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Abstract
Branciari (Int. J. Math. Math. Sci. 29(9):531-536, 2002) gave an interesting supplement
of Banach’s contraction principle for an integral-type inequality. In this paper, we
introduce different notions of generalized ω-weak contractive inequalities of integral
type in modular metric spaces and prove the presence and uniqueness of common
fixed points for such contractions under ω-weak compatibility of underlying maps.
Our results generalize and extend the results of Azadifar et al. (J. Inequal. Appl.
2013:483, 2013), Liu et al. (Fixed Point Theory Appl. 2013:2672013, 2013),
Beygmohammadi and Razani (Int. J. Math. Math. Sci. 2010: Article ID 317107, 2010),
and many others. Moreover, an example is provided here to demonstrate the
applicability of the obtained results.
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1 Introduction and preliminaries
Banach [], in , proved a contraction principle, this key principle ensures the existence
and uniqueness of fixed point theorem for Banach contraction. Later, this famous principle
was extended by many authors to more general contractive conditions in different space
(see [, –]). In , Sessa [] introduced the notion of weakly commuting maps and
derived common fixed point for these maps. The first paper [] on modular function
spaces was published in . After that many authors developed this theory by finding
fixed point in modular function spaces. Recently, Chistyakov gave the concept of modular
metric spaces in [, ].

Definition . [] Let X be a nonempty set. A modular metric on X is a function ω :
(,∞) × X × X → [,∞] satisfying the following axioms:

() u = v if and only if ωλ(u, v) = , for all λ > ;
() ωλ(u, v) = ωλ(v, u), for all λ >  and u, v ∈ X ;
() ωλ+ν(u, v) ≤ ωλ(u, w) + ων(w, v), for all λ,ν >  and u, v, w ∈ X .

In the sequel, for a function ω : (,∞) × X × X → [,∞], we will write

ωλ(u, v) = ω(λ, u, v), (.)

for all λ >  and u, v ∈ X and modular metric space as MMS. For related terminologies see
[]. Afterwards many mathematicians studied fixed point properties for modular metric

© 2016 Hussain et al. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in anymedium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by Crossref

https://core.ac.uk/display/205068403?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://dx.doi.org/10.1186/s13660-016-1032-1
http://crossmark.crossref.org/dialog/?doi=10.1186/s13660-016-1032-1&domain=pdf
http://orcid.org/0000-0002-5721-120X
mailto:nhusain@kau.edu.sa


Hussain et al. Journal of Inequalities and Applications  (2016) 2016:89 Page 2 of 20

spaces; see [–]. Recently, Azadifar et al. [] defined compatible mappings in modular
metric space and obtained a common fixed point theorem of integral type as an extension
of Jungck [, ].

Definition . [] Let Xω be a MMS produced by the metric modular ω. Two mappings
f , h : Xω → Xω on Xω are called ω-compatible if ωλ(fhxn, hfxn) →  as n → ∞, whenever
{xn}∞n= is a sequence in Xω such that hxn → q and hxn → q for some point q ∈ Xω and for
λ > .

Further, Mongkolkeha and Kumam [] obtained a common fixed point theorem for
pair of compatible mappings satisfying a generalize weak contraction of integral type in
modular spaces. Hussain and Salimi [] established more general fixed point results for
some integral-type contractions in MMS. The main intent of this paper is to establish cer-
tain common fixed point theorems for ω-weakly compatible maps under different weak
contractive conditions which are more general than the corresponding contractive condi-
tion of integral type. Our results are more general and are an extension of [, , , , ]
in the setting of modular metric spaces.

2 Common fixed point theorems for quasi-type weak contractions of integral
type

Here, we define weakly compatible mappings for modular metric space and find of a com-
mon fixed point for quasi-type weak contractions of integral type satisfying the condition
of weakly compatible in MMS.

Definition . Let Xω be a MMS produced by the metric modular ω, f and h be two
self-mappings of Xω . A point x ∈ Xω is called a coincidence point of f and h if and only if
fx = hx. We will call q = fx = hx a point of coincidence of f and h.

Denote the set of all coincidence points of f and h by C(f , h).

Definition . Two mappings f , h : Xω → Xω are said to be ω-weakly compatible if and
only if fhq = hfq for q ∈ C(f , h).

Note that every ω-compatible map is a ω-weakly compatible, but a ω-weakly compatible
map needs to be ω-compatible (see Example .).

Lemma . [] Let f and g be weakly compatible self-maps of a set X. If f and g have a
unique point of coincidence q = fx = gx, then q is the unique common fixed point of f and g .

Denote by �, �, � , and � the collection of lower semicontinuous functions φ : [,∞) →
[,∞) with φ(r) >  for all r >  and φ(r) =  if and only if r = , the collection of Lebesgue
integrable functions ϕ : [,∞) → [,∞) which is nonnegative, summable, and, for all ε >
,

∫ ε

 ϕ(r) dr > , the collection of lower semicontinuous functions ψ : [,∞) → [,∞)
for which ψ(r) < r for all r >  and the collection of nondecreasing functions π : [,∞) →
[,∞) such that

∑∞
n= πn(r) < +∞ for all r > , where πn is the nth iterate of π , respectively.

Lemma . [] If π ∈ �, then the following hold:
(i) (πn(r))n∈N converges to  as n → ∞ for all r ∈ (, +∞);
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(ii) π (r) < r for all r > ;
(iii) π (r) =  if and only if r = .

Lemma . [] Let ϕ ∈ � and {sn}n∈N be a nonnegative sequence with sn → a as n → ∞.
Then

lim
n→∞

∫ sn


ϕ(r) dr =

∫ a


ϕ(r) dr.

Now we present the main results of this section.

Theorem . Let Xω be a MMS. Suppose a, t ∈ R
+ with a > t and S, h : Xω → Xω are two

self-mappings satisfying the following assertions:
() S(Xω) ⊆ h(Xω), h(Xω) is a complete subspace of Xω ;
() S and h are ω-weakly compatible;
()

∫ ωλ/a(Sx,Sy)
 ϕ(r) dr ≤ ∫ M(x,y)

 ϕ(r) dr – φ(
∫ M(x,y)

 ϕ(r) dr),
where

M(x, y) = max

{

ωλ/t(hx, hy),ωλ/t(hx, Sx),ωλ/t(hy, Sy),
ωλ/t(hx, Sy) + ωλ/t(hy, Sx)


,

ωλ/t(hx, Sy)ωλ/t(hy, Sx)
 + ωλ/t(hx, hy)

,
ωλ/t(hx, Sx)ωλ/t(hx, Sy)

[ + ωλ/t(hx, hy)]
,
ωλ/t(hy, Sy)ωλ/t(hy, Sx)

[ + ωλ/t(hx, hy)]

}

,

ϕ ∈ � and φ ∈ �. Then S and h have a unique common fixed point.

Proof Choose a > t and let x ∈ Xω be an arbitrary point. Since S(Xω) ⊆ h(Xω), there is a
point x ∈ Xω such that S(x) = h(x). On continuing this, we generate a sequence {hxn}∞n=

as follows: Sxn = hxn+ for each n. Suppose for any n, hxn �= hxn+, since, otherwise, there
exists a point of coincidence of S and h, () shows that

∫ ωλ/a(hxn+,hxn )


ϕ(r) dr =

∫ ωλ/a(Sxn ,Sxn–)


ϕ(r) dr

≤
∫ M(xn ,xn–)


ϕ(r) dr – φ

(∫ M(xn ,xn–)


ϕ(r) dr

)

,

where

M(xn, xn–) = max

{

ωλ/t(hxn, hxn–),ωλ/t(hxn, Sxn),ωλ/t(hxn–, Sxn–),

ωλ/t(hxn, Sxn–) + ωλ/t(hxn–, Sxn)


,
ωλ/t(hxn, Sxn–)ωλ/t(hxn–, Sxn)

 + ωλ/t(hxn, hxn–)
,

ωλ/t(hxn, Sxn)ωλ/t(hxn, Sxn–)
[ + ωλ/t(hxn, hxn–)]

,
ωλ/t(hxn–, Sxn–)ωλ/t(hxn–, Sxn)

[ + ωλ/t(hxn, hxn–)]

}

.

Since hxn = Sxn–, it follows that

M(xn, xn–) = max

{

ωλ/t(hxn–, hxn),ωλ/t(hxn, hxn+),
ωλ/t(hxn–, hxn+)


,

ωλ/t(hxn–, hxn)ωλ/t(hxn–, hxn+)
[ + ωλ/t(hxn, hxn–)]

}

.
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Moreover,

ωλ/t(hxn–, hxn+) ≤ ωλ/t(hxn–, hxn) + ωλ/t(hxn, hxn+)

≤ ωλ/a(hxn–, hxn) + ωλ/a(hxn, hxn+)

and

ωλ/t(hxn–, hxn)ωλ/t(hxn–, hxn+)
[ + ωλ/t(hxn, hxn–)]

≤ ωλ/t(hxn–, hxn+)


≤ ωλ/a(hxn–, hxn) + ωλ/a(hxn, hxn+)


≤ max
{
ωλ/a(hxn–, hxn),ωλ/a(hxn, hxn+)

}
,

then

M(xn, xn–) ≤ max
{
ωλ/a(hxn–, hxn),ωλ/a(hxn, hxn+)

}
.

Now if ωλ/a(hxn, hxn+) > ωλ/a(hxn–, hxn), then

∫ ωλ/a(hxn+,hxn)


ϕ(r) dr ≤

∫ ωλ/a(hxn ,hxn+)


ϕ(r) dr – φ

(∫ ωλ/a(hxn ,hxn+)


ϕ(r) dr

)

<
∫ ωλ/a(hxn ,hxn+)


ϕ(r) dr.

This is a contradiction. So, M(xn, xn–) ≤ ωλ/a(hxn–, hxn). Therefore

∫ ωλ/a(hxn+,hxn)


ϕ(r) dr ≤

∫ ωλ/a(hxn ,hxn–)


ϕ(r) dr – φ

(∫ ωλ/a(hxn ,hxn–)


ϕ(r) dr

)

<
∫ ωλ/a(hxn ,hxn–)


ϕ(r) dr, (.)

it shows that the sequence {∫ ωλ/a(hxn+,hxn)
 ϕ(r)} is decreasing and bounded below. Hence,

there is k ≥  such that

lim
n→∞

∫ ωλ/a(hxn+,hxn)


ϕ(r) dr = k.

If k > , then by Lemma . and (.), we have a contradiction. So, we get

lim
n→∞ωλ/a(hxn+, hxn) = .

Suppose l < a′ < t, since ωλ is a decreasing function, so ωλ/a′ (hxn+, hxn) ≤ ωλ/a(hxn+,
hxn), whenever a′ < t ≤ a. On considering the limit as n → ∞ from both sides of
this inequality shows that ωλ/a′ (hxn+, hxn) →  for t < a′ < t and λ > . Thus we have
ωλ/a(hxn+, hxn) →  as n → ∞ for any a > t. Next, we show that {hxn}n∈N is a Cauchy
sequence. So, for all ε > , there exists n ∈ N such that ωλ/a(hxn+, hxn) < ε

a for all n ∈ N
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with n ≥ n and λ > . Suppose m, n ∈ N and m > n. Observe that, for λ
a(m–n) , there exists

n λ
(m–n)

∈N such that

ω λ
a(m–n)

(hxn+, hxn) <
ε

a(m – n)
,

for all n ≥ n λ
(m–n)

. Now, we have

ωλ/l(hxn, hxm) ≤ ω λ
a(m–n)

(hxn, hxn+) + ω λ
a(m–n)

(hxn+, hxn+) + · · · + ω λ
a(m–n)

(hxm–, hxm)

<
ε

a(m – n)
+

ε

a(m – n)
+ · · · +

ε

a(m – n)
= ε/a,

for all m, n ≥ n λ
(m–n)

. This shows that {hxn}n∈N is a Cauchy sequence. From completeness
of h(Xω), it follows that there exists x∗ ∈ X such that ωλ/t(hxn, x∗) →  as n → ∞. Conse-
quently, we can find p in Xω such that h(p) = x∗. By (), we get

∫ ωλ/a(hxn ,Sp)


ϕ(r) dr =

∫ ωλ/a(Sxn–,Sp)


ϕ(r) dr

≤
∫ M(xn–,p)


ϕ(r) dr – φ

(∫ M(xn–,p)


ϕ(r) dr

)

,

where

M(xn–, p) = max

{

ωλ/t(hxn–, hp),ωλ/t(hxn–, Sxn–),ωλ/t(hp, Sp),

ωλ/t(hxn–, Sp) + ωλ/t(hp, Sxn–)


,
ωλ/t(hxn–, Sp)ωλ/t(hp, Sxn–)

 + ωλ/t(hxn–, hp)

ωλ/t(hxn–, Sxn–)ωλ/t(hxn–, Sp)
[ + ωλ/t(hxn–, hp)]

,
ωλ/t(hp, Sp)ωλ/t(hp, Sxn–)

[ + ωλ/t(hxn–, hp)]

}

.

By taking the limit as n → ∞, we have

∫ ωλ/a(x∗ ,Sp)


ϕ(r) dr ≤

∫ ωλ/t (x∗ ,Sp)


ϕ(r) dr – φ

(∫ ωλ/t (x∗ ,Sp)


ϕ(r) dr

)

<
∫ ωλ/t (x∗ ,Sp)


ϕ(r) dr

≤
∫ ωλ/a(x∗ ,Sp)


ϕ(r) dr.

This shows ωλ/a(Sp, x∗) =  for λ > . Hence Tp = x∗ and S and h have the point of coin-
cidence x∗. Suppose that q �= x∗ is another point of coincidence of S and h in Xω . Then
Tv = hv = q for some v in Xω . By (), we get

∫ ωλ/a(hp,hv)


ϕ(r) dr =

∫ ωλ/a(Sp,Sv)


ϕ(r) dr

≤
∫ M(p,v)


ϕ(r) dr – φ

(∫ M(p,v)


ϕ(r) dr

)

,
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where

M(p, v) = max

{

ωλ/t(hp, hv),ωλ/t(hp, Sp),ωλ/t(hv, Sv),

ωλ/t(hv, Sp) + ωλ/t(hp, Sv)


,
ωλ/t(hp, Sv)ωλ/t(hv, Sp)

 + ωλ/t(hp, hv)
,

ωλ/t(hp, Sp)ωλ/t(hp, Sv)
[ + ωλ/t(hp, hv)]

,
ωλ/t(hv, Sv)ωλ/t(hv, Sp)

[ + ωλ/t(hp, hv)]

}

= ωλ/t(hp, hv).

So,

∫ ωλ/a(hp,hv)


ϕ(r) dr ≤

∫ ωλ/t (hp,hv)


ϕ(r) dr – φ

(∫ ωλ/t (hp,hv)


ϕ(t) dt

)

<
∫ ωλ/t (hp,hv)


ϕ(r) dr ≤

∫ ωλ/a(hp,hv)


ϕ(r) dr.

From this contradiction, we see that S and h have a unique coincidence point x∗. By using
Lemma ., we get x∗ a unique common fixed point of S and h. �

Here is an example to illustrate Theorem ..

Example . Let Xω = {, , , , , . . .} and ωλ(x, y) = d(x,y)
λ

, where

d(x, y) =

{
x + y, x �= y,
, x = y.

Define S, h : Xω → Xω and ϕ,φ : [,∞) → [,∞) as

Sx =  ∀x ∈ Xω, hx =

{
x – , if x �= ,
, if x = ,

ϕ(r) = r and φ(r) =
√

r, respectively. Then S(Xω) ⊆ h(Xω) and h(Xω) is a complete sub-
space of Xω . Note that x =  is the coincidence point of S and h and

Sh() = S() = h() = hS().

This shows that S and h are ω-weakly compatible maps. Now we verify that S and h satisfy
condition () of Theorem .. Suppose a, t ∈R

+, a > t. Then there arise four cases.
Case : Assume x = y = . Then condition () holds trivially because Sx = Sy = hx =

hy = .
Case : Assume y =  and x > . Then

ωλ/a(Sx, Sy) = ωλ/a(, ) = .

This implies that

∫ ωλ/a(Sx,Sy)


r dr = .
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Also,

M(x, y) = max

{

ωλ/t(x – , ),ωλ/t(x – , ),ωλ/t(, ),
ωλ/t(x – , ) + ωλ/t(, )


,

ωλ/t(x – , )ωλ/t(, )
 + ωλ/t(x – , )

,
ωλ/t(x – , )ωλ/t(x – , )

[ + ωλ/t(x – , )]
,
ωλ/t(, )ωλ/t(, x – )

[ + ωλ/t(x – , )]

}

= max

{
t
λ

(x – ),
t/λ(x – )


,

t/λ(x – )

( + t/λ(x – ))

}

= max

{
t
λ

(x – ),


( + 
t/λ(x–) )

}

=
t
λ

(x – ),

so,

∫ M(x,y)


r dr =

t

λ (x – ).

Therefore,

∫ M(x,y)


r dr – φ

(∫ M(x,y)


r dr

)

=
t

λ (x – ) –
t
λ

(x – )

=
t
λ

(x – )
[

t
λ

(x – ) – 
]

.

Since t
λ

(x – ) ≥ , this shows that

t
λ

(x – )
[

t
λ

(x – ) – 
]

≥  =
∫ ωλ/a(Sx,Sy)


r dr.

Thus condition () is satisfied in this case.
Case : Assume x > y > . Then we need to consider two subcases:
Subcase : If x = y +  or y = x – , then Sx = Sy = , hx = x –  and hy = x – . This implies

that

ωλ/a(Sx, Sy) = 

and

M(x, y) = max

{
t
λ

(x – ),
t
λ

(x – ),
t
λ

(x – ),
t/λ(x – )


,

t/λ(x – )(x – )
( + t/λ(x – ))

,

t/λ(x – )

( + t/λ(x – ))
,

t/λ(x – )

( + t/λ(x – ))

}

.
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Since x –  ≥ x –  ≥ x – , M(x, y) = t
λ

(x – ). Hence

∫ M(x,y)


r dr – φ

(∫ M(x,y)


r dr

)

=
t

λ (x – ) –
t
λ

(x – )

≥  =
∫ ωλ/a(Sx,Sy)


r dr.

Subcase : If x > y +  and x = y, then Sx = Sy = , hx = y –  and hy = y – . This implies
that

ωλ/a(Sx, Sy) = 

and

M(x, y) = max

{
t
λ

(y – ),
t
λ

(y – ),
t
λ

(y – ),
t/λ(y – )


,

t/λ(y – )(y – )
( + t/λ(y – ))

,

t/λ(y – )

( + t/λ(y – ))
,

t/λ(y – )

( + t/λ(y – ))

}

.

Since y –  ≥ y –  ≥ y – , M(x, y) = t
λ

(y – ). Hence

∫ M(x,y)


r dr – φ

(∫ M(x,y)


r dr

)

=
t

λ (y – ) –
t
λ

(y – )

≥  =
∫ ωλ/a(Sx,Sy)


r dr.

Now if x > y, then Sx = Sy = , hx = x –  and hy = y – . This implies that M(x, y) =
t
λ

(x + y – ). Hence

∫ M(x,y)


r dr – φ

(∫ M(x,y)


r dr

)

=
t

λ (x + y – ) –
t
λ

(x + y – )

≥  =
∫ ωλ/a(Sx,Sy)


r dr.

Thus condition () is satisfied in this case.
Case : Assume x = y > . Then Sx = Sy =  and hx = hy = x – . This implies that

ωλ/a(Sx, Sy) = 

and

M(x, y) = max

{

,
t
λ

(x – ),
t

λ (x – ),
t/λ(x – )



}

=
t

λ (x – ).
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Hence

∫ M(x,y)


r dr – φ

(∫ M(x,y)


r dr

)

=
t

λ (x – ) –
t

λ (x – )

≥  =
∫ ωλ/a(Sx,Sy)


r dr.

So, condition () is satisfied in this case. Thus all conditions of Theorem . hold and  is
a unique common fixed point of S and h.

From Theorem ., we conclude the following results:

Theorem . Let Xω be a MMS. Assume that a, t ∈ R
+ with a > t and S, h : Xω → Xω are

two self-mappings satisfying the conditions () and () of Theorem . and

∫ ωλ/a(Sx,Sy)


ϕ(r) dr ≤

∫ m(x,y)


ϕ(r) dr – φ

(∫ m(x,y)


ϕ(r) dr

)

, (.)

for all x, y ∈ Xω and λ > , where

m(x, y) = max

{

ωλ/t(hx, hy),ωλ/t(hx, Sx),ωλ/t(hy, Sy),
ωλ/t(hx, Sy) + ωλ/t(hy, Sx)



}

,

ϕ ∈ � and φ ∈ �. Then T and h have a unique common fixed point.

Theorem . Let Xω be a MMS. Assume that a, t ∈ R
+, a > t and S, h : Xω → Xω are two

self mappings satisfying the conditions () and () of Theorem . and

∫ ωλ/a(Sx,Sy)


ϕ(r) dr ≤

∫ ωλ/t (hx,hy)


ϕ(r) dr – φ

(∫ ωλ/t (hx,hy)


ϕ(r) dr

)

, (.)

for all x, y ∈ Xω , where ϕ ∈ � and φ ∈ �. Then T and h have a unique common fixed point.

Now we give an Example . which shows that Theorem . extends significantly The-
orem . and Theorem . of [].

Example . Let Xω = [, ] and ωλ(x, y) = |x–y|
λ

. Define S, h : Xω → Xω and ϕ,φ : [,∞) →
[,∞) as

Sx =

{
/ if x ∈ [, 

 ],
/ if x ∈ ( 

 , ],
hx =

{
 – x if x ∈ [, 

 ],
 if x ∈ ( 

 , ],

ϕ(r) = r and φ(r) = ln( + r), respectively. First of all we verify that S and h satisfies the
inequality (.). Suppose a, t ∈ R

+, a > t. Then there are two cases.
Case : Let x ∈ [, 

 ]. Then

ωλ/a(Sx, Sy) = ωλ/a

(



,



)

= .



Hussain et al. Journal of Inequalities and Applications  (2016) 2016:89 Page 10 of 20

This implies that

∫ ωλ/a(Sx,Sy)


r dr = .

Also,

ωλ/t(hx, hy) = ωλ/t( – x,  – y) =
l|x – y|

λ
,

so,

∫ ωλ/t (hx,hy)


r dr =

l|x – y|
λ


.

Therefore,

∫ ωλ/t (hx,hy)


r dr – φ

(∫ ωλ/t (hx,hy)


r dr

)

=
t|x – y|

λ – ln

(

 +
t|x – y|

λ

)

.

Since ln( + x) ≤ x for all x ∈ [, ], this shows that

t|x – y|
λ – ln

(

 +
t|x – y|

λ

)

≥  =
∫ ωλ/a(Sx,Sy)


r dr.

Thus (.) is satisfied in this case.
Case : Let x ∈ ( 

 , ]. Then

ωλ/a(Sx, Sy) =  = ωλ/t(hx, hy).

Thus (.) is satisfied trivially in this case.
Next, since x = 

 is the coincidence point of S and h and

Sh
(




)

= S
(




)

= h
(




)

= hS
(




)

,

showing that S and h are ω-weakly compatible maps. Thus all conditions of Theorem .
hold and 

 is a unique common fixed point of S and h.
Further, consider a sequence {xn} = { 

 – 
n }, n ≥ , in Xω . We have

ωλ(Sxn, hxn) = ωλ

(

S
(




–

n

)

, h
(




–

n

))

= ωλ

(



+

n

,



)

→  as n → ∞.

But

ωλ(Shxn, hSxn) �  as n → ∞.

Therefore, S and h are not ω-compatible.
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Like to the arguments of Theorem ., we state the following results and exclude their
proofs.

Theorem . Let Xω be a MMS. Suppose S, h : Xω → Xω are two self-mappings satisfying
the conditions () and () of Theorem . and a, t ∈R

+ with a > t

∫ ωλ/a(Sx,Sy)


ϕ(r) dr ≤

∫ m(x,y)


ϕ(r) dr – φ

(∫ m(x,y)


ϕ(r) dr

)

, (.)

for all x, y ∈ Xω , where

m(x, y) = max

{

ωλ/t(hx, hy),ωλ/t(hx, Sx),ωλ/t(hy, Sy),
ωλ/t(hx, Sy) + ωλ/t(hy, Sx)


,

ωλ/t(hy, Sx)ωλ/t(hx, Sy)
 + ωλ/t(Sx, Sy)

,
ωλ/t(hy, Sx)ωλ/t(hx, Sx)

[ + ωλ/t(Sx, Sy)]
,

ωλ/t(hx, Sy)ωλ/t(hy, Sy)
[ + ωλ/t(Sx, Sy)]

}

, (.)

ϕ ∈ � and φ ∈ �. Then there exists a unique common fixed point of S and h.

Theorem . Let Xω be a MMS. Assume that S, h : Xω → Xω are two self-mappings satis-
fying the conditions () and () of Theorem . and a, t ∈R

+ with a > t such that

∫ ωλ/a(Sx,Sy)


ϕ(r) dr ≤

∫ m(x,y)


ϕ(r) dr – φ

(∫ m(x,y)


ϕ(r) dr

)

, (.)

for all x, y ∈ Xω , where

m(x, y) = max

{

ωλ/t(hx, hy),ωλ/t(hx, Sx),ωλ/t(hy, Sy),

ωλ/t(hx, Sy) + ωλ/t(hy, Sx)


,
ωλ/t(hy, Sx)ωλ/t(hx, Sy)

 + ωλ/t(hx, hy)
,

min

{
ωλ/t(hx, Sx)ωλ/t(hx, Sy)

 + ωλ/t(hx, hy)
,
ωλ/t(hy, Sy)ωλ/t(hy, Sx)

 + ωλ/t(hx, hy)

}}

, (.)

ϕ ∈ � and φ ∈ �. Then there exists a unique common fixed point of S and h.

Theorem . Let Xω be a MMS. Suppose S, h : Xω → Xω are two self-mappings satisfying
the conditions () and () of Theorem . and for all x, y ∈ Xω , there exist a, t ∈R

+ with a > t

∫ ωλ/a(Sx,Sy)


ϕ(r) dr ≤

∫ m(x,y)


ϕ(r) dr – φ

(∫ m(x,y)


ϕ(r) dr

)

, (.)
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where

m(x, y) = max

{

ωλ/t(hx, hy),ωλ/t(hx, Sx),ωλ/t(hy, Sy),

ωλ/t(hx, Sy) + ωλ/t(hy, Sx)


,
ωλ/t(hy, Sx)ωλ/t(hx, Sy)

 + ωλ/t(Sx, Sy)
,

min

{
ωλ/t(hy, Sx)ωλ/t(hx, Sx)

 + ωλ/t(Sx, Sy)
,
ωλ/t(hx, Sy)ωλ/t(hy, Sy)

 + ωλ/t(Sx, Sy)

}}

, (.)

ϕ ∈ � and φ ∈ �. Then there exists a unique common fixed point of S and h.

Theorem . Let Xω be a MMS. Suppose S, h : Xω → Xω are two self-mappings satisfying
the conditions () and () of Theorem . and

∫ π (ωλ/a(Sx,Sy))


ϕ(r) dr ≤

∫ π (M(x,y))


ϕ(r) dr – φ

(∫ π (M(x,y))


ϕ(r) dr

)

, (.)

for all x, y ∈ Xω , a, t ∈ R with a > t, where M(x, y) is as in Theorem ., ϕ ∈ �, φ ∈ � and
π ∈ �. Then there exists a unique common fixed point of S and h.

Proof Choose a > t. Let x ∈ Xω be an arbitrary point. Since S(Xω) ⊆ h(Xω), there is a
point x in Xω such that S(x) = h(x). By continuing this, we generate a sequence {hxn}∞n=

as follows: Sxn = hxn+ for each n. Suppose for any n, hxn �= hxn+, since, otherwise, S and
h have a point of coincidence, (.) shows that

∫ π (ωλ/a(hxn+,hxn))


ϕ(r) dr =

∫ π (ωλ/a(Sxn ,Sxn–))


ϕ(r) dr

≤
∫ π (M(xn ,xn–))


ϕ(r) dr – φ

(∫ π (M(xn ,xn–))


ϕ(r) dr

)

,

where

M(x, y) = max

{

ωλ/t(hxn, hxn–),ωλ/t(hxn, Sxn),ωλ/t(hxn–, Sxn–),

ωλ/t(hxn, Sxn–) + ωλ/t(hxn–, Sxn)


,
ωλ/t(hxn, Sxn–)ωλ/t(hxn–, Sxn)

 + ωλ/t(hxn, hxn–)
,

ωλ/t(hxn, Sxn)ωλ/t(hxn, Sxn–)
[ + ωλ/t(hxn, hxn–)]

,
ωλ/t(hxn–, Sxn–)ωλ/t(hxn–, Sxn)

[ + ωλ/t(hxn, hxn–)]

}

.

As in the proof of Theorem ., we get

M(xn, xn–) ≤ max
{
ωλ/a(hxn–, hxn),ωλ/a(hxn, hxn+)

}
.

Now if ωλ/a(hxn, hxn+) > ωλ/a(hxn–, hxn), then

∫ π (ωλ/a(hxn+,hxn))


ϕ(r) dr ≤

∫ π (ωλ/a(hxn ,hxn+))


ϕ(r) dr – φ

(∫ π (ωλ/t (hxn ,hxn+))


ϕ(r) dr

)

<
∫ π (ωλ/a(hxn ,hxn+))


ϕ(r) dr.
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This gives a contradiction. So, M(xn, xn–) ≤ ωλ/a(hxn–, hxn). Therefore

∫ π (ωλ/a(hxn+,hxn))


ϕ(r) dr ≤

∫ π (ωλ/a(hxn ,hxn–))


ϕ(r) dr – φ

(∫ π (ωλ/t (hxn ,hxn–))


ϕ(r) dr

)

<
∫ π (ωλ/a(hxn ,hxn–))


ϕ(r) dr, (.)

which implies that there exists k ≥  such that

lim
n→∞

∫ π (ωλ/a(hxn+,hxn))


ϕ(r) dr = k.

If k > , then by Lemma . and (.), we get the contradiction. So, we have

lim
n→∞π

(
ωλ/a(hxn+, hxn)

)
= .

Since π ∈ �, Lemma . gives

lim
n→∞ωλ/a(hxn+, hxn) = .

From this we see that {hxn}n∈N is a Cauchy sequence. Since h(Xω) is complete, there exists
x∗ ∈ X such that ωλ/t(hxn, x∗) →  as n → ∞. Consequently, we can find p in Xω such that
h(p) = x∗ By (.), we get

∫ π (ωλ/a(hxn ,Sp))


ϕ(r) dr =

∫ π (ωλ/a(Sxn–,Sp))


ϕ(r) dr

≤
∫ π (M(xn–,p))


ϕ(r) dr – φ

(∫ π (M(xn–,p))


ϕ(r) dr

)

,

where

M(xn–, p) = max

{

ωλ/t(hxn–, hp),ωλ/t(hxn–, Sxn–),ωλ/t(hp, Sp),

ωλ/t(hxn–, Sp) + ωλ/t(hp, Sxn–)


,
ωλ/t(hxn–, Sp)ωλ/t(hp, Sxn–)

 + ωλ/t(hxn–, hp)

ωλ/t(hxn–, Sxn–)ωλ/t(hxn–, Sp)
[ + ωλ/t(hxn–, hp)]

,
ωλ/t(hp, Sp)ωλ/t(hp, Sxn–)

[ + ωλ/t(hxn–, hp)]

}

.

Taking the limit as n → ∞ and using Lemma . yields

∫ π (ωλ/a(x∗ ,Sp))


ϕ(r) dr ≤

∫ π (ωλ/t (x∗ ,Sp))


ϕ(r) dr – φ

(∫ π (ωλ/t (x∗ ,Sp))


ϕ(r) dr

)

<
∫ π (ωλ/t (x∗ ,Sp))


ϕ(r) dr

≤
∫ π (ωλ/a(x∗ ,Sp))


ϕ(r) dr.
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This contradiction gives π (ωλ/a(Sp, x∗)) = , by using Lemma ., we get ωλ/a(Sp, x∗) = 
for λ > . Hence Sp = x∗. Hence x∗ is the point of coincidence of S and h. Assume that
there is another point of coincidence q in Xω such that q �= x∗. Then there exists u in Xω

such that Su = hu = q. By (.), we get

∫ π (ωλ/a(hp,hu))


ϕ(r) dr =

∫ π (ωλ/a(Sp,Su))


ϕ(r) dr

≤
∫ π (M(p,u))


ϕ(r) dr – φ

(∫ π (M(p,u))


ϕ(r) dr

)

,

where

M(p, u) = max

{

ωλ/t(hp, hu),ωλ/t(hp, Sp),ωλ/t(hu, Su),

ωλ/t(hu, Sp) + ωλ/t(hp, Su)


,
ωλ/t(hp, Su)ωλ/t(hu, Sp)

 + ωλ/t(hp, hu)
,

ωλ/t(hp, Sp)ωλ/t(hp, Su)
[ + ωλ/t(hp, hu)]

,
ωλ/t(hu, Su)ωλ/t(hu, Sp)

[ + ωλ/t(hp, hu)]

}

= ωλ/t(hp, hu).

So,

∫ π (ωλ/a(hp,hu))


ϕ(r) dr ≤

∫ π (ωλ/t (hp,hu))


ϕ(r) dr – φ

(∫ π (ωλ/t (hp,hu))


ϕ(r) dr

)

<
∫ π (ωλ/t (hp,hu))


ϕ(r) dr ≤

∫ π (ωλ/a(hp,hu))


ϕ(r) dr,

which is a contradiction. This proves the uniqueness of the point of coincidence. Thus x∗

is a unique coincidence point of S and h. By using Lemma ., we see that S and h have a
unique common fixed point. �

From Theorem ., we get the following theorems.

Theorem . Let Xω be a modular metric space. Assume S, h : Xω → Xω are two self-
mappings satisfying the conditions () and () of Theorem . and

∫ π (ωλ/a(Sx,Sy))


ϕ(r) dr ≤

∫ π (m(x,y))


ϕ(r) dr – φ

(∫ π (m(x,y))


ϕ(r) dr

)

, (.)

where m(x, y) is as in Theorem ., ϕ ∈ �, φ ∈ �, and π ∈ �. Then there exists a unique
common fixed point of S and h.

Theorem . Let Xω be a modular metric space. Suppose a, t ∈ R
+ with a > t and S, h :

Xω → Xω are two self-mappings satisfying the conditions () and () of Theorem . and

∫ π (ωλ/a(Sx,Sy))


ϕ(r) dr ≤

∫ π (ωλ/t (hx,hy))


ϕ(r) dr – φ

(∫ π (ωλ/t (hx,hy))


ϕ(r) dr

)

, (.)

where ϕ ∈ �, φ ∈ � and π ∈ �. Then there exists a unique common fixed point of S and h.
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Remark . With h = I (identity map) in Theorems .-., we deduce the fixed point
results for one map.

Remark . In case φ(t) = ( – r)t, where  < r < , and φ(t) = t – ψ(t), where ψ ∈ � , then
Theorems .-. reduce to corollaries which elongate and generalize Theorems .-. of
[], Theorem . of [], Theorems . and . of [], Theorems .-. of [], Theorems
. and . of [], Theorem  of [] and Theorems . and . of [] in the set-up of
modular metric space.

By considering similar argument of Theorem ., we state the following results and ex-
clude their proofs.

Theorem . Let Xω be a MMS. Suppose S, h : Xω → Xω are two self-mappings satisfying
the conditions () and () of Theorem . and

∫ π (ωλ/a(Sx,Sy))


ϕ(r) dr ≤

∫ π (m(x,y))


ϕ(r) dr – φ

(∫ π (m(x,y))


ϕ(r) dr

)

, (.)

for all x, y ∈ Xω , a, t ∈ R with a > t, where m(x, y) is as in Theorem ., ϕ ∈ �, φ ∈ � and
π ∈ �. Then there exists a unique common fixed point of S and h.

Theorem . Let Xω be a MMS. Suppose S, h : Xω → Xω are two self-mappings satisfying
the conditions () and () of Theorem . and

∫ π (ωλ/a(Sx,Sy))


ϕ(r) dr ≤

∫ π (m(x,y))


ϕ(r) dr – φ

(∫ π (m(x,y))


ϕ(r) dr

)

, (.)

for all x, y ∈ Xω , a, t ∈ R with a > t, where m(x, y) is as in Theorem ., ϕ ∈ �, φ ∈ � and
π ∈ �. Then there exists a unique common fixed point of S and h.

Theorem . Let Xω be a MMS. Suppose S, h : Xω → Xω are two self-mappings satisfying
the conditions () and () of Theorem . and

∫ π (ωλ/a(Sx,Sy))


ϕ(r) dr ≤

∫ π (m(x,y))


ϕ(r) dr – φ

(∫ π (m(x,y))


ϕ(r) dr

)

, (.)

for all x, y ∈ Xω , a, t ∈ R with a > t, where m(x, y) is as in Theorem ., ϕ ∈ �, φ ∈ � and
π ∈ �. Then there exists a unique common fixed point of S and h.

3 Applications to fuzzy metric spaces
In , Grabiec [] defined contractive mappings on a fuzzy metric space and ex-
tended fixed point theorems of Banach and Edelstein in such spaces. Successively, George
and Veeramani [] slightly modified the notion of a fuzzy metric space introduced by
Kramosil and Michálek. For more details see [–] and the references therein. In this
section we deduce fixed point results in a triangular fuzzy metric space.

Definition . [] The -tuple (X, M,∗) is said to be a fuzzy metric space if X is an arbi-
trary nonempty set, ∗ is a continuous t-norm and M is a fuzzy set in X × (,∞) satisfying
the following conditions: for all x, y, z ∈ X, s, t > ,
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() M(x, y, t) > ,
() M(x, y, t) =  if and only if x = y,
() M(x, y, t) = M(y, x, t),
() M(x, y, t) ∗ M(y, z, s) ≤ M(x, z, t + s),
() M(x, y, ·) : (,∞) → [, ] is continuous.

Definition . [] Let (X, M,∗) be a fuzzy metric space. The fuzzy metric M is called
triangular whenever


M(x, y, t)

–  ≤ 
M(x, z, t)

–  +


M(z, y, t)
–  (.)

for all x, y, z ∈ X and all t > .

Lemma . [] For all x, y, z ∈ X, (X, M,∗) is non-deceasing on (,∞).

Lemma . [] Let (X, M,∗) be a triangular fuzzy metric space. Define

ωλ(x, y) =


M(x, y,λ)
–  (.)

for all x, y, z ∈ X and all λ > . Then ωλ is a modular metric on X.

Definition . [] Two self-mappings S and h of a fuzzy metric space (X, M,∗) are called
weakly compatible if they commute at their coincidence points.

As an application of Lemma . and the results proved above, we deduce the following
new fixed point theorems in triangular fuzzy metric spaces.

Theorem . Let (X, M,∗) be a triangular fuzzy metric space. Suppose a, t ∈R
+ with a > t

and S, h : X → X are two self-mappings satisfying the following assertions:
() S(X) ⊆ h(X), h(X) is a complete subspace of X ;
() S and h are weakly compatible mappings;

()
∫ 

M(Sx,Sy,λ/a) –
 ϕ(r) dr ≤ ∫ N (x,y)

 ϕ(r) dr – φ(
∫ N (x,y)

 ϕ(r) dr),
where

N (x, y) = max

{


M(hx, hy,λ/t)
– ,


M(hx, Sx,λ/t)

– ,


M(hy, Sy,λ/t)

– ,


M(hx, Sy,λ/t)
+


M(hy, Sx,λ/t)

– ,

M(hx, hy,λ/t)
(


M(hx, Sy,λ/t)

– 
)(


M(hy, Sx,λ/t)

– 
)

,

M(hx, hy,λ/t)


(


M(hx, Sx,λ/t)
– 

)(


M(hx, Sy,λ/t)
– 

)

,

M(hx, hy,λ/t)


(


M(hy, Sy,λ/t)
– 

)(


M(hy, Sx,λ/t)
– 

)}

,

ϕ ∈ � and φ ∈ �. Then S and h have a unique common fixed point.
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Theorem . Let (X, M,∗) be a triangular fuzzy metric space. Assume that a, t ∈R
+ with

a > t and S, h : X → X are two self-mappings satisfying the conditions () and () of Theo-
rem . and

∫ 
M(Sx,Sy,λ/a) –


ϕ(r) dr ≤

∫ n(x,y)


ϕ(r) dr – φ

(∫ n(x,y)


ϕ(r) dr

)

, (.)

for all x, y ∈ X and λ ≥ , where

n(x, y) = max

{


M(hx, hy,λ/t)
– ,


M(hx, Sx,λ/t)

– ,


M(hy, Sy,λ/t)
– ,


M(hx, Sy,λ/t)

+


M(hy, Sx,λ/t)
– 

}

,

ϕ ∈ � and φ ∈ �. Then S and h have a unique common fixed point.

Theorem . Let (X, M,∗) be a triangular fuzzy metric space. Assume that a, t ∈R
+ with

a > t and S, h : X → X are two self-mappings satisfying the conditions () and () of Theo-
rem . and

∫ 
M(Sx,Sy,λ/a) –


ϕ(r) dr ≤

∫ 
M(hx,hy,λ/a) –


ϕ(r) dr – φ

(∫ 
M(hx,hy,λ/a) –


ϕ(r) dr

)

, (.)

for all x, y ∈ X and λ ≥ , where ϕ ∈ � and φ ∈ �. Then S and h have a unique common
fixed point.

Theorem . Let (X, M,∗) be a triangular fuzzy metric space. Suppose a, t ∈R
+ with a > t

and S, h : X → X are two self-mappings satisfying the conditions () and () of Theorem .
and

∫ 
M(Sx,Sy,λ/a) –


ϕ(r) dr ≤

∫ n(x,y)


ϕ(r) dr – φ

(∫ n(x,y)


ϕ(r) dr

)

, (.)

where

n(x, y) = max

{


M(hx, hy,λ/t)
– ,


M(hx, Sx,λ/t)

– ,


M(hy, Sy,λ/t)

– ,


M(hx, Sy,λ/t)
+


M(hy, Sx,λ/t)

– ,

M(Sx, Sy,λ/t)
(


M(hy, Sx,λ/t)

– 
)(


M(hx, Sy,λ/t)

– 
)

,

M(Sx, Sy,λ/t)


(


M(hy, Sx,λ/t)
– 

)(


M(hx, Sx,λ/t)
– 

)

,

M(Sx, Sy,λ/t)


(


M(hx, Sy,λ/t)
– 

)(


M(hy, Sy,λ/t)
– 

)}

,

ϕ ∈ � and φ ∈ �. Then S and h have a unique common fixed point.
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Theorem . Let (X, M,∗) be a triangular fuzzy metric space. Suppose a, t ∈R
+ with a > t

and S, h : X → X are two self-mappings satisfying the conditions () and () of Theorem .
and

∫ 
M(Sx,Sy,λ/a) –


ϕ(r) dr ≤

∫ n(x,y)


ϕ(r) dr – φ

(∫ n(x,y)


ϕ(r) dr

)

, (.)

where

n(x, y) = max

{


M(hx, hy,λ/t)
– ,


M(hx, Sx,λ/t)

– ,


M(hy, Sy,λ/t)

– ,


M(hx, Sy,λ/t)
+


M(hy, Sx,λ/t)

– ,

M(hx, hy,λ/t)
(


M(hx, Sy,λ/t)

– 
)(


M(hy, Sx,λ/t)

– 
)

,

min

{
M(hx, hy,λ/t)



(


M(hx, Sx,λ/t)
– 

)(


M(hx, Sy,λ/t)
– 

)

,

M(hx, hy,λ/t)


(


M(hy, Sy,λ/t)
– 

)(


M(hy, Sx,λ/t)
– 

)}}

,

ϕ ∈ � and φ ∈ �. Then S and h have a unique common fixed point.

Theorem . Let (X, M,∗) be a triangular fuzzy metric space. Suppose a, t ∈R
+ with a > t

and S, h : X → X are two self-mappings satisfying the conditions () and () of Theorem .
and

∫ 
M(Sx,Sy,λ/a) –


ϕ(r) dr ≤

∫ n(x,y)


ϕ(r) dr – φ

(∫ n(x,y)


ϕ(r) dr

)

, (.)

where

n(x, y) = max

{


M(hx, hy,λ/t)
– ,


M(hx, Sx,λ/t)

– ,


M(hy, Sy,λ/t)

– ,


M(hx, Sy,λ/t)
+


M(hy, Sx,λ/t)

– ,

M(Sx, Sy,λ/t)
(


M(hy, Sx,λ/t)

– 
)(


M(hx, Sy,λ/t)

– 
)

,

min

{
M(Sx, Sy,λ/t)



(


M(hy, Sx,λ/t)
– 

)(


M(hx, Sx,λ/t)
– 

)

,

M(Sx, Sy,λ/t)


(


M(hx, Sy,λ/t)
– 

)(


M(hy, Sy,λ/t)
– 

)}}

,

ϕ ∈ � and φ ∈ �. Then S and h have a unique common fixed point.

Theorem . Let (X, M,∗) be a triangular fuzzy metric space. Suppose a, t ∈R
+ with a > t

and S, h : X → X are two self-mappings satisfying the conditions () and () of Theorem .
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and

∫ π ( 
M(Sx,Sy,λ/a) –)


ϕ(r) dr ≤

∫ π (N (x,y))


ϕ(r) dr – φ

(∫ π (N (x,y))


ϕ(r) dr

)

, (.)

for all x, y ∈ X, a, t ∈ R with a > t, where N (x, y) is as in Theorem ., ϕ ∈ �, φ ∈ � and
π ∈ �. Then there exists a unique common fixed point of S and h.

Theorem . Let (X, M,∗) be a triangular fuzzy metric space. Suppose a, t ∈R
+ with a > t

and S, h : X → X are two self-mappings satisfying the conditions () and () of Theorem .
and

∫ π ( 
M(Sx,Sy,λ/a) –)


ϕ(r) dr ≤

∫ π (n(x,y))


ϕ(r) dr – φ

(∫ π (n(x,y))


ϕ(r) dr

)

, (.)

for all x, y ∈ X, a, t ∈ R with a > t, where n(x, y) is as in Theorem ., ϕ ∈ �, φ ∈ � and
π ∈ �. Then there exists a unique common fixed point of S and h.

Theorem . Let (X, M,∗) be a triangular fuzzy metric space. Suppose a, t ∈R
+ with a > t

and S, h : X → X are two self-mappings satisfying the conditions () and () of Theorem .
and

∫ π ( 
M(Sx,Sy,λ/a) –)


ϕ(r) dr ≤

∫ π (n(x,y))


ϕ(r) dr – φ

(∫ π (n(x,y))


ϕ(r) dr

)

, (.)

for all x, y ∈ X, a, t ∈ R with a > t, where n(x, y) is as in Theorem ., ϕ ∈ �, φ ∈ �, and
π ∈ �. Then there exists a unique common fixed point of S and h.

Theorem . Let (X, M,∗) be a triangular fuzzy metric space. Suppose a, t ∈R
+ with a >

t and S, h : X → X are two self-mappings satisfying the conditions () and () of Theorem .
and

∫ π ( 
M(Sx,Sy,λ/a) –)


ϕ(r) dr ≤

∫ π (n(x,y))


ϕ(r) dr – φ

(∫ π (n(x,y))


ϕ(r) dr

)

, (.)

for all x, y ∈ X, a, t ∈ R with a > t, where n(x, y) is as in Theorem ., ϕ ∈ �, φ ∈ � and
π ∈ �. Then there exists a unique common fixed point of S and h.

Theorem . Let (X, M,∗) be a triangular fuzzy metric space. Suppose a, t ∈R
+ with a > t

and S, h : X → X are two self-mappings satisfying the conditions () and () of Theorem .
and

∫ π ( 
M(Sx,Sy,λ/a) –)


ϕ(r) dr ≤

∫ π (n(x,y))


ϕ(r) dr – φ

(∫ π (n(x,y))


ϕ(r) dr

)

, (.)

for all x, y ∈ X, a, t ∈ R with a > t, where n(x, y) is as in Theorem ., ϕ ∈ �, φ ∈ �, and
π ∈ �. Then there exists a unique common fixed point of S and h.
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