n is equivalent to the bilinear equations
Dir, 11 = F(t) TaTuo1,

(D3 —tD; +n)7y - Tuor = 3F(t) Dimyy - Tt (30)
where D, is the usual Hirota operator, and the function F'(t) is arbitrary. By a gauge
transformation on the tau-functions, that is 7, — G(t)7, for all n, the function F' can
be set to zero in ([B0) without loss of generality.

The Bécklund transformation linking a solution of (27)) for « = n with that for
a=n+1is
l

Gn+1 = —Q4n — p_7 Dn = Gn + qrzz + t/27 (31)
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and the two solutions are related by

Qn + qr2L = _Qn+1 + qr2L+1 (32)

(which can be seen as being inherited from the Miura transformation for KdV). From
B0) and (B it may be proved that, with the same choice of gauge that fixes F' =0 in
B0), any three adjacent tau-functions 7, 7,4 satisfy the bilinear relations

DiToy1 - Ty = 2072 (33)
and
Thg1Tno1 = t72 — 2D%7, - 7. (34)

With this choice of gauge, the equation (34]) is the bilinear form of the Toda lattice.
As we have already mentioned (cf. equation (8] in the Introduction), the latter relation
is the defining recurrence for the Yablonksii-Vorob’ev polynomials; with 7,, = v, they
satisfy the other bilinear equations (33) and (30) for /' = 0, and hence determine the
rational solutions of Py;.

Several discretisations of P;; have been studied in recent years including a discrete
bilinear form [I§] which tends to ([B0) in the continuum limit. The discrete bilinear
form allowed the construction of rational solutions to this discrete Py, given in terms of
ratios of determinants of Jacobi-Trudi type [19], while solutions in terms of discrete Airy
functions were found in [20} 21]. A hierarchy of higher order analogues of this discrete
Py (dPyr) have been given by Cresswell and Joshi, based on a Lax pair. However, due to
the non-uniqueness of the discretisation process, there are many other dPII equations
with analogous properties. For example, four different dP;; equations are mentioned in
[23], three of which are g-type (¢-Pj;). Discrete Airy function solutions of one such ¢-Py;
equation are found in [24], while another one is considered with its ultra-discretisation
in [25], along with yet one more distinct ¢-P;;. In [26] a detailed study of a ¢-P;; in
Sakai’s classification [27] has been performed. Another alternative discretisation, which
is relevant here, is the so called alternate dPr; (alt-dPrr) which was studied in [12], and
appeared in connection with the original dP;; in [28].

Here we consider the alt-dPr; equation in the form of the second order difference
equation

h3 h3 3
%Z%+12+2(n;g+1i 2=—g+$+%(m—€)—2 (35)
with the notation g = gn(t), g, = gu(t + h,h), g = ga(t — h, h) B This is referred
to as a discrete Pj; equation due to the fact that (27) arises from it by setting
g(t, h) = —1+hq(t, h) and taking the continuum limit A — 0 (with parameter « = ¢—1/2
as usual). If we set g,(t,h) = z, with z,, = h*m/2 — 2 and u = —h3(/2 then this is
equation (1.3) in [12] (except that we have m in place of n).

I The introduction of m in place of ¢ is not essential, but it suggests that m and ¢ might be considered
on the same footing, so that we,, = g,(t) should provide particular solutions of a suitable partial
difference equation. See [12] for a connection with the lattice modified BSQ equation.
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The alt-dP;; equation (35) has rational solutions for integer values of the parameter
n = {—1/2, provided by suitable ratios of the discrete Yablonskii-Vorob’ev polynomials
Y, (t,h). In order to prove this, we must derive appropriate discrete analogues of the

bilinear identities ([B0), (33)) and (B4). We start by presenting (B5) in the form of a
system, which makes it more manageable.

Lemma 4.1 The alt-dP;; equation (33) for { = n+ 3, m = t/h is equivalent to the

first order system

G, = (=2+1%pn)/(44 29, — h*(gnpn + 1)),

36
B = (bu— 0h7,)/3 )
Proof: By rearranging the first equation in (36) we have
1 [(4—h%*)g
L= — n42), 37
P =2 ( L+ gngn i (37)

and by shifting ¢ — ¢+ h the latter provides a formula for p,, in terms of g,, and g,,, and
then substituting this into the left hand side of the second equation (36l), with p,, given
by ([B1) on the right hand side, gives a relation between ¢, g,, and g,,. After rearranging,
shifting ¢ — ¢ — h, and setting t = mh, this relation is precisely (35]). Conversely, given
the alt-dPII equation (BH]), we can define p, by the formula (37), which is equivalent
to the first equation in (36)); the second equation for p, then follows immediately from
alt-dPII. [J

The Bécklund transformation for the alt-dP;; equation (B3]) is most easily derived
starting from the analogue of ([B2)), and the following results are easily verified by direct
calculation.

Lemma 4.2 If g,,.1 is given by

In+1 = ghfﬁ, (38)
in terms of g, and p, satisfying (36), then the identity

1 1 _

7. + gn = o t Ins1 (39)

holds.

Corollary 4.1 The quantity g,+1, defined by (38) with p, given by (37), satisfies (33)
with £ — ( + 1. Equivalently, the equation (38) and the relation

1 (4= 1) )
I (p LS R 40
Pt = 32 ( 1+ gn+1Gn11 (40)

together constitute a Backlund transformation for the alt-dP;; system (30).

Corollary 4.2 The Bdacklund transformation for the alt-dPr; system, given by the
formulae (38) and (40), has the following consequences:

gn—l—lgn = GnPn; (41)
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1 lh
g Innt = - (42)
1 (h ( 1 )
i g’ﬂ"rlgn pn n ( )

Remark. With g, = —1 + hg,, the identity (32)) arises as the continuum limit of (39,
and the formula (31) arises from ([B8), as h — 0. Similarly, the system (28] is the
continuum limit of (36]). Nijhoff et al. derived equivalent formulae of Miura/Schlesinger
type for the Bécklund transformation of alt-dP;; by making use of a variable y,, (see
equation (5.1) in [12]), which (modulo rescaling and replacing n by m) is analogous to

pn, defined by (3).
We now describe the tau-functions for the alt-d P;; equation, which satisfy analogues

of (30).

Proposition 4.1 Up to a choice of gauge, every solution of (33) is specified by a pair

of tau-functions 7, (t, h), T,_1(t, h) via the formula
Tn_1(t — hy h) 7, (¢, h)

9l ) = Ryt — b )’ 4
where the tau-functions satisfy the bilinear equation
TnTn—1+ TnTn1 = 2TTn 1 (45)
and the quadrilinear (degree four) equation
(4= mh?) 1, 7, (Fr1Ly = ToiTn) + (4 — (m = DI°) T aT(Tna, — 2 Ta) (46)

2 2 2 2 3 —
+8(In—17-n - 7_n—lzn) — 4nh Typ-1TpnTn-1Tn = Oa

withm =t/h, n =a=0—-1/2 and 7, = 7,(t, h), T = To(t + h,h),T,, = 7, (t — h, h),
ete.

Proof: Upon substituting the tau-function expression (@) into (B3) and clearing
denominators, a relation of degree eight results, which can be simplified somewhat
by rewriting it in terms of the symmetric/antisymmetric quadratic quantities Ay =
Tn-1T, £7T, 1Tnand A, = Ta1Z, T Ta In general, for any choice of tau-functions
the bilinear equation

Fnzn_l + In?n—l =2F TnTn—1

holds, for some function F=F (t,h), but by applying a gauge transformation 7,, — G,
Tp—1 — @Tn_l with @Q/ G2 = F the function F' can be removed to yield the bilinear
equation (45). With this choice of gauge, the remaining terms in the degree eight relation
factorise to yield the quadrilinear equation (46l), and conversely if these two tau-function
equations hold then g, given by (44]) is a solution of (35]) for { =n+1/2=a+1/2. O

Remark. The existence of a quadrilinear relation between a pair of tau-functions is
mentioned in section 4 of [12], where a third tau-function is introduced to obtain purely
bilinear relations (cf. Theorem Tl below).
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It is easy to see that (43]) tends to the first of (B0) in the continuum limit (with
the gauge chosen so that F' = 0). Although the second relation (@] between the two
tau-functions is of overall degree four, it still produces the second bilinear differential
equation (B0) in the continuum limit (provided that the first one also holds). In order to
work with purely bilinear equations in the discrete case, we must consider three adjacent
tau-functions 7,, Ty41.

Theorem 4.1 Up to a choice of gauge, every solution of the alt-dPy; system (30) is
specified by three tau-functions T,—1(t), Ta(t), Thi1(t), with g, given by (44) and
Tn—1Tn+1
47
T (47)

where the tau-functions satisfy (43) as well as

Pn =

Tnt1Tp + Tpi1Tn = 2Tng1Tn (48)
and

R Tpi1Tn1 = (h*t — 4)T 1, + 472 (49)
With this choice of normalisation the identities

Trntl1Tne1 — Tne1Tno1 = 20hT, T, (50)
and

Tnt1Tn1 — T Tn-1 = 40hT? (51)

also hold. For this choice of gauge, these purely bilinear relations are compatible with
the Bicklund transformation (38) for alt-dPyy, in the sense that 7, and 7,41 satisfy (46)
forn —n+1, and
Tn(t _ h7 h)Tn—H(tv h)
n tu h)=—
g +1( ) Tn(tv h)Tn-I—l(t - h’v h’)
satisfies (33) with £ — ¢+ 1.

Proof: If a solution g,, p, of (B0) is given by the expressions (44]) and (47]) respectively,
and the gauge is fixed by (@H]), then the latter implies that

7_2

1 " _
gn ¥ Tn _27nIn  gnt1 T Int1
by Lemma [4.2] where g, given by (38]) is a solution of (33]) with ¢ — ¢+ 1. The first
equality above implies (49), while the relation (4I]) implies that g, is given in terms
of tau-functions by the formula ([#4)) with n — n + 1, and hence (@8] follows from the

second equality above. The bilinear identities (50) and (5I) then hold as a consequence

of the relations ([42]) and ([43]) respectively. By Proposition 1] the given choice of gauge
implies that the pair 7,,_1, 7, satisfy (40]), and the fact that g, 11 is a solution of alt-d P11
with the parameter shifted implies that the pair 7, 7,41 also satisfy this quadrilinear
equation with n — n + 1.
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Conversely, suppose that g, is defined in terms of tau-functions by (44)), g,.1 is
defined by the same relation for n — n + 1, and p,, is defined by (@T), where the tau-

functions satisfy the three relations ([43)), (48)) and (49). The identities ([37]) and (39)
follow immediately. Furthermore, from ([A3]) and ({8 it is clear that

Tn—1 (Tn—l—l ‘l‘ Zn+1) o Tn+1 (Tn—l + In—l)
— - — 9
Tn Tn T, Tn Tn Tn

which implies that

?n—l—lTn—l - Tn—l—l?n—l - Tn4+1Tp—1 — In+17_n—1

TnTn TnTp
Therefore (T,11Tn-1 — Tns1Tn-1)/(2hT,7,) is independent of ¢, and if we denote this by
¢, then we have the bilinear equation (50)), which implies that (42)) also holds. Solving
@2)) for g, gives an expression in terms of p, and g,, which in turn means that g,_,
can be written in terms of g, and g, using (37). By shifting ¢ — t — h, this gives a
formula for g,1 in terms of g and g,, and then substituting for g, and g,41 in B9)
yields the alt-dPj; equation ([BH). It then follows that g,, p, satisfy the system (B36). O

Theorem 4.2 For parameter { = n + & with n € 7Z the alt-dPj; equation (33) has
rational solutions given in terms of the discrete Yablonskii-Vorob’ev polynomials by

Y, 1(t — h,h)Y,(t,h)

Y, 1(t,h)Y,(t —h,h)’

where the polynomials are extended to negative indices n by setting Y_,, = Y,_1 for

n € N. As well as the defining recurrence (24), the relations ({£3), (44), (20) and (51)
are satisfied by ,(t, h) =Y, (t,h) for alln € Z.

gn = —

Proof: When ¢ = 1/2, the equation (BH) has the trivial constant solution go(¢, h) = —1,
which can be obtained by setting 7 = Yy =1 =Y_; = 7 in (44]), and from (B7) we
have py = t/2 which gives 1, = Y] = ¢ by {@T). It is easy to verify that each of the
bilinear equations (45]), (48) and (49)) is satisfied by these tau-functions. By applying
the Bécklund transformation (B8]) repeatedly (both forwards and backwards) a doubly
infinite sequence of rational solutions { g, }nez is obtained. Then by Theorem [.1]
since the Backlund transformation is compatible with the choice of gauge, it follows
by induction that the corresponding tau-functions satisfy the identities (24)), (43]), (@4,
(B0) and (B5I) for all n € Z. Since the Yablonskii-Vorob’ev polynomials are defined by
@) with 7o = 1, 4 = t, it follows that this particular sequence of tau-functions is
given by 7,(t,h) = Y, (¢, h) for all n € N. The fact that this relation can be consistently
extended to negative n follows from the observation that all of the tau-function identities
in Proposition 1] and Theorem A1l are invariant under n — —n — 1, { — —£. [

Remark. The simplest rational solutions of alt-dP;; (corresponding to n = 0,+1)
are described in section 6 of the paper [12] by Nijhoff et al., where it is indicated how
the above sequence of rational solutions can be generated recursively via the Béacklund
transformation, but no closed form for these rational solutions is given in that work.
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The fact that the alt-dP;; equation can be derived from a sequence of Backlund
transformations applied to solutions of P;;; provides a relation between the discrete
Yablonskii-Vorob’ev polynomials and the Umemura polynomials for Pr;;. The third
Painlevé equation, Pjjg, is given by

b (W)

1 )
w’ = — — + —(aw? + B) + yw? + —, (52)
w T X w

with the prime ' denoting d/dz, and without loss of generality (by rescaling the
independent variable x) if ¥4 # 0 the latter two parameters can be fixed as v = —§ = 1.
(Note that the parameter « in (52)) should not be confused with the parameter a in
Py;.) Bécklund transformations for Py (cf. section 2 in [12]) can be used to relate
three adjacent solutions w, = w(z;«a, ) and w,41 = w(zr;a £ 2,6 + 2) and if we set

gn = —1/w, then this contiguity relation can be written in the form of the alt-dPj;
equation
Zn Zn—1 X 1
+ + 5 gn+—)—|—zn+,u:0, (53)
In+19n — 1 Indn—1 — 1 2 ( gn
where

zn = (a+[G+2)/4, Azy = 2Zpi1— 2 =1, p=(f—a—2)/4.(54)

(To compare with equation (2.5) in [12], set g, = iz, * = t in the above.) For a certain
set of parameter values, Pj;; has rational solutions which are described by the following
result.

Theorem 4.3 (Kajiwara & Masuda [13]) For parameters
a=2n+2v—1, B=2n—-2v+1, n ez (55)

and v = —§ = 1, the third Painlevé equation (22) has rational solutions w(z; a, ) = wy,

given by

Dy(x,v — 1)Dy_1(z,v)

Dy (z,v)Dp_q(z,v —1)

where the polynomial D,, is given by a determinant of Jacobi-Trudi type,

(56)

Wy =

Pn Pn+1 ceo Pon—1

Pn—2 Pn-1 ... P2n-3
Dy(z,v)=| S "
P-n+2 P—n+3 .- D1

with pr = pr(z,v) defined by the generating function

S pulw IV = (1+ 1) exp(a))
k=0

and pr, = 0 for k < 0.



Rational solutions of discrete Toda and alt-dPry 15

Remarks.  The polynomials pg((x,v) are essentially just associated Laguerre
polynomials, and, for each n, D, (x,v) is a Schur polynomial with restricted arguments,
corresponding to the partition (n,n—1,...,2,1). The result stated above is an adapted
form of Theorem 1 in [13], and describes one family of rational solutions of Pjj; for
a complete description of all rational solutions of Py for 7§ # 0, see [29]. The
polynomials D, (z,v) (after some scaling) are known as the Umemura polynomials
for Pj;;. Further properties of scaled Umemura polynomials for P;;; are detailed in
[30], including the remarkable patterns formed by the roots, and differential /difference
equations; analogous polynomials corresponding to the special cases when v = 0 are
also treated there.

Theorem 4.4 The discrete Yablonskii-Vorob’ev polynomials are given in terms of
determinants of Jacobi-Trudi type by the formula

Y, (t,h) = e A0V D, (% ‘o %) , (57)
where

cn = (2n — DHN(2n —3)I1. .. 3011 (58)
forn € N.

The proof of the preceding theorem makes use of some results in the next section,
and is relegated to the appendix. However, it is clear that if we rearrange the formula
(E7) then we can rewrite D, (z,v) in the form of a Hankel determinant.

Corollary 4.3 The Umemura polynomials for Pryr, given in scaled form by D,(z,v),
are proportional to the Hankel determinants u, as in (I3) with h = (x/4)7Y? and
t=(x/4)" 3z +v) .

Remark. It is known that the Painlevé differential equations form a coalescence cascade
from Py down to Py (see [31]). In [13] it is shown that the coalescence limit from Pr;
to Py produces the Yablonskii-Vorob’ev polynomials y,(t) as a limit of the Umemura
polynomials, but this arises in a different way compared with the limit h — 0 considered
above. More precisely, with the scaling used here, the coalescence from (52)) to (27) arises
when the independent variable x and parameter v scale as x = é + ;13, v = % — ;13, with
¢ — 0. In this limit, up to scaling the polynomials D, (t/e + 4/¢3,1/2 — 4/€*) produce
yn(t) at leading order in e.

5. Symplectic properties and discrete Pxxxrv

Okamoto [14] showed that Pr; can be written as the system (28)) which is in Hamiltonian
form, i.e.
OH , OH

% )

q
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with
P’ 2 1t
Hzg—(q +§)p—€Q- (60)
Eliminating p gives (27), which is Py, whilst eliminating ¢ gives
) 2
. D 2 4
= 4+ 2" —tp— — 61
B=o + Wt o (61)

which is known as Pxxxrv (see [31], chapter XIV).

This representation has been used in [32] to study further properties of the
Yablonskii-Vorob’ev polnomials. Although the alt-dP;; equation (B), being a non-
autonomous difference equation, does not have a Hamiltonian form, many of the results
proved there have their counterparts in the discrete case. For ease of comparison, we
briefly recall some known results on Pj;. In terms of the canonical coordinates (g, pn),
the Béacklund transformation for Pj; can be written (together with its inverse) as

pn’
—
n-1 = —qn — 2q,25—p1n)+t’ Dn—1= —pn+1t+ 2Qr2L

It is straightforward to check that dg, 1 Adp,1+dH, 1 Adt = dg, Ndp, +dH, \dt, so
the transformation n — n+1 is a canonical transformation on the extended phase space

2
4 4

with coordinates (¢, pn,t). The generating function for this canonical transformation
is

2
f(Qnu Qn+1) = glog(Qn—l—l + qn) + gq?z-i-l + tGn+1 (63)
so that
__9F _0F
Pn = 3qn’ Pn+1 = 8qn+1'

The Bécklund transformation formulae (62)) imply that any sequence of solutions ¢, of
Py; (labelled by n = ¢ — 1/2) satisfies
14 (-1
+
n+1 + Qn dn + qn—1
which is a discrete form of P, whilst p,, satisfies

(Pt — Pn1)’D, — 40 (Prs1 + 2pp + puoy — 2t)p), + 401 = 0. (65)

We will now show how the above results carry over into the discrete case.

+2¢2 +t=0, (64)

Proposition 5.1 In terms of the variables q, = (g, + 1)/h and p,, the Bdicklund
transformation (38) for the alt-dP;; equation (33) (corresponding to n — n+1) can be
written together with its inverse (corresponding tom — n — 1) as

_ ann‘l'z

QTH-l - h(‘]nPn‘FZ) —pn’
_ 2 (2 h? h .

Pn+1 = <ann + 6) <p_% - p_n) - p_n(t - 2pn)(ann + 6) — Pn + t7 (66)
_ + 1—Z‘f‘hQn(_2q%+Q7Lpn_q”t+Z—1)+h2q2(_2pn+t)+h3‘I$pn

In—1 = n T o 207 —han (202 —3pn 20 Th263 (—3pa+0)Hh3qipa

Pn-1 = —Dn+t t+ qu% + h(zpn - t)Qn - h2pnqr2y
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This Backlund transformation is a symplectic map in the phase space with coordinates
(¢n, Pn), with generating function

2q, 2 1
Flantun) = =5+ W= hgnr1) B3 (12t =44 0h*) 1og(1 — hgia)
+ glog(hQnQn+1 — Qn+1 — Qn> (67>

such that dF = ppi1dqni1 — pndqn; in other words the canonical Poisson bracket
{qn,pn} = 1 is preserved forn — n+1. The equations (66) and the generating function
reduce to those of the Bdcklund transformation for Py in the continuum limit h — 0.

Proof: The formulae (66) follow immediately from Lemma and Corollary A1l To
verify that the map (¢n,pn) — (Gns1,Pas1) is symplectic, it is sufficient to calculate
directly that its Jacobian determinant is equal to 1. This also follows directly from the
closure of the exact one-form dF, upon checking that p, = —ngn, Pni1 = aq with the
generating function F as in the formula (67)). It is straightforward to Verlfy that the
relations (60) have the correct continuum limit given by (62), and that (67]) also yields

63) when h — 0. O

Remark. The symplectic structure for the alt-dP;; equation can be derived from
Okamoto’s Hamiltonian formulation for Py, since the canonical coordinates (¢, pn)
above are related to those for Pry; by a shift and rescaling (cf. section 2.3 in [30] for
instance).

Corollary 5.1 For the alt-dPr; equation (33), the analogue of (64)) is the equation
1 (-1 2¢2
N (£—-1) L%
Gnt1+ Gn — NGnt1Gn  Gn + Guo1 — PGngn1 1 — hq,
In terms of g, this is the second order difference equation
14 (¢—1) 2 ( 1) 4t
+ t gt — )+ l+ = — =0, 69
Gn+19n =1 gngno1—1 B In h* h (69)
which is another form of the alt-dP;; equation. The conjugate momentum p, satisfies

+t—hl=0. (68)

a third order recurrence relation in n, namely

_ hpn[(2n=1)242p7 _ (Pn—pn—2)]  h2put K3pn(2n—1)
Pri{zni App_1(An2—1) 1@ty T T8endD }
+ {—Ln=t — hpn—1[(2n+1)?+2p (pn—1—Pn+1)] + h2pn_1t + hspn71(2n+1)}

Pn—21"73,77 Ipn (4n2—1) 12n—1) 8C2n—1)

R2p2p2 1 | h(4n2—1)  (2n+1)[h3(2n—1)—2h2t+8] (70)
+2(4n2 1) 8PnPn_1 16pn
_ (2n—1)[h3(2n+1)+2h2t—8] + [8—2h2t+(4n2—3)h3] __ (6n+5)hpn

16pn—1 DPnPn-1 1(An%_1) 12n+1)

O Shact R (39t 4 16k — 4B%2 — ARt + (4n? — 1)) = 0.

Proof: Upon solving the first of (60) for p, and substituting in the last one, (68)) results.
One can eliminate the quadratic terms in ¢, from the second and fourth of (66]) to get
2n+1 2(Pna1 — Pn1)Pn + (t — 2pn)(2n 4+ 1)A

4py, 2(2n+ 1)(h?p, — 2)
After substituting this into the first of ([66) with n — n — 1, we obtain ([70).

n = — (71)
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Remarks. The fact that the alt-dP;; equation is self-dual, in the sense that the
superposition formula (69) for its Backund transformation is (up to rescaling and
reversing the roles of the dependent variable and the Béacklund parameter) the equation
itself, was first noted in [12]. Equation (37) in [32] is the continuum limit of equation
([70). The latter relation allows one to obtain p,.; uniquely given p,,p,_1,Pn_2-
Remembering that p, = %, we see that if 7;(¢,h) for j=n—-3,n—2,...,n+1
are given for a particular value of ¢ , then 7,,5 can be evaluated for this same value
of t. More precisely, ({Q) is equivalent to a recurrence relation for the 7, that involves
no shifts in ¢ and is linear in 7,19 and 7,_3; in particular this relation, which is of fifth
order in n, is satisfied by the discrete Yablonskii-Vorob’ev polynomials Y, for n € Z.
The latter recurrence for the tau-functions, which is omitted here, tends to equation
(38) in [32] in the continuum limit. It is also possible to write ¢, in terms of unshifted
Tn, by substituting the right hand side of (1) for p,, in (7).

We now consider the map in the (g,, p,) phase space corresponding to shifting in ¢
rather than n.

Proposition 5.2 In the phase space with coordinates (qn,pn), the shift t — t + h
corresponding to the alt-dPry system (38) is given by

a — _2Qn+h(t_2pn)+h2ann
qn _2_2hqn+h2(t_pn)+hSann )

Pn = m( —-2- QhQn + h2(t - pn) + hgqnpn) X (72)

This is a symplectic map with the generating function
S = (4= n)log(2 — 2p,) + Flog B + 1 (p - 7,)
— (73)
+ 1/®hZ 5 4p,p, — [tanh™" <7V mifp"p")

such that dS = ¢, dp,, — q,, dp,,.

Proof: The equations ([72)) just correspond to rewriting (36]) in terms of ¢, = (g, +1)/h,
G, = (g, +1)/h. It is extremely easy to check directly from (B8] that the symplectic
form w,, = dg, N dp, = %dgn A dp,, is preserved by the shift in ¢. To find the generating
function, it is convenient to write g,, g, in terms of p,, D, giving

~ 32 =
8= a=—(E8) - (3 VPR RR),
(One has to take the upper choice of sign in each case to get the correct continuum

limit.) Having found an S for which the relations (74) hold, S = (S + p, — 7,)/h
provides the generating function in (73). O

(74)

Corollary 5.2 The discrete Px xx v equation associated with the alt-dP;; equation ([33)
can be written either as

e 2p.(4— Rt
+ \/02h? + 4p,p,, £ 2h? + 4pn]_9n = Z)Q(sz), (75)
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or with the square root signs removed as
2p2 (4 — h%t)?
(?h? + 4p,p )<£2h2 Ap, ): P Z T )
(0 ) (40 = ) = (75 7,
Proof: The second order recurrence relation for p, is obtained by downshifting the
second of (74)) and equating it to minus the first. [

2
— W — 2p,. (P, +gn)) .

Remark. The 3-point correspondence (73] is equivalent to an analogous equation
for the variable y,, that is equation (5.3) in [I2], and the equation (75) has the
same structure as certain discrete Ermakov-Pinney equations constructed in [33]. The
presence of this structure is due to the connection with discrete Schrodinger equations
(for which, see the proof of Proposition below).

6. Lax pair for alt-dP;;

The continuum P is equivalent to the pair of bilinear equations ([B0). A Lax pair for
Py is given by the linear problem

ov ov
— — BYU A/ 76
ot gy AT (76)
where
_g _i;rLJrl
B = 1Th—1 QTn (77)
2Tn, 2
and
2 t Tn—1Tn+1 MNTn41 cd [ T+
_/)7 2 + T, - T + L < T >
A= s L a (o) (78)
T+ZE< ™ ) AT T
Consistency of ([76]) requires
oB 0A
— —— 4B, A =0, 79
leading to the two conditions
bs+ Vi =0, (80)
where we have set
1Ty, t
pr=FL V=-—20,6_.
2T, 2

The choice of gauge V =t/2—2¢,.¢_ = 2% log 7,, gives precisely the equation (34]), and
with this normalisation for the tau-functions the conditions (80) give the first equation
in (30) f or F' = 0, together with the same equation for n — n+1. The bilinear equation
[B3) is a consequence, and the second equation in (B0) then follows. It is well known
that ([9) is an isomonodromy condition: the monodromy of the solutions of the second
linear equation ([76]) in the complex 1 plane is independent of ¢ if and only if P;; holds.

In the discrete case the situation is completely analogous, based on a linear problem

that comes from the first part of the discrete Toda Lax pair ().
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Proposition 6.1 The linear problem

T =DBTU, AT =AU (81)
where
< l th+1 ) ( l ¢+ )
B = TS — by (82)
me ) 6 A
and
(Ao vy X)) —fg (-5 o)
- ¢
A (-5 +02) E(E-20,0 +1)+2)+£-1

constitutes a Laz pair for the alt-dPr; equation (33), which is equivalent to the
consistency condition

NLB + BA—AB =0 (83)
for (&1). In the limit h — 0, this linear system reduces to the Lax pair (76) for Py;.

Proof: The consistency condition (83) implies the two relations

b+ Vos+9, =0, (84)
which take the form of discrete Schrédinger equations with
(R*t—4)  272(h*t —4)

V=00 i - W

If we fix the gauge so that V = —272/(7,1,), then we get precisely the relation (@9),
and upon substituting the latter expression for V into each of the equations (84)) in turn
we find that (@5) and (48)) hold. Then by Theorem 1] ¢, = —7,,_7n/(Tn-17,,) satisfies

the alt-dPr; equation. For the continuum limit one should take A = e%, which gives
2
A= EA + O, B =1+ hB+ O(h?), (85)
so that the condition (79) arises from (83)) as h — 0. O

Remark. In [12] a different 2 x 2 Lax pair is presented for the alt-dP;; equation, by
reduction from the modified Boussinesq lattice. However, we have not found a direct
relationship between these two Lax pairs.

7. Concluding remarks

There are many ways to construct a discretisation of a given integrable differential
equation, depending on which particular properties (e.g. Lax pair, explicit solutions,
Poisson structure, Hirota bilinear form,...) one most wishes to preserve. (For a
thorough account of the Hamiltonian approach, see [34].) Due to the non-uniqueness of
discretisation, it is not always clear what is the “best” discrete analogue of a continuous
system. The derivation of the alt-dP;; equation presented here was initially motivated
by the construction of exact rational solutions, but it has turned out that analogues
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of all the other structures associated with the second Painlevé equation arise naturally
here as well. The fact that this discretisation scheme for P;;, based on the discrete
Toda lattice, turned out to be connected with the superposition formula for P;;; was
completely unexpected by us, but led to different expressions for the polynomial tau-
functions in terms of Jacobi-Trudi determinants. In [12] other solutions of alt-d P were
constructed in terms of Casorati determinants of discrete Airy functions. In future we
should like to analyse other solutions of the equation (BH). We constructed the rational
solutions of this equation from polynomial tau-functions given by Hankel determinants,
but recent results for the continuous case [7] lead us to expect that all tau-functions
should have a similar structure.
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Appendix

Here we present the proof of Theorem [4.4l The result essentially follows from the fact
that the Backlund transformation for Pj;; generates a sequence of rational solutions w,,
given by (B6]), which simultaneously provide rational solutions of the alt-dP;; equation
(B3) by setting g, = —1/w, with z, =n+1/2 for n € Z and p = —v. On the other
hand, Theorem and Corollary 5.1] together imply that the alt-dPr; equation in the
form (69) has rational solutions, given by suitable ratios of discrete Yablonskii-Vorob’ev
polynomials, when ¢ = n+1/2 with n € Z. Upon comparing (53]) with (69) we see that
these two sets of rational solutions coincide if we identify x = 4/h3, v =t/h—4/h?, and
then it follows from Theorem and Theorem [1.2] that

W — Zn1(t,h)Z,(t — h, h) _ Y, 1(t,h)Y,(t — h, h) (A1)

" Zya(t—h,R)Z,(t,h)  Y,_1(t—h,h)Y,(t, h) '

for all n € Z, where Z,(t,h) denotes the right hand side of (57)) for n > 0, and the
identity extends to negative n upon setting Z_,, = Z,,_;. Then it is necessary to show
that Y, (¢t,h) = Z,(t, h) for all n. It is sufficient to consider n € N as in Theorem 4] as
the extension to negative n is trivial.

For n = 0 the result Yy = 1 = Z; is obvious, so to use induction we assume that
Ynv_1 = Zxn_1 and then from (Al with n = N it holds that

Zn({t—nh,h)  Yn(t—h,h)
Zn(th) Ya(th)
Both sides of the relation (A.2) are ratios of polynomials in ¢ (for Zy this follows from

(A.2)

the determinant formula for Dy ), and the rational functions on each side must have the
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same zeroes and poles. However, although Theorem [3.1] implies that the numerator and
denominator on the right hand side have no common factors, we cannot immediately
assert that the same is true on the left hand side without knowing the degree of Dy (x, v)
in v. (The proof of Corollary 2 in [I3] just gives the degree in x of Dy, denoted Fy there,
as N(N + 1)/2.) However, by Proposition 3 in [I3] these Jacobi-Trudi determinants
satisfy the recurrence

(2n + 1)Dp41Dn-1 + (D, D)) — (D,)?) + D, D), — (z + v)D = 0, (A.3)

with D_; = 1 = Dy and ' denoting d/dx. In fact, this recurrence can be used to show
that Dy (z,v) is also of degree N(N + 1)/2 in v, but we do not need this. Instead,
setting v = 0 in (A3) leads to the expression D,(z,0) = c;'2""*V/2 where ¢, is
given in terms of double factorials by (58). Hence for the case at hand we have
Zn(4/h2 ) = c, k"D, (4/h3,0) = (4/h?)"("+D/2 = Yy (4/h%, h) by Lemma B.11
Using it then follows by induction that Zy(4/h* + kh,h) = Yx(4/h* + kh, h) for
all £ € Z, and since these two polynomials agree for infinitely many values of ¢ they
must be equal, as required. [
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