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1 Introduction and preliminaries

Banach [5],in 1922, proved a contraction principle, this key principle ensures the existence
and uniqueness of fixed point theorem for Banach contraction. Later, this famous principle
was extended by many authors to more general contractive conditions in different space
(see [1, 6-11]). In 1982, Sessa [12] introduced the notion of weakly commuting maps and
derived common fixed point for these maps. The first paper [13] on modular function
spaces was published in 1990. After that many authors developed this theory by finding
fixed point in modular function spaces. Recently, Chistyakov gave the concept of modular
metric spaces in [14, 15].

Definition 1.1 [16] Let X be a nonempty set. A modular metric on X is a function w :
(0,00) x X x X — [0, 00] satisfying the following axioms:

(1) u=vifand only if w;(x,v) =0, for all » > 0;

(2) ws(u,v)=wy(v,u),forall A >0 and u,v € X;

(3) w1, v) < w; (1, w) + w,(w,v), forall A,v >0 and u,v,w € X.

In the sequel, for a function w : (0,00) x X x X — [0, oo], we will write
CU)L(M, V) = 6!)()\,, u, V)1 (11)

forall A > 0 and &, v € X and modular metric space as MMS. For related terminologies see
[16]. Afterwards many mathematicians studied fixed point properties for modular metric
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spaces; see [16—19]. Recently, Azadifar et al. [2] defined compatible mappings in modular
metric space and obtained a common fixed point theorem of integral type as an extension
of Jungck [20, 21].

Definition 1.2 [2] Let X,, be a MMS produced by the metric modular . Two mappings
fh:X, — X, on X, are called w-compatible if w; (fhx,, hfx,) — 0 as n — oo, whenever
{x,}02, is a sequence in X,, such that sx,, — g and hx,, — q for some point g € X, and for
A>0.

Further, Mongkolkeha and Kumam [22] obtained a common fixed point theorem for
pair of compatible mappings satisfying a generalize weak contraction of integral type in
modular spaces. Hussain and Salimi [8] established more general fixed point results for
some integral-type contractions in MMS. The main intent of this paper is to establish cer-
tain common fixed point theorems for w-weakly compatible maps under different weak
contractive conditions which are more general than the corresponding contractive condi-
tion of integral type. Our results are more general and are an extension of [2, 4, 11, 22, 23]
in the setting of modular metric spaces.

2 Common fixed point theorems for quasi-type weak contractions of integral
type

Here, we define weakly compatible mappings for modular metric space and find of a com-

mon fixed point for quasi-type weak contractions of integral type satisfying the condition

of weakly compatible in MMS.

Definition 2.1 Let X, be a MMS produced by the metric modular w, f and / be two
self-mappings of X,,. A point x € X,, is called a coincidence point of f and / if and only if
fx = hx. We will call g = fx = hx a point of coincidence of f and 4.

Denote the set of all coincidence points of f and 4 by C(f, h).

Definition 2.2 Two mappings f, /4 : X,, - X,, are said to be w-weakly compatible if and
only if fhg = hfq for q € C(f, h).

Note that every w-compatible map is a w-weakly compatible, but a w-weakly compatible
map needs to be w-compatible (see Example 2.2).

Lemma 2.1 [24] Let f and g be weakly compatible self-maps of a set X. If f and g have a
unique point of coincidence q = fx = gx, then q is the unique common fixed point of f and g.

Denote by ®, ®, ¥, and IT the collection of lower semicontinuous functions ¢ : [0, c0) —
[0, 00) with ¢(r) > 0 for all 7 > 0 and ¢(r) = 0 if and only if r = 0, the collection of Lebesgue
integrable functions ¢ : [0, 00) — [0, c0) which is nonnegative, summable, and, for all € >
0, foe o(r)dr > 0, the collection of lower semicontinuous functions v : [0,00) — [0, 00)
for which () < r for all » > 0 and the collection of nondecreasing functions 7 : [0, 00) —
[0,00) such that Yo, 7"(r) < +o0o forall 7 > 0, where 7" is the nth iterate of 7, respectively.

Lemma 2.2 [25] If 7 € 11, then the following hold:
(i) (7w"™(r))uen converges to 0 as n — oo for all r € (0, +00);
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(i) (r)<rforallr>0;
(iti) 7 (r) = 0 ifand only if r = 0.

Lemma 2.3 [10] Let ¢ € © and {s,},en be a nonnegative sequence with s, — a as n — o0o.
Then

Sn

lim o(r)dr = /ﬂ o(r)dr.
0

Hn— 00 0
Now we present the main results of this section.

Theorem 2.1 Let X, be a MMS. Suppose a,t € R* witha >t and S,h : X, — X, are two
self-mappings satisfying the following assertions:

(1) S(X,) S h(X,), h(X,,) is a complete subspace of X.,;

(2) S and h are w-weakly compatible;

3) P gy dr < [ o) dr - $(f; o(r) dr),
where

wye(hx, Sy) + wy e (y, Sx)

M) = max{wx/t(hx, ) e S5, on1e(hy, ),

’

2
wie(hx, Sy)wy e (hy, Sx) sy (hx, Sx)w; 11 (hx, Sy)  w;e(hy, Sy)w)\/t(hy,Sx)}
L+ wyelha,hy) " 200+ oplhnhy)] 7 2[1+ wue(h, hy)] )

@ €O and ¢ € O. Then S and h have a unique common fixed point.

Proof Choose a > 2t and let xg € X,, be an arbitrary point. Since S(X,,) C h(X,,), there is a
point x; € X,, such that S(x¢) = &(x;). On continuing this, we generate a sequence {/x,,}52;
as follows: Sx,, = hx,,1 for each n. Suppose for any n, hx, # hx,.1, since, otherwise, there
exists a point of coincidence of S and /4, (3) shows that

@y /a(Mxp 41 vhxn ) W) /a (Sxp1,Sxy-1)
f o) dr = / o(r)dr
0 0

M (xn vxn—l) M (xn ,xn—l)
/ o(r) dr—¢< / o(r) dr),
0 0

IA

where

M (xnv xn—l) =max { a))»/t(hxn: hxn—l); w)»/t(hxm an): U)A/t(hxn—lr an—l);

wk/t(hxn» an—l) + w)»/t(hxn—l; an) a)}»/t(hxnr an—l)a))»/t(hxn—l; an)

)

2 1+ wk/t(hxnr hxn—l)

’

a))\/t(hxn: an)wk/t(hxnr an—l) wk/t(hxn—lr an—l)w)\/t (hxn—lv an) }
21+ wpe(hy, hxy)] 2[1 + wpys (hxy, hxy1)]

Since hx,, = Sx,,_1, it follows that

h n— ;h n+
My, %p-1) = maX{wx/t(hxn_l, hx), w31t (WX, hXyi1), M

a))\/t(hxn—lr hxn)wk/t(hxn—ly hx}’H—l) }
2[1 + Wt (hxn: hxn—l)]
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Moreover,

wk/t(hxn—lr hx}’H—l) < a)A/Zt(hxn—l: hxn) + wk/2t(hxny hx}’H—l)

< Wnja(hxu1, hx) + 0110 (hX, hxi1)

and
w)»/t(hxn—ls hxn)wk/t(hxn—h hxn+1) < wk/t(hxn—h hxn+1)
2[1 + Wyt (hxm hxn—l)] - 2
< Wi /a (hxn—ly hxn) + Wh/a (hxny thH-l)
- 2
< max { Wpja(MXp_1, 1), 0310 (hXys NX 1) } ’
then

M (xm xn—l) < max { Wi /a (hxn—l ’ hxn)» Wi /a (hxn: hxnﬂ) } .

Now if wy . (hx,, hx,.1) > 0;a(h%,-1, hx,,), then

®,/a(hXp1,M%0) ;. ja(hxp X 41) @ 1a (M, hxy41)
[ orars | orar-o [ o))
0 0 0

). 1a(xn,hxp41)
< / o(r)dr.
0

This is a contradiction. So, M(x,,%,-1) < wy.(hx,_1, hx,). Therefore

) ja(MXp1,M%0) ) /q (M, hxp_1) 0y /q(hxn,hxp_1)
/ o(r)dr < / o(r) dr—¢>< / o(r) dr)
0 0 0

;. ja(hxp,ixn_1)
< / @(r)dr, (2.1)
0

it shows that the sequence { fow”“(hx””’hx”) @(r)} is decreasing and bounded below. Hence,

there is k > 0 such that

@y /q(hxp1,h%0)

lim o(r)dr=k.

n—00 0

If k > 0, then by Lemma 2.3 and (2.1), we have a contradiction. So, we get
lim wA/a(herlr hxn) =0.
n—00

Suppose [ < a’ < 2t, since w, is a decreasing function, so w;, (hx,.1,hx,) < @)Xy,
hx,), whenever a’ < 2t < a. On considering the limit as # — oo from both sides of
this inequality shows that w; . (hx,1, hx,) — 0 for t <a’ < 2t and A > 0. Thus we have
®j.1a(Mxy1,hx,) — 0 as n — oo for any a > t. Next, we show that {/x,},cy is a Cauchy
sequence. So, for all ¢ > 0, there exists ng € N such that w;,(hx,.1, hx,) < f—z foralln e N
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with # > ny and A > 0. Suppose m,n € N and m > n. Observe that, for ﬁ, there exists
n_s € Nsuch that

(m—n)

©_ s (MXp, hx,) < <

a(m-n) a(m —n) ’

forallm>n , .Now, we have

(m—n)

w)»/l(hxn: hxm) Sw_ (hxn:hxrﬁl) +tw_ 1 (hxn+1v hxn+2) L S OIS (hxm—lrhxm)

a(m-n) a(m—n) a(m—n)

& & &

< a(m —n) +cl(m—n) +“.+cz(m—n)

= ¢la,

for all m,n>n . This shows that {hx,},cn is a Cauchy sequence. From completeness
of h(X,,), it follows that there exists #* € X such that w; ;(hx,,x*) — 0 as n — co. Conse-
quently, we can find p in X,, such that i(p) = x*. By (3), we get

;.14 (hxp,Sp) ®;./4(Sx,-1,5p)
f o(r)dr = f o(r)dr
0 0

M(xp-1,p) M(xp-1,p)
< / o(r) dr—¢>( / o(r) dr),
0 0

where

M(x,_1,p) = max { wpje(hxy_1, hp), 0510 (W%xp_1, S%4-1), wp1¢(hp, Sp),

1t (N%_1, Sp) + 0p1e(hp, Sxu-1) @yt (MX_1, SP)wy e (hp, Sx-1)

2 1+ wy i (hxy-1, hp)

0 1e(Mx 1, Sxp_1) @3t (M%u1, Sp) - w31 (hp, Sp)ws e (hp, Sxy_1) }
2[1 + wy ¢ (hxy_1, hp)] © O 2[1+ wyye(hxy-1, hp))

By taking the limit as # — oo, we have

w3 /alx*,Sp) 3./ (x*,Sp) wy/¢(x*,Sp)
[ ewmar= [T 0 dr—¢( [ e dr)
0 0 0
/¢ (x*,Sp)
< / o(r)dr
0

wp/a(x*,5p)
< / @(r)dr.
0

This shows wy,(Sp,x*) = 0 for A > 0. Hence Tp = x* and S and % have the point of coin-
cidence x*. Suppose that g # x* is another point of coincidence of S and % in X,,. Then
Tv = hv = q for some v in X,,. By (3), we get

) /a(hp,hv) ®3/a(SpsSV)
f o(r)dr = / o(r)dr
0 0

M(pv) M(p,v)
5/0 <p(r)dr—¢</0 w(r)dr),
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where

M(p’ V) = max{wk/t(hp’ hV)r w)\/t(hp¢ Sp): a))\/g(hV, SV);

wye(hv, Sp) + ;.1 (hp, Sv) w1 (hp, SV)wy e (hv, Sp)
2 ’ 1+ wye(hp, hv)

wye(hp, Sp)w;. s (hp, Sv) - wy. ¢ (hv, Sv)w;,:(hv, Sp) }
2(1+ wue(hp, )] * 21 + wye(hp, hv)]

= w/\/t(hp: hV)

So,

) /q(hp,hv) wy,j¢(hp,hv) y /¢ (hp,hv)
[ enars | w@ﬁV—¢(/' wnda
0 0 0

w;.¢(hp,hv) wpjalhp,hv)
</ go(r)drf/ o(rydr.
0 0

From this contradiction, we see that S and / have a unique coincidence point x*. By using
Lemma 2.1, we get x* a unique common fixed point of S and 4. g

Here is an example to illustrate Theorem 2.1.

Example 2.1 Let X, ={0,1,2,3,4,...} and w; (x,y) = @, where

xX+y X ,
ﬂmw==0 y xfﬁ

Define S, : X, — X, and ¢, ¢ : [0,00) — [0, 00) as

x-1, ifx#0,

Sx=0 VxeX,, hx =
0, ifx=0,

@(r) = 2r and ¢(r) = /1, respectively. Then S(X,,) C h(X,,) and h(X,) is a complete sub-
space of X,,. Note that x = 0 is the coincidence point of S and 4 and

Sh(0) = S(0) = h(0) = hS(0).

This shows that S and 4 are w-weakly compatible maps. Now we verify that S and / satisfy
condition (3) of Theorem 2.1. Suppose a,t € R*, a > t. Then there arise four cases.

Case 1: Assume x =y = 0. Then condition (3) holds trivially because Sx = Sy = hx =
hy =0.

Case 2: Assume y = 0 and x > 0. Then

3/a(S%, Sy) = 0,/4(0,0) = 0.

This implies that

@).1a(5%,Sy)
/ 2rdr=0.
0
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Also,

w)»/t(x - ]-r 0) + wk/t(oy 0)
2
w¢(® —1,0);:(0,0) wye(x —1,0)wp/e(x —1,0) @;¢(0,0)wy (0,6 — 1)
L+wy(x-1,0) " 21 +wux-1,0)] ~ 2[1+wy(x—1,0)]
tax—-1)  £2/32%(x-1)2
2 21+ t/A(x-1))

’

M(x;)’) = max{wk/t(x - 1: O); Cl)A/t(x - 1’ 0); a))\./t(of 0);

= max{%(x—l),

3 t 1 1
| )

t/x(x-1)
t
=—(x-1),
; (x-1)
S0,
M (x,y) t2
f 2rdr = —Z(x—l)z.
0 A
Therefore,

M(x,y) M(x,y) £2 ) t
/0 2rdr—¢</0 2rdr>=ﬁ(x—l) —X(x—l)

_ ;(x—l)[§(x—l)—l:|.

Since £(x —1) > 1, this shows that

t t wx/a(Sx,S;V)
—x-1)| -(x-1)-1 ZO:/ 2rdr.
A ) o

Thus condition (3) is satisfied in this case.

Case 3: Assume x > y > 0. Then we need to consider two subcases:

Subcase I: Iff x =y +1ory=x—1,then Sx = Sy =0, hx = x — 1 and hy = x — 2. This implies
that

w3/a(S%,Sy) = 0

and

tIA2x-3) 2/ % (x-1)(x-2)
2 A+ t/A2x=3) "’

t t t
Mi(x,y) :max{X(Zx—B), X(x— 1), X(x— 2),

£2/2 2 (x - 1)2 232 (x - 2)?
2(1 + t/1(2x - 3))" 2(1 + t/A(2x - 3)) }
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Since 2x -3 >x-1>x -2, M(x,) = £(2x — 3). Hence

M(xy) Mx,) £2 t
/ 2rdr—¢</ 2rdr>:—(2x—3)2——(2x—3)
0 0 A2 A

©)./a(5%:S)
>0= / 2rdr.
0

Subcase 2: 1f x > y +1 and x = 2y, then Sx = Sy = 0, hx = 2y —1 and hy = y — 1. This implies
that

w3/a(S%,Sy) = 0

and

~ t t/A(Sy 2) 22222y -1)(y-1)
M(x,y) _max{x(3y—2) 2y-1), (y 1), 0 UAGy-2)

’

£2/22(2y — 1) 202 (y — 1)
2(L+t/A(3y-2)) 2(1 + t/A(3y - 2)) }

Since3y-2>2y-1>y-1, M(x,y) = f(Sy—2). Hence

M(xy) Mx,) £2 ¢
/ 2rdr—¢</ 2rdr>:—(3y—2)2——(3y—2)
0 0 A2 A

©1/a(S%,5)
>0= / 2rdr.
0

Now if x > 2y, then Sx = Sy = 0, hx =x — 1 and hy = y — 1. This implies that M(x,y) =
L(x+y-2). Hence

M(x,y) M(x,y) £2 t
/ 2rdr—¢</ 2rdr>:—2(x+y—2)2——(x+y—2)
0 0 A A

@).1a(5x,Sy)
>0= / 2rdr.
0

Thus condition (3) is satisfied in this case.

Case 4: Assume x = y > 0. Then Sx = Sy = 0 and /&x = hy = x — 1. This implies that
®51a(8%,5y) =0

and

2 2792 2
M<x’y>=max{0 - 1), (-1 W}
t2

= &=
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Hence

M(x,y) Mx,y) t4~ . t2 )
/0 2rdr—¢</0 2rdr>=)»—4(x—1) —E(x—l)

@3./a(S%:Sy)
>0= / 2rdr.
0

So, condition (3) is satisfied in this case. Thus all conditions of Theorem 2.1 hold and 0 is
a unique common fixed point of S and 4.

From Theorem 2.1, we conclude the following results:

Theorem 2.2 Let X, be a MMS. Assume that a,t € R* witha >t and S,h : X, — X, are
two self-mappings satisfying the conditions (1) and (2) of Theorem 2.1 and

./ (S%,Sy) my(x,y) my (x,y)
/ o(r)dr < / o(r) dr—¢>( / o(r) dr>, 2.2)
0 0 0

forall x,y € X, and X >0, where

my (%, ) = max { ¢ (hx, hy), ;e (hx, Sx), wye(hy, Sy),

wye(hx, Sy) + wy e (hy, Sx) }
2 )

€O and ¢ € . Then T and h have a unique common fixed point.

Theorem 2.3 Let X, be a MMS. Assume that a,t € R*, a >t and S,h : X, — X, are two
self mappings satisfying the conditions (1) and (2) of Theorem 2.1 and

),/4(5%,Sy) ;¢ (hx,hy) ;¢ (hx,hy)
/ o) dr < / o(r) dr—¢( / o(r) dr), 2.3)
0 0 0

forallx,y € X, where ¢ € © and ¢ € ®. Then T and h have a unique common fixed point.

Now we give an Example 2.2 which shows that Theorem 2.3 extends significantly The-
orem 2.2 and Theorem 4.2 of [2].

Example 2.2 Let X, = [0,1] and w; (x,y) = @ Define S, i : X, - X, and ¢, ¢ : [0, 00) —
[0, 00) as

goo 112 ifxef0,3), , _|1-x ifxe[0,3],
“ |34 ifxed,1l, o ifx e (3,1,

@(r) = 2r and ¢(r) = In(1 + r), respectively. First of all we verify that S and / satisfies the
inequality (2.3). Suppose a,t € R*, a > t. Then there are two cases.
Case I: Let x € [0, %]. Then

11
®5.14(8%,5Y) = w314 (5, 5) =0
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This implies that

)/a(S%,Sy)
/ 2rdr=0.
0

Also,

llx —y|
w)»/t(hxy h_)/) = w,w(l —x,1 _y) — - y )

S0,

w31 y) I — ]2
/ 2rdr = bl .
0 A

Therefore,

wy /¢ (hxhy) wy /¢ (hxhy) 21x — |2 2 — 2
/ 2rdr—¢</ 2rdr)=|72y|—ln<l+|—2y|>.
0 0 A A

Since In(1 + x) < x for all x € [0,1], this shows that

tz a2 t2 2 ®;,14(5%,Sy)
Pyl | (1, Clol Zozf ordr.
A2 22 0

Thus (2.3) is satisfied in this case.
Case 2: Letx € (%, 1]. Then

wk/u(sx: SJ’) =0 = wy(hx, h)’)

Thus (2.3) is satisfied trivially in this case.
Next, since x = % is the coincidence point of S and # and

1 1 1 1
S )=S|=)=h{=)=hS|=),
2 2 2 2
showing that S and / are w-weakly compatible maps. Thus all conditions of Theorem 2.3

hold and % is a unique common fixed point of S and 4.
Further, consider a sequence {x,} = {% - %}, n>2,in X,. We have

wk(sxn:hxn) = W) (S<% - %),h(% - %))

1 11

=y =+—=)—>0 asun— oc.
2 n 2

But

w; (Shx,, hSx,) -0 asn— oo.

Therefore, S and / are not w-compatible.
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Like to the arguments of Theorem 2.1, we state the following results and exclude their

proofs.

Theorem 2.4 Let X, be a MMS. Suppose S, h: X, — X, are two self-mappings satisfying
the conditions (1) and (2) of Theorem 2.1 and a,t € R* witha > ¢

/4 (S%,Sy) mo(x,y) mo(x,y)
f o) dr < / o(r) dr—¢( / o(r) dr), (2.4)
0 0 0

forall x,y € X,,, where

wye(hx, Sy) + wy:(hy, Sx)

my (%, y) =max { wye(hx, hy), wy e (hx, Sx), wy e (hy, Sy), 5 )

wyt(hy, Sx)wy e (hx, Sy)  wx e (hy, Sx)wy e (hx, Sx)
Lt wue(SxSy) 7 2[1+ wue(Sx, Sy)l

wye(hx, Sy)w;. e (hy, Sy) }
2[1 + w(Sx, Sy)] )’

(2.5)

@ € © and ¢ € O. Then there exists a unique common fixed point of S and h.

Theorem 2.5 Let X, be a MMS. Assume that S, h: X, — X, are two self-mappings satis-
[fying the conditions (1) and (2) of Theorem 2.1 and a,t € R* with a > t such that

@5.1a(S%,Sy) m3(x,y) m3(x,y)
[ ewar= [T o dr—¢( [ e dr), 2.6)
0 0 0
forall x,y € X,,, where

mg(x,y) = maX{wA/:(hx, hy), wye(hx, Sx), wye(hy, Sy),

w1t (hx, Sy) + wyye(hy, Sx)  wyy(hy, Sx)wy . (hx, Sy)

2 ’ 1+ a)m(hx, hy)
| @u1e(hx, Sx) ;.1 (hx, Sy) - @y je(hy, Sy)w; e (hy, Sx)
min , , (2.7)
1+ wy e (hx, hy) 1+ wye(hx, hy)

¢ € © and ¢ € O. Then there exists a unique common fixed point of S and h.

Theorem 2.6 Let X, be a MMS. Suppose S, h: X,, — X,, are two self-mappings satisfying
the conditions (1) and (2) of Theorem 2.1 and for all x,y € X,,, there exist a,t € R* witha >t

®)/q(S%,Sy) my (x,y) my (x,y)
/ o(r)dr < / o(r) dr—¢>( / o(r) dr), 2.8)
0 0 0
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where

my(x, y) = max { w;e(hx, hy), w; e (hx, Sx), w;:(hy, Sy),

(1%, Sy) + wye(hy, Sx) - ;e (hy, Sx)w;. e (hx, Sy)

2 T 1+ 0(Sx, Sy)
min y¢(hy, Sx)w;, ¢ (hx, Sx) ’ ;.1 (hx, Sy)w;. 1 (hy, Sy) , (2.9)
1+ a)}»/t(sx) SJ’) 1+ wk/t(sxr SJ’)

@ € © and ¢ € O. Then there exists a unique common fixed point of S and h.

Theorem 2.7 Let X,, be a MMS. Suppose S, h : X, — X, are two self-mappings satisfying
the conditions (1) and (2) of Theorem 2.1 and

7 (w3, /4(5%,5y)) 7 (Mx,y)) 7 (Mx,p)
/ o(r)dr < / o(r) dr—¢( / o(r) dr), (2.10)
0 0 0

forall x,y € X, a,t € R with a > t, where M(x,y) is as in Theorem 2.1, p € ©, ¢ € ® and
7 € I1. Then there exists a unique common fixed point of S and h.

Proof Choose a > 2¢. Let % € X,, be an arbitrary point. Since S(X,,) C h(X,,), there is a
point x; in X,, such that S(xo) = /1(x;). By continuing this, we generate a sequence {/x,}°,
as follows: Sx,, = hx,,; for each n. Suppose for any #, hx, # hx,.1, since, otherwise, S and
h have a point of coincidence, (2.10) shows that

7 () /q(hxp11,h%0)) 7 (@)1 (S%n,Sxp-1))
| o)dr= [ o) dr
0 0

7 (M (xp,%-1)) 7 (M (xp,%0-1))
<[ o) dr—¢< | o) dr),
0 0

where

M (x: )’) =max { wk/t(hxm hxn—l): W/t (hxn: an)) U)A/t(hxn—l: an—l):

wk/t(hxn: an—l) + wk/t(hxn—b an) w)»/t(hxm an—l )w)»/t(hxn—l; an)

2 ’ 1+ a)m(hxn, hx,,_l) ’
a)A/t(hxn: an)w)»/t(hxnr an—l) wk/t(hxn—lr an—l)wA/t(hxn—I; an) }
2[1 + w; e (hxy, hxy_1)] ’ 2[1 + wpss (hxy, hxy1)]

As in the proof of Theorem 2.1, we get
M (xm xn—l) = max{wk/a (hxn—lr hxn)y W) /a (hxn, hxn+l) } .

Now if wy . (hx,, hx,.1) > 0y a(hx,-1, hx,,), then

7 () /q(hxp11,h%n)) 7 (/g (hxphxp 1)) 7 (@) /¢ (haen,hx41))
| odr= o) dr—¢< / o) dr)
0 0 0

kg (wkla (hxp,hxp11))
< / o(r)dr.
0
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This gives a contradiction. So, M(x,, x,,-1) < w; 4(hx,_1, hx,). Therefore

”(wk/a (hxp41,h%n)) 7 (W /q (hxn,hxy-1)) ”(wk/t(hxnrhxn—l))
| sdrs [ orar-o [ o))
0 0 0

7 (wp/a(hxp,hxy-1))
. / o(r) dr, (211)
0

which implies that there exists k > 0 such that

7 (@).1a (Mxp41,hx0))

lim o(r)dr = k.
n— o0 0
If k > 0, then by Lemma 2.3 and (2.11), we get the contradiction. So, we have
lim n(wua(hxml,hx,,)) =0.
n— o0
Since 7 € I, Lemma 2.2 gives
im wy o (hxys1, hx,) = 0.
n—oQ
From this we see that {hx,},cn is a Cauchy sequence. Since /(X,,) is complete, there exists

x* € X such that w; . (hx,,x*) — 0 as n — oo. Consequently, we can find p in X,, such that
h(p) = x* By (2.10), we get

”(w}»/u(hxnxsp)) ”(w}»/a(sxn—lxsp))
/ o(r)dr = / () dr
0 0

7 (M(xy-1,p)) 7 (M(xp-1,p))
<[ o) dr—qs( [ o) dr),
0 0

where

M (xn—lrp) =max { w)»/t(hxn—lr hp)v wk/t(hxn—ly an—l)r wk/t(hp’ Sp):

Wyt (Mx_1, Sp) + 0y (hp, Sxu_1)  wpye(MX_1, Sp)wy e (Mp, Sx-1)

2 1+ wyye(hxy_1, hp)

st (Mxp_1, Sxp_1) Wy 1t (W1, Sp)  wye(hp, Sp)ws e (hp, Sxy_1) }
2[1 + wyye(hxy_1, hp)] " 2[1 + @y (hxyr, hp)]

Taking the limit as # — oo and using Lemma 2.3 yields

7 (wp /4 (6*,Sp)) 7 (wy ¢ (x*,Sp)) 7 (w7t (x*,Sp))
/ o) dr < / w(r)dr—¢< / w(r)dr>
0 0 0
7 (wy /¢ (x*,Sp))
< f o(r)dr
0

7 (W), /4 (x*,Sp))
< / o) dr.
0
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This contradiction gives 7 (w;/,(Sp,x*)) = 0, by using Lemma 2.2, we get ;,(Sp,x*) =0
for A > 0. Hence Sp = x*. Hence x* is the point of coincidence of S and /. Assume that
there is another point of coincidence g in X,, such that g # x*. Then there exists u in X,
such that Su = hu = q. By (2.10), we get

77 ()14 (hp,hu)) 7 (;,/4(Sp,Su))
| odr= [ p(r)dr
0 0

w(M(p,u)) 7 (M(p,u))
< / o(r) dr—¢( / o(r) dr),
0 0

where

M(p,u) = max { wyye(hp, h), @;.1¢(hp, Sp), e (hu, Su),

w1t (hut, Sp) + wyye(hp, Su) - w31e(hp, Su)ws e (hu, Sp)

)

2 1+ w; 1 (hp, hu)
w11 (hp, Sp)wyc(hp, Su) - e (hu, Su)w ¢ (hu, Sp) }
201+ we(p, )] " 2[1 + wyye(hp, hu)]

= wye(hp, hu).

So,

7 () /g (hp,hu)) 7 (wy, ¢ (hp,hu)) 7 (wy, ¢ (hp,hu))
/ o) dr < / o(r) dr—¢< / o(r) dr)
0 0 0

77 (wy ¢ (hp,hu)) 77 ()14 (hp,hu))
< / o(r)dr < f o) dr,
0 0

which is a contradiction. This proves the uniqueness of the point of coincidence. Thus x*
is a unique coincidence point of S and /. By using Lemma 2.1, we see that S and / have a
unique common fixed point. 0

From Theorem 2.7, we get the following theorems.

Theorem 2.8 Let X, be a modular metric space. Assume S,h : X, — X, are two self-
mappings satisfying the conditions (1) and (2) of Theorem 2.1 and

7 (w),/4(S%,5y)) 7 (my(x,) 7 (my(x,y))
/ o(r)dr < / o(r) dr—¢>( / o(r) dr), (2.12)
0 0 0

where wy(x,y) is as in Theorem 2.2, ¢ € ©, ¢ € ®, and w € I1. Then there exists a unique
common fixed point of S and h.

Theorem 2.9 Let X, be a modular metric space. Suppose a,t € R* with a >t and S, h:
X, — X, are two self-mappings satisfying the conditions (1) and (2) of Theorem 2.1 and

7 (w3, /4(5%,5y)) 7 (wy ¢ (hx,hy)) 7 (wy /¢ (hx,hy))
/ o(r)dr < / o(r) dr—¢< f o(r) dr), (2.13)
0 0 0

where ¢ € ©, ¢ € ® and mr € I1. Then there exists a unique common fixed point of S and h.
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Remark 2.1 With / = I (identity map) in Theorems 2.1-2.9, we deduce the fixed point
results for one map.

Remark 2.2 In case ¢(¢t) = (1 —r)t, where 0 < r <1, and ¢(¢) = £ — ¥ (£), where { € ¥, then
Theorems 2.1-2.9 reduce to corollaries which elongate and generalize Theorems 2.2-4.3 of
[2], Theorem 2.1 of [1], Theorems 2.1 and 2.4 of [4], Theorems 2.1-2.4 of [11], Theorems
2.1 and 3.1 of [22], Theorem 2 of [26] and Theorems 3.1 and 3.4 of [3] in the set-up of
modular metric space.

By considering similar argument of Theorem 2.7, we state the following results and ex-
clude their proofs.

Theorem 2.10 Let X, be a MMS. Suppose S, h : X,, — X, are two self-mappings satisfying
the conditions (1) and (2) of Theorem 2.1 and

7 (w3, /4(5%,5y)) 7 (my(x,9)) 7 (ma(x,))
/ o(r)dr < f o(r) dr—¢>( f o(r) dr), (2.14)
0 0 0

forallx,y € X,, a,t € R with a > t, where my(x,y) is as in Theorem 2.4, ¢ € ©, ¢ €  and
7 € I1. Then there exists a unique common fixed point of S and h.

Theorem 2.11 Let X, be a MMS. Suppose S, h : X,, — X,, are two self-mappings satisfying
the conditions (1) and (2) of Theorem 2.1 and

7 (w),/4(S%,5y)) (m3(x,y)) (m3(x,))
/ o(r)dr < / o(r) dr—¢>( / o(r) dr), (2.15)
0 0 0

forall x,y € X, a,t € R with a > t, where ms(x,y) is as in Theorem 2.5, ¢ € ®, ¢ € O and
7w € I1. Then there exists a unique common fixed point of S and h.

Theorem 2.12 Let X, be a MMS. Suppose S, h : X, — X, are two self-mappings satisfying
the conditions (1) and (2) of Theorem 2.1 and

7 (w),/4(S%,5y)) 7 (mg(x,y)) 7 (my(x,y))
/ o(r)dr < / o(r) dr—¢>( / o(r) dr), (2.16)
0 0 0

forallx,y € X, a,t € R with a > t, where my(x,y) is as in Theorem 2.6, ¢ € ©, ¢ €  and
7w € I1. Then there exists a unique common fixed point of S and h.

3 Applications to fuzzy metric spaces

In 1988, Grabiec [27] defined contractive mappings on a fuzzy metric space and ex-
tended fixed point theorems of Banach and Edelstein in such spaces. Successively, George
and Veeramani [28] slightly modified the notion of a fuzzy metric space introduced by
Kramosil and Michélek. For more details see [29-31] and the references therein. In this

section we deduce fixed point results in a triangular fuzzy metric space.

Definition 3.1 [28] The 3-tuple (X, M, %) is said to be a fuzzy metric space if X is an arbi-
trary nonempty set, * is a continuous £-norm and M is a fuzzy set in X x (0, 00) satisfying
the following conditions: for all x,y,z € X, s,t > 0,
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(1) M(x,9,t) >0,

(2) M(x,y,t)=1ifand only if x = y,

(3) M(x,y,8) = M(y,x,¢),

(4) M(x,y,8) « M(y,2,5) < M(x,z,t +5),

(5) M(x,y,-):(0,00) — [0,1] is continuous.

Definition 3.2 [29] Let (X, M, x) be a fuzzy metric space. The fuzzy metric M is called
triangular whenever

1 1 1
-1< -1+ -1 (3.1)
M(x,y,t) M(x,z,t) M(z,y,t)

forallx,y,z€ X and all £ > 0.
Lemma 3.1 [27] Forall x,y,z € X, (X, M, %) is non-deceasing on (0, 00).

Lemma 3.2 [8] Let (X, M, *) be a triangular fuzzy metric space. Define

;. (x,y) = m -1 (3.2)

forallx,y,z € X and all » > 0. Then w; is a modular metric on X.

Definition 3.3 [32] Two self-mappings S and % of a fuzzy metric space (X, M, x) are called
weakly compatible if they commute at their coincidence points.

As an application of Lemma 3.2 and the results proved above, we deduce the following
new fixed point theorems in triangular fuzzy metric spaces.

Theorem 3.1 Let (X, M, %) be a triangular fuzzy metric space. Suppose a,t € R* witha > t
and S, h : X — X are two self-mappings satisfying the following assertions:

(1) S(X) € h(X), h(X) is a complete subspace of X;;

(2) S andlh are weakly compatible mappings;

e —1
@) [T gy dr < [N oy dr = g (SN o) dr),
where

1 1
Ny = ma"{ MU, 1y, 308~ MG, S, 00)
1 1 1
M(hy, Sy, Alt) o 2M(hx, Sy, M/t) " 2M(hy, Sx, 1/t) B

1 1
Mhx, hy, \/t)| ———— -1 | —— -1,
(he hy, 31 )<M(hx,Sy,A/t) )(M(hy, Sx, A1) )

M(hx, hy, \/t) 1 3 1 3
2 M(hx, Sx, L/t) M(hx, Sy, L/t) ’

M(hx, hy, \/t) 1 1) 1 )
2 M(hy, Sy, M/t) M(hy, Sx, A/t) ’

@ €O and ¢ € O. Then S and h have a unique common fixed point.

)

)
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Theorem 3.2 Let (X, M, x) be a triangular fuzzy metric space. Assume that a,t € R* with

a>tand S,h:X — X are two self-mappings satisfying the conditions (1) and (2) of Theo-
rem 3.1 and

S5 57 ) 1 (x) n(x)
/ ¢(dr= / o dr-¢ ( / o(r) dr>, (33)
0 0 0

forall x,y € X and ) > 0, where

1 1 1
-1, —1, _
M(hx, hy, \/t) M(hx,Sx, A/t) M(hy, Sy, Alt)

1y (x, ) = max {

1 1
-1,
M, Sy, M11)  2M(hy, Sx, 1/7) }

@ €O and e ®. Then S and h have a unique common fixed point.

Theorem 3.3 Let (X, M, ) be a triangular fuzzy metric space. Assume that a,t € R* with
a>tandS,h:X — X are two self-mappings satisfying the conditions (1) and (2) of Theo-

rem 3.1 and
WS ! MU ! MO !
| odr= oo -o( [ o)), (34)
0 0 0
forallx,y € X and > > 0, where ¢ € ® and ¢ € ®. Then S and h have a unique common
fixed point.

Theorem 3.4 Let (X, M, *) be a triangular fuzzy metric space. Suppose a,t € R* witha > t

and S, h: X — X are two self-mappings satisfying the conditions (1) and (2) of Theorem 3.1
and

M_(Sx,}iy_,k/a) -1 na(xy) na (%)
f o) dr < / o(r) dr—¢( f o(r) dr), (35)
0 0 0

where

1 1
-1, -1,
M(hx, hy, \/t) M(hx, Sx, A/t)
1 1
M(hy, Sy, Alt) ’ (hx, Sy, Alt

)
M(Sx, Sy, A -1
(§ 5y /t)(M(hy, Sx,k/t) )

ny(x,y) = max{

(hy, Sx, A/ t)

-1},
<M (hx, Sy, At) )
M(Sx, Sy, L/t) 4 1

2 M(hy, Sx, AlL) M(hx, Sx, Alt) ’

M(Sx, Sy, L/t) 1 . 1 .
2 M(hx, Sy, L/t) M(hy, Sy, Alt) ’

@ €O and ¢ € O. Then S and h have a unique common fixed point.
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Theorem 3.5 Let (X, M, x) be a triangular fuzzy metric space. Suppose a,t € R* witha > t
and S, h: X — X are two self-mappings satisfying the conditions (1) and (2) of Theorem 3.1

and

WS n3(x) n3(x)
| o= [ o0 dr—cp( [ ew dr), (3.6)
0 0 0

where

1 1

s = - 17 - 1’
n3(x,y) maX{M(hx, hy, A/t) M(hx, Sx, L/t)

1 1 1
-1, -1,
My, Sy,nlt) 2M(hax, Sy, nit) | 2M(hy, Sx, m/t)
M(hs, hy, /1) ! 1 ! 1
x, 7 =T~ N - ~ N b
PO\ Mha, Sy, 110) M(hy, Sx, /)

. [ M(hx, hy, Al¢) 1 ) ( 1 )
min -1 -1,
2 M(hx,Sx, L/t) M(hx, Sy, L/t)

M(hx, hy, \/t) 1 1 1 1
2 M(hy, Sy, Alt) M(hy,Sx, L/t) ’

@ €O and ¢ € ®. Then S and h have a unique common fixed point.

Theorem 3.6 Let (X, M, %) be a triangular fuzzy metric space. Suppose a,t € R* witha > t
and S, h: X — X are two self-mappings satisfying the conditions (1) and (2) of Theorem 3.1

and
EESTw n4(x)) na(y)
/ o) dr < / w(r)dr—cp( / go(r)dr>, (3.7)
0 0 0
where
(%, 9) 1 1 1
ng(x,y) =ma -1, -1,
A= M, hy, 1) M, S, 0 /2)
1 1 1

) )

My, Sy, nle) " 2M(hx, Sy, nlg) | 2M(hy, Sx, M)

1 1
M(Sx, Sy, M) | ———— -1 ) —— -1,
(S, Sy, 4/ )<M(hy,5x,x/t) )(M(hx,Sy,k/t) )

. | M(Sx, Sy, \/t) 1 i 1 1
min _ - -1},
2 M(hy, Sx, L/t) M(hx,Sx, A/t)

M(Sx, Sy, /1) ( 1 1> ( 1 1)
2 M(hx, Sy, \/t) M(hy, Sy, M/t) ’

@ €O and ¢ € O. Then S and h have a unique common fixed point.

Theorem 3.7 Let (X, M, x) be a triangular fuzzy metric space. Suppose a,t € R* witha > t
and S, h: X — X are two self-mappings satisfying the conditions (1) and (2) of Theorem 3.1
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and

sz syara ) TN (@) TN (@)
/ o= [ o) dr—¢< [ e dr), (38)
0 0 0

forall x,y € X, a,t € R with a > t, where N (x,) is as in Theorem 3.1, p € ©, ¢ € ® and
7w € I1. Then there exists a unique common fixed point of S and h.

Theorem 3.8 Let (X, M, x) be a triangular fuzzy metric space. Suppose a,t € R* witha > t

and S, h: X — X are two self-mappings satisfying the conditions (1) and (2) of Theorem 3.1
and

7 (yrsmsyara D 7 (n1 () 7 (n1 ()
| oar= [ s [ wtar) (39)
0 0 0

forall x,y € X, a,t € R with a > t, where ny(x,y) is as in Theorem 3.2, ¢ € O, ¢ € O and
7 € I1. Then there exists a unique common fixed point of S and h.

Theorem 3.9 Let (X, M, *) be a triangular fuzzy metric space. Suppose a,t € R* witha > t

and S,h: X — X are two self-mappings satisfying the conditions (1) and (2) of Theorem 3.1
and

sz syara D 7 (n2(x%,)) (n2(x.))
| oar= [ par-o( [ ), (310)
0 0 0

forall x,y € X, a,t € R with a > t, where ny(x,y) is as in Theorem 3.4, ¢ € ®, ¢ € , and
7 € I1. Then there exists a unique common fixed point of S and h.

Theorem 3.10 Let (X, M, ) be a triangular fuzzy metric space. Suppose a,t € R* with a >

tand S, h: X — X are two self-mappings satisfying the conditions (1) and (2) of Theorem 3.1
and

7 srsmsyara D 7 (n3(x)) 7 (n3(x9))
| oar= [ wmar-o [ ver), (311
0 0 0

forall x,y € X, a,t € R with a > t, where n3(x,y) is as in Theorem 3.5, ¢ € O, ¢ € O and
7 € I1. Then there exists a unique common fixed point of S and h.

Theorem 3.11 Let (X, M, *) be a triangular fuzzy metric space. Suppose a,t € R* witha > t

and S,h : X — X are two self-mappings satisfying the conditions (1) and (2) of Theorem 3.1
and

7 sz syara D 7 (n4(x,9)) 7(n4(x%,)
| oar= [ - [ var), (312)
0 0 0

forall x,y € X, a,t € R with a > t, where ny(x,y) is as in Theorem 3.6, ¢ € ©, ¢ € ®, and
7 € I1. Then there exists a unique common fixed point of S and h.
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