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Abstract
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transform techniques. It turns out that some well-known results are derived as special
cases.
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1 Introduction
The classical Bernoulli polynomials B, (x) and Euler polynomials E,, (x) are usually defined
by means of the following generating functions:

text o " t o "
a1 ;Bn(x)z (|t| < 27'[) and a1l ;En(x)a (|t| < JT). (1.1)

In particular, the rational numbers B, = B,(0) and integers E, = 2"E,(1/2) are called the
classical Bernoulli numbers and Euler numbers, respectively.

As is well known, the classical Bernoulli and Euler polynomials and numbers play im-
portant roles in different areas of mathematics such as number theory, combinatorics,
special functions and analysis. Numerous interesting properties for them can be found in
many books; see, for example, [1-4]. Here is the well-known Euler formula on the classical

Bernoulli numbers:

> (Z)Bksn_k = —nByi ~ (1= 1B, (1>1). (12)
k=0

This formula has been extended in different directions by many authors. For example, a

direct generalisation of (1.2) is the following identity on the classical Bernoulli polynomials
due to Norlund [5]:

3 (Z)Bk(x)Bnk(w = n(e+y-DBua(c+y) - (1-DByx+3) (n=1),  (13)

k=0
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which has been generalised to a symmetric form by He and Zhang [6]. We also mention
[7-11] for further discoveries of the above Norlund result following the work of Carlitz
[12], Agoh and Dilcher [13, 14]. On the other hand, Eie [15], Sitaramachandraro and Davis
[16] generalised (1.2) to sums of products of three and four Bernoulli numbers. After that,
Sankaranarayanan [17] gave the closed expression of sums of products of five Bernoulli
numbers, and Zhang [18] derived the closed ones of sums of products of less than and
equal to seven Bernoulli numbers. In particular, Dilcher [19] obtained some closed formu-
lae of sums of products of any number of classical Bernoulli and Euler polynomials and
numbers. Petojevi¢ and Srivastava [20-22] got several new formulae of sums of products
of any number of classical Bernoulli numbers including the Euler type and Dilcher type
sums of products of Bernoulli numbers. Recently, Kim [23] developed a new approach to
give the closed formula of sums of products of any number of classical Bernoulli numbers
by using the relation of values at non-positive integers of the important representation of
the multiple Hurwitz zeta function in terms of the Hurwitz zeta function. Further, Kim
and Hu [24] obtained the closed formula of sums of products of any number of Apostol-
Bernoulli numbers by expressing the sums of products of the Apostol-Bernoulli polynomi-
als in terms of the special values of multiple Hurwitz-Lerch zeta functions at non-positive
integers.

We now turn to the Apostol-Bernoulli polynomials 3, (x; A) and Apostol-Euler polyno-
mials &,(x; 1), which are usually defined by means of the following generating functions
(see, e.g, [25, 26]):

oo

te*t ¢
v ;Bn(x;)n)ﬁ (It <27 if A = 1;|¢] < | log A| otherwise) (1.4)
and
2e" & t
e ;En(x;)»)a (18] <7 if A = 1;]¢] < |log(~A)| otherwise). (1.5)

Moreover, B,(A) = B,(0; 1) and &,(X) = 2"E,(1/2; A) are called the Apostol-Bernoulli num-
bers and Apostol-Euler numbers, respectively. Obviously 5,(x; 1) and &,(x; A) reduce to
B, (x) and E,(x) when A = 1. It is worth noticing that the Apostol-Bernoulli polynomials
were firstly introduced by Apostol [27] (see also Srivastava [28] for a systematic study) in
order to evaluate the value of the Hurwitz-Lerch zeta function. For some elegant results
and nice methods on these polynomials and numbers, one is referred to [29-38].

In the present paper, we will be concerned with some closed formulae of sums of prod-
ucts of any number of Apostol-Bernoulli and Apostol-Euler polynomials and numbers.
The idea stems from the two identities of Xu and Cen [39] applying the famous Faa di
Bruno formula to answer a problem posed by Guo and Qi [40]. We prove the two results
due to Xu and Cen in a brief way again. As further applications, we obtain some closed
formulae of sums of products of any number of Apostol-Bernoulli and Apostol-Euler poly-
nomials and numbers by applying the generating function methods and some summation
transform techniques. It turns out that some known results including the ones stated in

[19, 24] are derived as special cases.
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2 Some auxiliary results

We firstly recall the Stirling numbers of the first kind s(#, k) and the Stirling numbers of the
second kind S(n, k) which can be found in the standard book [41]. The Stirling numbers
of the first kind are the coefficients in the expansion

n

@)=Y _stmkx* (1> 0), 2.1)

k=0

and the Stirling numbers of the second kind are characterised by the identity

K= Smk@ (1= 0). (22)

k=0

The notation (x), appearing in (2.1) and (2.2) stands for the falling factorial (x), of order n
defined by (x)o =1 and (x), = x(x —1)(x—2) - - - (¢ — n +1) for positive integer n and complex
number x. In fact, the Stirling numbers of the first kind s(#, k) and the Stirling numbers of
the second kind S(#, k) can be defined by means of the following generating functions:

(In(1+ ) & " (e -1)f & t"

- Zs(n,k); and = ZS(n, k);. (2.3)
n=k n=k

If making use of (2.3) then one can easily obtain the pair of classical inverse relations (see,

e.g, [41, p.144]):

n

f)=Y s kgh) = gn) =) SwmKfK), (2.4)

k=0 k=0

with # being non-negative integer and () and g(n) being two sequences.

Motivated by two identities appearing in [42], Guo and Qi [40, 43] posed the following
problem: for ¢ # 0 and positive integer 1, determine the numbers a,,x_; for 1 < k < n such
that

1 ‘ 1 \%V
S . . 2.5
=T +;an,k l(et—1> (2.5)

Stimulated by this problem, the authors [40] made use of the mathematical induction to
establish eight identities which reveal the functions 1/(1 —e*?)” and the derivatives (1/(e** -
1))® can be expressed by each other by linear combinations with coefficients involving the
combinatorial numbers and Stirling numbers of the second kind. Further, Xu and Cen [39]
applied the famous Faa di Bruno formula to unify the eight identities due to Guo and Qi
[40] to two identities involving two parameters o and A. We next state their results and
give a brief proof.

Theorem 2.1 ([39]) Let n be a non-negative integer and «, A two parameters. Then

< 1 )(m _ g: (=1)™*-Lom(k — 1)1S(n + l,k), (2.6)

1- et py (1 - ret)k
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and for positive integer n,

1 Z )" Fsmk) 1\
(L—rextyr &= (n—1Dlakt \1-set '

Proof In view of the binomial series

1+t = Z ('B>t” (B complex number),
n=0 n
we discover
1 > n +] 1 ;
_ )\. at att /.
(1= ety Z(;) ‘ Z( ) )
j=0 =0

If taking x = —j in (2.1) then we obtain, for positive integer n,

n

1 g n+j-1
Y sm k(1) = ( ‘ )
(n—l).kXﬂ:

]
Applying (2.10) to (2.9) yields

1 _ 1 i ok 00 i
(1 - rext)yr - (n-1)! k2=1:( 1) s(”:k)Z()ne )] .

Jj=0

It is easy to see from (2.9) that

! SN e & nd ,
T
j=0

j=0

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

Thus, combining (2.11) and (2.12) gives the formula (2.7). It follows from (2.4) and (2.7)

that (2.6) is complete. This concludes the proof.
It becomes obvious that in the case « =1 in (2.7) arises, for positive integer #,

1 G smh) 1\
(Aet—l)n_z (n=1)! <,\et—1)

k=1

and

1 ") ksmk) 1 O\
(Aet+1)n:X_1: (n—1)! (Aef+1) ‘

k=
We next give another auxiliary result as follows.

Theorem 2.2 Let n be a non-negative integer. Then

oo m

(on)" =3 [Z (Z) () forsi +y)} =
k=0

m=0

O

(2.13)

(2.14)

(2.15)
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and for positive integer r,

m=0L k=0
(_1)n+1xm+n+1 1 . Y "

where (x), denotes the rising factorial (x), of order n defined by (x)o =1 and (x), =
x(x +1)(x +2) - - - (x + n = 1) for positive integer n and complex number x, f(y,t) is denoted

by f0,8) = Yoo fin ) o 80 1) is denoted by g(y,8) = Yowo 2200 - 0 and {f,(x))3, is a

sequence of polynomials given by
t" (x-1/2)t
E fu(x)— = F(t)e ) (2.17)

with F(t) being a formal power series.
Proof See [44, (2.6), (3.11)] for details. O

There follow some special cases of Theorem 2.2. By setting y = 0 and f(y, ) = 2/(re’ +1)
in (2.15), we obtain, for non-negative integers m, n,

" Xt 2 e - n n—k .
[E)e () ) S (e enn

where [t"]f(¢) stands for the coefficients of [t"] in f(¢). On the other hand, since By (x; A) =1
when A =1 and By(x; 1) = 0 when A #1 (see, e.g., [25]), so by setting Bo(x; 1) = 81, we get

1 _(Sl_,k_iBerl()\).ﬁ (219)
ret—1 ¢t _m:() m+1l m! ’

It is easy to see from the properties of the Beta and Gamma functions that, for non-

negative integers m, n,

1
/ (1= £)" dt = (mi (2.20)
0

m+n+1)!

Thus, by setting r =1, y = 0 and g(y,t) = 1/(re’ — 1) — 81,1/t in (2.16), with the help of (2.19)

and (2.20), we obtain, for non-negative integers m, n,

" St 1 o "\ (n - kBm+k+1(xr)L)
[%}(6 (Ae’—l) )zkzzoz(k)( %) m+k+1 " @2)

We shall make use of the above formulae (2.13), (2.14), (2.18) and (2.21) to give some closed
formulae of sums of products of any number of Apostol-Bernoulli and Apostol-Euler poly-

nomials and numbers in the next section.
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3 The restatement of main results
Before stating our main results, we begin by introducing the Stirling cycle numbers [}]
given by the relation

x(x+1)-.-(x+n—1)=Z|:ni|xk. (3.1)

k=0

It is obvious from (2.1) that s(#, k) = (=1)"* [Z] In fact, the Stirling cycle numbers can be
defined recursively by (see, e.g., [4, 29])

s [
][] ek

In this section we always denote by p,, ,,(x) a polynomial given by (see, e.g, [23, 24])

w-— 5 (Y[ " e
Prmt) = (m-1)! Z (m) [/<+1] —x

(3.2)

k=m
(=1)r—m-1 n24 (k) N
C oD sk e (3.3)
(}’l a 1)‘ k=m m
and we also denote by (,l,f'qu) the multinomial coefficient defined by
n n!
(rl rk>:V1‘-~~rk' (n,r1,...,1x > 0). (3.4)

We next explore the closed formulae of sums of products of any number of Apostol-
Bernoulli and Apostol-Euler polynomials and numbers. The discovery depends on the
following identity:

J ’ 2 m_re(x1+x2+u.+xm)t _ gr2amret (3.5)
ret—1) \ref +1 (ret = 1) (ret + 1)’

where r is a non-negative integer, m is a positive integer with 0 <r <mand y =x; + x; +

-+« + %, On taking r = m in (3.5) by (1.4) we get

n meyt
) T (e oo

ky+-+km=n
kl yyyyy kaO

On the other hand, from (2.13) we discover
" tMert
H ((w - 1)m>

ol DMk e 1 \&D
_(n—mng (m-1)! [(n—m)!](ey <ket—1> ) 3.7)

Page 6 of 13
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If applying (2.21) to the right-hand side of (3.7) then

t" et
[5] (W - 1)’”)

Lo k1, , )
n. Z ( 1) ls(mrk) Z (k . 1) (_y)k—l—/w. (38)

(n—m)! — (m-1) o\ n+j+l-m

Changing the order of the summation on the right-hand side of (3.8) gives
" e
n! [\ (Aef —1)"

Bisjs1-m(y; ) k-1 S(M’k)yk—l—j
- m)'z( yn+/+1 mz< ; )W

k=j+1 J
( l)m 1 _,()/ )L) _ s(m’k)yk—mﬂ'
T (n-m) Z( V=T j ;m:,(m ~j- 1) (m—1)!

(1)’“1 'Z( 1y 2N nz(Y?»)

m-1
1 k .
X D E ( - 1)s(m, k+ l)yk’(”’”_l). (3.9)
: k=m—j-1

Thus, by equating (3.6) and (3.9) and then applying (3.3) the following result arises.

Theorem 3.1 Let m be a positive integer andy = x1 + %X + - - - + x,,,. Then, for positive integer

n>m,

n
2 _ (kl,...,km)B"l("“)‘)'"Bkm(xm;k)

m-1 n! _ A
_yia mem_} (B0 ,(y ) 5.10)

There follow some special cases of Theorem 3.1. Obviously the case A = 1in Theorem 3.1
is an equivalent version of the classical formula of Dilcher [19, Theorem 3]:

Z _ (kl, ..n.,km>Bk1 (xl) a -Bkm (xm)

ki+-+km=n
k1 yerkiyy =0
n\ 24 L m—j-1+k
o) Z(—ly‘{z (" smn g k)yk}
m; o5 k=0 k
i"—_i(;’), (3.11)

Theorem 3.1 can also be used to give the closed formula of sums of products of any number
of Apostol-Bernoulli numbers described in [24]. For example, since the Apostol-Bernoulli

Page 7 of 13
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polynomials obey the symmetric distribution

AB,(1-x;4) = (-1)"B, (x; %) (n=>0), (312)

and the difference equation
AB,(1+x;1) = By(x; 1) = nx"™" (1> 0), (3.13)

which can be found in [25], by setting #; = %y = --- = %, = 1 and replacing A by 1/ in
Theorem 3.1, in view of (3.12), we derive

LD </<1, n ,km)Bkl A B )

kit +kp=n
kl ~~~~~ kaO
(-1l B,_j(m; 1)
= i (m) ——=. 3.14
(1= m)! ;pm,mj 1(m) nj ( )

On multiplying A*! in both sides of (3.13) and substituting x = 1,...,m — 1, in view of
adding the preceding results, we get for positive integer # and non-negative integer n,

m-1
W By(m;2) = By(154) + m Yy KA (3.15)
k=0

We notice that, from (3.13), we have AB;(1; 1) = 1+ B; (1) and A3,,(1; 1) = B,,(A) for positive

integer n > 2, and the following relation (see, e.g., [23]):

n-1
Zp,,,k(n)mk =0 (mmn>landl<m<n-1). (3.16)
k=0

Thus, by applying (3.15) and (3.16) to (3.14), one can obtain the closed formula for the
Apostol-Bernoulli numbers due to Kim and Hu [24, Theorem 1.2], as follows:

n
> (B B

_1\ym+n+l 1 -1 Bn,'(%) .

T Z;ZO pm,m,j,l(m)# ifn>m,
-2 B. () .

nlpuoBi(A) - n! Z;;o pn,n,j,l(n)n—’_], ifn=m.

(n—-m)!

(3.17)
If taking » = 0 in (3.5) then by (1.5) we obtain

" zmeyt
[5] ((Aef n 1>m>

-2 </<1,..n. ,k)gh(x“” B (s 1. (318)

ky+--+km=n

Page 8 of 13
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With the help of (2.14) and (2.18), we rewrite the left-hand side of (3.18) as
t" 2 edt
n! |\ (Aet +1)"

_ ym-1 (=)™ Ks(m, k) [ £ 2 (k-1)
~y R S () )

k=1
m k k 1
—gm-1 Z (- lzm 1’;1 k) Z( )( y)k 1 ]5n+/(y ).
k=1 =0

Changing the order of the summation on the right-hand side of (3.19) arises

t" 2Mmert
i) ()

m-1

o2 m—j-1 k1)
e A i) 32 (1 stmnt

k=j+1

The following result follows from (3.3), (3.18) and (3.20).

(3.19)

(3.20)

Theorem 3.2 Let m be a positive integer and y = x1 +x3 + - - - + %, Then, for positive integer

n=m,
n m-1
> i @132) + Ey @ns 1) =27 (D Ew 0.
[ STR o ,
ky+-+km=n j=0
k1yeerkin=0

It is worthy noticing that since (3.20) can be rewritten as
" 2mert
[;] <(Aef + 1)’”)

1)| Z( 1)18”+m 1—]()/ )\) Z ( )S(Wl,k)yk_(m_j)

k=m-—j

m-1

o1 |
= (m—1)! ],:ZO(_I)JEMWI—L/()/;)\)

j ,
m+k—-j-1
X Z( X / >s(m,m+k—j)yk,

k=0

by combining (3.18) and (3.22), we obtain

n
Z _ <k1,u.,km)gkl(xl;)\') .. gkm(xm’)")

m-1 j k—
= _(m—l)! Z(_l),{z <m+ . —j- 1>s(m m+k— ])yk} nem—1—j (V3 A).
J

(3.21)

(3.22)

(3.23)

Page9of 13
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Obviously the case A =1 in (3.23) gives the formula of Dilcher [19, Theorem 5] on the
classical Euler polynomials.

We next consider the case 1 <r <m —1 in (3.5). For convenience, in the following we
always denote z = 1e‘. We apply the familiar partial fraction decomposition and let

r-1 m—r-1

N
+ Z (Z+ l)m—r—j'

j=0

1 M,
-1z + )77 ;Z=o: (z—-1)— (3.24)

We are now in the position to determine the coefficients M; and N; in (3.24). By multiply-
ing both sides in (3.24) by (z — 1)" and taking z — 1, we obtain

1
=lim———— = (3.25)

21 (z + 1)y 2mr’
For the case 1 < i < r —1 in (3.24), by multiplying (z — 1)~ in both sides of (3.24) and
taking z — 1, with the help of the binomial theorem (z + 1)" = > ;_ 0( ) z — 1)k2mk for

non-negative integer », we get

i-1

) M
M; = lim(z-1)"" k
z—1 (z=1) (z+1)”‘ T (z—-1)*
~ (z+1)"" Z o Mi(z - 1)k
Togmr (z - 1)
X T ()2 M - )
= 11m - . (3.26)
QIm=r 5 51 (Z _ 1)1

In light of (3.25), we can make the L’'Hospital rule for (3.26). In fact, repeatedly applying

the L'Hospital rule i times there arises

m-r i-1

-1\ My k+]), Kaimi
Mg 3 () R e

j=0 k=0

(3.27)

where (x), is the falling factorial (x),, of order # in (2.1). Hence, the coefficients M; satisfy

i-1

1 m—r\ My .
MO:W and Ml:_z(l—k)ﬁ (1515}”—1). (3.28)
k=0
It follows from (3.28) that we can claim
—1)¢ —r+i-1
Mizz( {,(m rei ) O<i<r-1. (3.29)
m-r+i I

We shall use induction on i. Obviously (3.29) holds trivially when i = 0. Assume that (3.29)

is complete for any smaller value of i. From (3.28) and (3.29), we have

1 S (m=-r\(m-r+k-1 0 D (m-r+i-1
- -1 .
2m—r+i Z(Z—k)( k >( ) + 2m—r+i( i )

k=0

M; = (3.30)

Page 10 0of 13


http://www.advancesindifferenceequations.com/content/2014/1/155

He and Araci Advances in Difference Equations 2014, 2014:155
http://www.advancesindifferenceequations.com/content/2014/1/155

Note that, for non-negative integer n and complex numbers a and b (¢f the Chu-
Vandermonde summation formula stated in [45]),

(-n)k-(a)k _(b—a),
>, - : (3.31)
o k- (b)k (b)n
and the first summation of the right-hand side of (3.30) can be rewritten as
! m—r)(m—r+k—1)( p
> -1)
pary (z—k k
) m—ri (=i)(=i=1)-+ (=i +k=1) - (m—r+k—1)!
o pars K- (m—=r+k—i)
m-r (m-r=1Ig~ (=il (m=r)
- . , 32
i! (m—r—i)!kzo:k' (m—r—i+1) (8:32)

where (x),, is the rising factorial (x), of order » in Theorem 2.2. It follows from (3.31) and
(3.32) that

Lm=r\(m-r+k-1 K
> (i_ k) ( L )(—1) =0, (3.33)

k=0

which together with (3.30) immediately yields (3.29). On multiplying both sides in (3.24)
by (z + 1)”" and then taking z — —1, we obtain
1

= lim 1 = . (3.34)
-1 (z-1)  (=2)

On multiplying (z + 1)~ in both sides of (3.24) and then taking z — —1, with the help
of the binomial theorem, we get, for1 <j<m-r -1,

N = lim (z+ 1) . ]21: N
= lim (z + -
s (z-1)(z+ 1" = (z+ 1"k
1 . (z-1) Z o Ni(z + 1)k
= im
(=2)" z=-1 (z+1y
1 1=30 S () (=2 Ni(z + 1)K+
_ lim 2170 Zk—O (z)( ) k( ) . (335)
(=2)r z—-1 (z+1y
So from (3.34), we repeatedly apply the L'Hospital rule j times to get
N d Nj= § . <m-r-1). 3.36
0(2), * (:k)(zyk(—’"”) (3:36)

By a similar consideration to (3.29), we can state

() ey o

Page 11 0f 13
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It follows from (3.5), (3.24), (3.29) and (3.37) that, for positive integers m and r with 1 <

r<m-1,

Z (k " k )Bkl (xl; )") ce Bkr (xr;)\)gkﬂl (xr+l;)¥) o gkm (xm; )¥)
1reeer K

ky+-+km=n

k1yerkiyy =0
m—r+i-1\ (=in! [ " priert
( i )Zi(i’l—i)![(”—i)!}((let—l)ri)

m—-r-1 i1 1
s 1y (r+/— ) n!

pn j (n—r)

T 2m—r—jeyt 338
x [(n—r)!]((kef+1)”’—’—/)’ (3:38)

Thus, applying (3.9) and (3.20) to (3.38), in light of (3.3), we get the result.

Il
N h
S —

Theorem 3.3 Let m be a positive integer and y = x1 + x5 + - - - + %, Then, for positive integer
n > m and positive integer r with1 <r <m -1,

n
> ( . )Bkl (154) -+ Bi (33 1)k, (%r1132) - Ek,y (i 1)

kit +km=n
k1yeerkin=0
() N m—ri-1\ 1SS B_isk(y; 1)
_WZ i Z_Zprzrtkl(y) l—k
i=0 k=0
(-1)n! ’””(H; 1) .y
om—r-1-j
R 20: j
m-r—1-j
X Z pm—r—j,k(y)gn—ﬂk(y; )‘) (339)
k=0
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