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Abstract

In this paper, we introduce the concept of piecewise pseudo almost periodic
functions on a Banach space and establish some composition theorems of piecewise
pseudo almost periodic functions. We apply these composition theorems to
investigate the existence of piecewise pseudo almost periodic (mild) solutions to
abstract impulsive differential equations. In addition, the stability of piecewise pseudo
almost periodic solutions is considered.
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1 Introduction

The notion of pseudo almost periodic functions was introduced by Zhang as a natural gen-
eralization of the classical concept of almost periodic functions in [1, 2]. Since then, such
a notion has attracted many researchers’ interest. The topics of these functions and their
generations have been widely investigated in many publications such as [3—18] and the ref-
erences therein. In particular, in [11, 12], Diagana introduced the concept of Stepanov-like
pseudo almost periodic functions and gave some properties including the composition
theorem; the authors in [17] proposed the concept of pseudo almost periodic functions
on time scales and established some results about the existence of pseudo almost peri-
odic solutions to dynamic equations on time scales; in [10], a new concept which is called
weighted pseudo-almost periodicity implements in a natural fashion the notion of pseudo-
almost periodicity.

On the other hand, the study of impulsive differential equations is important [19-21]
because many evolution processes, optimal control models in economics, stimulated neu-
ral networks, population models, artificial intelligence, and robotics are characterized by
the fact that at certain moments of time they undergo abrupt changes of state. The exis-
tence of solutions is among the most attractive topics in the qualitative theory of impulsive
differential equations [19, 21-25]. Likewise, the existence of almost periodic solutions of
abstract impulsive differential equations has been considered by many authors; see, e.g.,
[26—-28]. However, there are few papers concerned with pseudo almost periodic functions
on impulsive systems.

Motivated by the above, our main propose of this paper is to introduce the concept of
piecewise pseudo almost periodic functions on a Banach space and establish some com-
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position theorems of piecewise pseudo almost periodic functions. Finally, we give some
results about the existence and stability of piecewise pseudo almost periodic solutions to
the following abstract impulsive differential equation:

u'(t) =Au(t) + f(t,u(t)), teRt#t,icZ, @)

Nult) 2 u(t) - (t;) = Li(u(t), '
where A is the infinitesimal generator of a Cy-semigroup {7'(¢) : ¢ > 0} on a Banach space
X, f, I, and ¢; satisfy suitable conditions that will be established later. In addition, the
notations u(¢]) and u(¢]) represent the right-hand side and the left-hand side limits of #(-)

at ¢;, respectively.

2 Preliminaries

Throughout this paper, we denote by X a Banach space; let T be the set consisting of all
real sequences {t;};cz such that y = infjcz(¢;,1 — £;) > 0. For {t;};cz € T, let PC(R, X) be the
space formed by all bounded piecewise continuous functions ¢ : R — X such that ¢(-) is
continuous at ¢ for any ¢ ¢ {;};cz and ¢(t;) = ¢(t;) for all i € Z; let Q be a subset of X and
PC(R x 2,X) be the space formed by all piecewise continuous functions ¢ : R x Q@ — X
such that for any x € @, ¢(-,x) € PC(R, X) and for any ¢ € R, ¢ (¢, -) is continuous at x € Q.

Definition 2.1 [26] A function ¢ € PC(R, X) is said to be piecewise almost periodic if the
following conditions are fulfilled:
1) {t; =tij—ti},i€Z,j=0,%1,%2,..., are equipotentially almost periodic; that is, for
any € > 0, there exists a relatively dense set Q. of R such that for each 7 € Q,, there
is an integer g € Z such that |¢;,, — t; — | <€ forall i € Z.
(2) For any € > 0, there exists a positive number § = §(¢) such that if the points ¢ and ¢”
belong to the same interval of continuity of ¢ and |¢’ — ¢’| < §, then
o) - ")l <e.
(3) Forevery € > 0, there exists a relatively dense set 2(¢) in R such that if € Q(¢), then

”q&(t+ T) —¢(t) ” <€

for all t € R satisfying the condition |£ — ;| > €, i € Z. The number 7 is called an
€-almost period of ¢.
We denote by APr(R, X) the space of all piecewise almost periodic functions. Obviously,
the space APy (R, X) endowed with the sup norm defined by [|¢ |0 = sup,cz lI¢(2)| for any
¢ € AP1(R, X) is a Banach space.

Throughout the rest of this paper, let UPC(R,X) be the space of all functions ¢ €
PC(R, X) such that ¢ satisfies the condition (2) in Definition 2.1.

Lemma 2.2 [26] Let ¢ € AP1(R,X), then the range of ¢, R(¢), is a relatively compact subset
of X.

Definition 2.3 f € PC(R x ©,X) is said to be piecewise almost periodic in ¢ uniformly
in x € Q if for each compact set K € 2, {f(-,x) : x € K} is uniformly bounded, and given
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€ > 0, there exists a relatively dense set Q(¢) such that

|[f(t+ 7,%) — f(t, %) || <€

forallx € K, 7 € Q(¢€), and t € R, |t — t;| > €. Denote by AP7(R x £2,X) the set of all such
functions.

Set

PAPY.(R, X) := {¢ € PC(R,X): lim % /r”qﬁ(f) | at = 0},
PAPY.(R x 2,X)

1 r
= {dJ € PC(R x ©,X): lim 2—/ || d(t,s) || dt = 0 uniformly with respect to s € K,
r—o0 2r J_,
where K is an arbitrary compact subset of Q }

Lemma 2.4 Suppose ¢ € PC(R,X). ¢ € PAPY.(R,X) if and only if for any € > 0,

li m(Mr,e (¢))
m ————-

r—00 2r

= 0,
where M,..(¢p) = {t € [-r,r]: ||¢p{t)|| > €} and m is the Lebesgue measure on R.

Proof Sufficiency. Since My = sup, . |4(t)|| < 0o, by the hypothesis, for any € > 0, there
exists 7o > 0 such that for r > ry,

M) _ e
2r M¢ )

Then

1 (" 1
— | o] dt = —[ f o(t)| dt + / o(t) dt]
2r /—r sl 2r LM, (9) Ll [\ Mye () sl

M
< m( r,e(¢))M¢ e <
2r
for r > ry. This implies that ¢ € PAP(%(R, X).
(Mrey )
2r

Necessity. If it is not, there exists €y > 0 such that = -+ 0asr— oo. That s, there

exists § > 0 such that for any »,

MMy (@) _
2r, -

for some r,, > n. Then

1 /r" 1
— o(t)|| de —[/ o(2) dt+/ o(t) dti|
27'” —Tn || || 27';1 Mm,eo (#) || || [_rn;rn]\Mrn,eo (#) || ||
1

N 27"” Mryl,EO (¢)

le@]
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@)

> 8607
which contradicts the fact that ¢ € PAP}(R, X). This completes the proof. O

Remark 2.5 The proof of Lemma 2.4 is essentially contained in Liang et al.’s result (see
Lemma 2.1 in [29]) or a more general case (see Proposition 3.1 and Corollary 3.2 in [30]).
We have included it for the reader’s convenience.

Lemma 2.6 PAP(%(R, X) is a translation invariant set of PC(R, X).

Proof ForanyseR, ¢ € PAP(}(R,X), €>0,r>0,wehave

Mr,e(Rs¢) = {tE [—r;r] : HRS¢(t) ” > 6}
={tel-rrl:|o@+9)| =€}

= {te [-r+s,r+s]: ||¢(t)|| 26} - {te [—r— |s], 7 + |s|] : ||¢>(t)|| 26}.

So,

2(r +|s|) 1
—————m
2r  2(r+|s))

1 1
_m(Mr,e (Rs¢)) = Zm(MrHsl,s((p)) = (Mr+|s\,s (¢))

2r

Since ¢ € PAP(}(R,X ), then by Lemma 2.4, we have

1

mm(MH\SI,é(d’)) —- 0, r— oo.

2(r+ls|)
2r

Furthermore, lim,_, o, =1, so

%m(M,,E (Rs$)) = 0, r—> oo.

Again, using Lemma 2.4, we know Rs¢ € PAP(%(R, X). The proof is complete. O

Definition 2.7 A function f € PC(R, X) is said to be piecewise pseudo almost periodic if
it can be decomposed as f = g + h, where g € AP7(R,X) and h € PAP}(R, X). Denote by
PAP7(R, X) the set of all such functions.

PAP7(R,X) is a Banach space with the sup norm || - || -

Lemma 2.8 The decomposition of piecewise pseudo almost periodic functions is unique.

Proof By Definition 2.7, we only need to prove that f = 0 when f € APr(R, X) as well as

being in PAP}(R, X). Suppose the contrary, then there exists at least one number xy € R

such that f(xo) # 0. Without loss of generality, we may assume that xo #¢; (i € Z) since we

canreplace x, by x; in a small neighborhood of xy. By Lemma 76 in [20], we can choose two

numbers /> 0 and 0 < § < min{ %, min;ez |xo —t;|} such that any interval of length / contains
IIf o)l

asubinterval of length 28 whose points must all be *=3* -almost period and #',t" € (t;, ¢i11),
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ieZ |t —t"| <8 imply that ||f(t') —f({")| < V&)l ' Consider now any interval of length /,

Vel 0)" -almost period t of f which

(r—38 —x0,r =8 —xg +1), r is a real number, there exists a
belongs to this interval, thus o + T € (r - 8,r — 8§ + /). Assume |x —xg| < 8, then x + T will

range over an interval of length 28, and

lf e+ 0 = [fo)]| = [f ) =flxo)|| = [flx+ ) = f W)

> £ o) - 'V(xoﬂl |lf(;€o)||=|lf(;€0)||’

which shows that any interval of length / contains a subinterval of length 2§ at all points

s ofui f Gxo)ll
satisfying |f(x)|l > VTO, S0
1o 1§ 1 f Geo)ll _ 2811f (xo) |
il — dx> — 2128 - = ,
ol ), el de= 5 2(: / @] x> 5 2m 3 3l
which contradicts the fact that f € PAP}.(R, X). The proof is complete. O

Definition 2.9 Let PAP7(R x ©,X) consist of all functions F € PC(R x ©,X) such that
F =G+ H,where G € AP7(R x ,X) and H € PAP}(R x 2,X).

3 Composition theorems

Theorem 3.1 Suppose f € PAP7(R x Q,X). Assume that the following conditions hold:
(i) {f(¢,x):t € R x e K} is bounded for every bounded subset K C 2.
(ii) f(¢,-) is uniformly continuous in each bounded subset of Q uniformly in t € R.

If € PAP1(R, X) such that R(¢p) C Q, then f (-, ¢(-)) € PAPr(R, X).

Proof Since f € PAP(R x 2,X) and ¢ € PAP7(R, X), by Definitions 2.7 and 2.9, we have
f=g+hand ¢ = ¢ + ¢, with g € AP7(R x 2,X), h € PAPY(R x 2,X), ¢ € APr(R, X),
¢, € PAP%(R, X). So, the function f(-, ¢(-)) can be decomposed as

F(o0) =g(51()) +f (o) —g(- ()
=g( 1)) +f(500) =f (1 () + 1 (-, 1 ().

By Lemma 2.2, R(¢) is relatively compact in X, g(¢,-) is uniformly continuous in R(¢;)
uniformly in ¢ € R. By a proof similar to Theorem 3.1 in [27], g(-, $1(-)) € APr(R, X). To
show that f(-,¢(-)) € PAP7(R, X), we need to show that f(-,¢(-)) — f(-, 1 (-)) + h(-, () €
PAPY.(R, X).

First, we show that f(-,¢(-)) — f(-, ¢1(-)) € PAP(}(R,X). Let K be a bounded subset of
such that R(¢) € K, R(¢;1) € K. By (ii), f (¢, -) is uniformly continuous in R(¢;) uniformly in
t € R, given € > 0, there exists § > 0 such that y;,y, € K and ||y; — ¥zl < § implies that

[ft.3) - f(t.32)| <€, teR.

Thus, for each ¢ € R, ||¢.(2)|| < § implies that for all £ € R,

f (2, 60) —f (& 1(0)) || <€
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where ¢5(t) = ¢(2) — ¢1(2). For r > 0, let M, 5(¢p2) = {t € [-r, 7] : | p2(£) ]| = 8}, so we get

Mye(f,0,1) = My (f (5 0(0) = (5 41())) € My5(2)
Since ¢, € PAP(}(R, X), by Lemma 2.4, we have

m(M,s(¢2)) R

0 asr— oo,
2r

hence

m(Mr,e (f¢ d’t ¢1))

— 0 asr— oo,
2r

this implies (-, #(-)) = £ (-, ¢1(-)) € PAP}(R, X) by Lemma 2.4.

It remains to show (-, ¢,(-)) € PAP(}(R,X). Note that f = g + & and g(¢, -) is uniformly
continuous in R(¢;) uniformly in ¢ € R. By the hypothesis (ii), (¢, -) is uniformly contin-
uous in R(¢;) uniformly in £ € R, so is h. Since R(¢) is relatively compact in X, for € > 0,
one can find a finite number # of open balls Oy with center zx € R(x;), k =1,2,...,n and
radium 8 (2, 5) such that R(¢1) € ;_; Ok and

[ne.2) - he.20] <5, z€Outer.
The set
Bi={teR:¢(t) € O}

is open and R = | J;_; B, let Ex = Bi\ U}k:_ll Bj, then E;(\Ej =@ wheni#j,1<i,j<n.
Since each &(-,z;) € PAP(}(R, X), there is a number r( such that

"1 /’ €
— ||h(t,zk)H dt<—, r>ry.
; 2r J_, 2

Then

%/_:”h(f,@(t))“ dt = %g/}g ||h(t,¢1(t))“ dt

nN[=r,r]

n

1
<[ o) -heala

k=1 nN[=rr]

+/ mem]
EyN[-rr]

€ 1 (7
5+;;[WMMWt

+

IA

< = €.

\CH g}
DR

This implies that (-, ¢ (+)) € PAP(}(R, X). Thus, f (-, ¢(-)) € PAP7(R, X). This completes the
proof. g
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Remark 3.2 A result similar to Theorem 3.1 was obtained by Agarwal et al. for weighted

pseudo-almost periodic functions (see Theorem 3.2 in [30]).

Since the uniform continuity is weaker than the Lipschitz continuity, the next corollary

is a straightforward consequence of the previous theorem.

Corollary 3.3 Let f € PAPr(R x @,X), ¢ € PAPr(R,X) and R(p) C Q. Assume further

that there exists a number L > 0 satisfying
lf&.x)-fEp| <Llx-yl, VteRxyeQ,
then the function t — f (¢, ¢(t)) belongs to PAPT(R, X).

Theorem 3.4 Assume the sequence of vector-valued functions {I;};cz is pseudo almost
periodic, i.e., for any x € @, {I;(x),i € Z} is a pseudo almost periodic sequence. Suppose
{Ii(x): i € Z,x € K} is bounded for every bounded subset K C , I;(x) is uniformly contin-
uous in x € Q uniformly ini € Z. If € PAP(R, X) N UPC(R, X) such that R(p) C R, then
Li(¢(¢)) is pseudo almost periodic.

Proof Fix ¢ € PAPr(R,X) N UPC(R, X), first we show ¢(¢;) is pseudo almost periodic.
By Definition 2.7, we have ¢ = ¢; + ¢, where ¢ € AP7(R,X), ¢ € PAPY.(R,X). 1t fol-
lows from Lemma 37 in [20] that the sequence ¢;(¢;) is almost periodic. To show ¢(t;)
is pseudo almost periodic, we need to show that ¢,(¢;) € PAPy(Z, X). By the hypothe-
sis, ¢, ¢ € UPC(R,X), so is ¢,. Let 0 < € < 1, there exists 0 < § < min{l, y} such that for
te(t,-6,t), i€ Z,we have

20| = A=€)| @), i€z

Since {t{}, i€Z,j=0,%1,%2,... are equipotentially almost periodic, {£} is an almost pe-

riodic sequence. Here we assume a bound of {L‘il} is M; and |¢;| > |t_;|; therefore,

1[4 1< i
27/ [e20]dt = 5 3 f p(0]

Lj=—it1 VY

1 < [
> / Lo
J=—i+1%7

4

1
> — ) s1-9]aw)

bj=—itl

Sl-€)1 <
= =5 o o)

Jj=—i+l

Since ¢, € PAP(R,X), it follows from the inequality above that ¢,(t;) € PAPy(Z, X).

Hence, ¢(¢;) is pseudo almost periodic.
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Now, we show I;(¢(¢;)) is pseudo almost periodic. Let

I(t,x) = I,(x) + (t — n)[],m(x) —I,,(x)], n<t<n+lneZz,

(1) = p(t) + (t = m)[P(tnn) —P(tn)], n<t<n+lneZ

Since I, ¢(t,) are two pseudo almost periodic sequences, by Lemma 1.7.12 in [31], we
know that I € PAP(R x ©,X), ® € PAP(R, X). For every ¢ € R, there exists a number n € Z
such that |t —n| <1,

[7e] < [2G)] + 1t =ni[[ L@ + [2.)]]

Since {I,,(x) : n € Z,x € K} is bounded for every bounded set K C 2, {I(t,x) : t € R,x € K}

is bounded for every bounded set K C Q. For every x;,%; € 2, we have

||I(t,x1) —[(t,?Q)H
= Hln(xl) —I(x2) ” +t- nl[”[nH(xl) _In+1(x2)|| + ”In(xl) _In(xZ)”]

= 2”1;,,(961) _In(xZ) || + ||[n+1(x1) _In+1(x2)“'

Noting that J;(x) is uniformly continuous in x € Q uniformly in i € Z, we then get that
I(t,x) is uniformly continuous in x € Q2 uniformly in ¢ € R. Then by Theorem 2.1 in [15],
I(-, ®(-)) € PAP(R, X). Again, using Lemma 1.7.12 in [31], we have that I(i, (i)) is a pseudo
almost periodic sequence, that is, I;(¢(¢;)) is pseudo almost periodic. This completes the
proof. d

Corollary 3.5 Assume the sequence of vector-valued functions {1;};cz is pseudo almost pe-

riodic, if there is a number L > 0 such that
|12:(x) - L) | < Lllx -yl

forallx,y € Q, i€ Z, if ¢ € PAPT(R,X) N UPC(R,X) such that R(¢p) C R, then I;(¢(t;)) is
pseudo almost periodic.

4 Piecewise pseudo almost periodic solutions

In this section, we investigate the existence and stability of a piecewise pseudo almost
periodic solution to Eq. (1.1). Before starting our main results in this section, we recall the
definition of a mild solution to Eq. (1.1).

Definition 4.1 A function u: R — X is called a mild solution of Eq. (1.1) if for any ¢ € R,
t>o0,0 #t;,i€Z,

t

ut) =Tt -o)u(o) + f T(t—- s)f(s, u(s)) ds + Z T(t—- t,»)I,»(u(t,»)).

o o<ti<t
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In fact, using the semigroup theory, we know

t

ut) =Tt -o0)u(o) + / T(t- s)f(s, u(s)) ds, t>o,

[

is a mild solution to

u'(t) = Au(t) + f (£ u(?)).

Foranyo e R,wecanfindie Z, t;, 1 <o <t,fort € (o,t],

t

u(t) =Tt -o)u(o) + / T(t—- s)f(s, u(s)) ds,

by using u(t]) — u(t;) = I;(u(t;)), we have

t

u(tf) =Tt —o)ulo) + / T(t; — s)f (s, u(s)) ds + I (u(t;)),

g

then we have

u(t) = T(t - t)u(t) + /t T(t - s)f (s, u(s)) ds

L

=T(t-t) |:T(ti —o)u(o) + / T(t; - s)f(s, u(s)) ds + Ii(u(ti))]

+ /t T(t- s)f(s, u(s)) ds

1
L

=T(t-o)ulo) + / T(t—- s)f(s, u(s)) ds+ T(t— ti)Ii(u(t,-))

[

+ /t T(t- s)f(s, u(s)) ds

t

=T(t-0)u(o) + / T(t- s)f(s, u(s)) ds+ T(t- ti)li(u(ti)).

o
Reiterating this procedure, we get

t

u(t) =Tt -0o)u(o) + / T(t - s)f (s,uls)) ds + Z T(t - t:)];(u(t;)).

o o<ti<t

First, we study the existence of a piecewise pseudo almost periodic mild solution of Eq.
(1.1) when the perturbations f, I; (i € Z) are not Lipschitz continuous. We need a criterion
of the relatively compact set in PC(R, X). We list the following result about the relatively
compact set; one may refer to [32—34] for more details.

Let /1: R — R be a continuous function such that /4(¢) > 1 for all t € R and h(t) — oo as
|t| = oo. We consider the space

o i 1200 _)
(PC), (R, X) = {¢ €PCR,X): \,:}l—{noo h(t) Of
@Il

Endowed with the norm ||@||;, = sup, SR it is a Banach space.

Page 9 of 21
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Lemma 4.2 A set B C (PC))(R, X) is a relatively compact set if and only if
1) limp—oo ”‘28” = 0 uniformly for ¢ € B.
(2) B(t) = {¢(t): ¢ € B} is relatively compact in X for every t € R.

(3) The set B is equicontinuous on each interval (¢;,t;,1) (i € Z).

Proof Let (PC)*(R,X) = {¢ € PC(R,X) : lim;—oo [¢(£)]| = 0}. By an analogous argument
in [33, 34], (PC)°(R, X) is isometrically isomorphic with the space (PC )Z(R,X ). In order to
prove Lemma 4.2, we only need to show that B’ C (PC)°(R, X) is a relatively compact set
if and only if

(11) im0 I (I = O uniformly for f € B'.

(22) B'(t) ={f(¢):f € B'} is relatively compact in X for every t € R.

(33) The set B’ is equicontinuous on each interval (¢, ¢;41) (i € Z).
Sufficiency. By (11), for any € > 0, there exists §; > 0 such that

|V(t)|| <€, |t|>68,f€B. (4.1)

By (33), for the above ¢, there exists § : 0 < § < min{8y, ¥} such that ¢',¢" € (¢;,ti11), i € Z,
|t —t"| <8,

lf)-f()| <e, feB.

For the interval [-81, 8], there exists a set S = {s1,82,...,8;,} C [-81,81], 8 #ti, j=1,2,...,9
such that [t - s;| < § and

lf®&-fs)| <e, j=12,....q,f €B. (4.2)

For any sequence {f; : kK > 1} C B/, by (22), we can extract a subsequence that converges at

each point ¢ € R. Since S is finite, then for the above € > 0, there exists ny € N,

|Vm(t) —f,,(t)” <€, mn>mnytes. (4.3)
So, for t € [-81,81], by (4.2) and (4.3),

n® 0] = U@ )] + V) 1) + Vts) )] <3
For |¢] > &1, by (4.1),

fon(®) = £ (®)|| < 2€.
Thus, {f : k > 1} is uniformly convergent on R, B’ C (PC)°(R, X) is a relatively compact
set.

Necessity. Since B’ C (PC)°(R, X) is relatively compact, for any € > 0, there exist a finite

number of functions fi,f, ... ,f,, of B’ such that

|V_ﬁ||<€1 j=1,2,...,m,f€B/. (44)
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This finite set of functions fi,f;,...,fn is equicontinuous; that is, for the above ¢, there
exists a number 8, > 0 such thatt/,t” € (¢;,4:41),i € Z, |t —t"]| < 83, we have |[f(¢') —f(£")] <
€, using (4.4), forany f € B,

lF @) - &) < 1) =A@+ L6E) -£E + 16E) -F ()] < 3€,
which shows (33). Since f; € B, then for the above ¢, there exist numbers ¢; > 0 such that
lF@| <e 1t1>¢,j=12,...,m. (4.5)

Let §3 = max{¢1, {2, ..., &m), by (4.4) and (4.5), for any f € B/,

lFO] < IfF©O-£0| + 1F®] <26 el > 85,

which shows (11). Since B’ is relatively compact, then for any sequence {f; : k > 1} C B/,
there exists a subsequence that converges uniformly on R. Fix ¢ € R, from the sequence
{fc(2) : k = 1} C X, there exists a convergent subsequence. Therefore, for fixed ¢ € R, the
set {f(¢) : f € B'} is relatively compact, which shows (22). The proof is complete. O

Remark 4.3 Inthe C(R, X)-setting, a result similar to Lemma 4.2 was proved in Henriquez
and Lizama [33] (see also [34]).

The first existence result is based upon the Schauder fixed point theorem.

Theorem 4.4 Suppose Eq. (1.1) satisfies the following conditions:

(Al) A is the infinitesimal generator of an exponentially stable Cy-semigroup
{T(t): t > 0}; that is, there exist numbers 8, M > 0 such that | T(t)| < Me™*, t > 0.
Moreover, T(t) is compact for t > 0.

(A2) f € PAPT(R x 2,X), and f(¢,-) is uniformly continuous in each bounded subset of
Q uniformly in t € R; I; is a pseudo almost periodic sequence, I;(x) is uniformly
continuous in x € Q uniformly inie Z.

(A3) Forany L >0, Cip =Supcp x < IIf (&%)l < 00, Cor = Supjez < 1Hi(®) || < 00.

M
Cory < Lo.

Moreover, there exists a number Lo > 0 such that %VICMO + o

Then Eq. (1.1) has a piecewise pseudo almost periodic solution.

Proof Let D = {¢ € PAP1(R,X) NUPC(R,X) : ||¢|l <Lo}. Define an operator I' on D by

Té(t) = / T(t-9)f(s,¢() ds+ Y T(t—t)Ii(p(%).

ti<t

We next show that I" has a fixed point in D. We divide the proof into several steps.

Step 1. For every ¢ € D, I'¢p € PAPr(R, X).

Fix ¢ € D, by (A2) and Theorem 3.1, we have f(-,¢(-)) € PAP7(R, X), then we have by
Definition 2.7 that (-, ¢(-)) = $1(-) + ¢2(-), where ¢ € APr(R, X), ¢2 € PAP(}(R,X), )

/ T(t-s)f (s, p(s)) ds = / T(t—s)p1(s)ds + / T(t —s)gpo(s)ds = I(t) + Ir(t).

(o¢] —00
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Meanwhile, given € > 0, there exists a relatively dense set €2; such that for 7 € @i, t € R,
|t —t] > €,

|1t +7) - d1(2)| <e.

Thus, by (Al),

t

||11(t+r)—11(t)|| = H/ T(t+r—s)¢1(s)ds—/ T(t—s)p1(s)ds

—00

- H / T(¢ - 9)[gnls + 7) - $r(9)] ds

t
< / M| gy(s + ) - )| ds

M
< —¢
)

’

this implies that I; € AP7(R, X). Since PAP(%(R, X) is translation invariant, then for ¢, €
PAPY(R, X), one can find o > 0 such that

r
%f ”qbz(t—s)||dt<e, r>ro,S ER. (4.6)
-r

Then by (Al), one obtains that

1 r 1 r
5/_r||12(t)||dt= 5/

1 [ t
= o /:r dt_/:OOMe_s(t_S) H¢2(S) H s

1

5| /0 Me™ | ot - )| ds

/ Me™ ds - / ot -9)]| de.
0 2r —-r

By using the Lebesgue dominated convergence theorem and (4.6), we have I, € PAP}.(R,
X). Thus, [ T(-—s)f(s,(s)) ds € PAP7(R, X).
Moreover, by (A3) and Theorem 3.4, I;(¢(%;)) is a pseudo almost periodic sequence, then

/t T(t —s)po(s)ds| dt

Li(¢(t;)) = B; + y; with B; is an almost periodic sequence and y; € PAPy(Z, X), so

D O T(-t)(¢(8) =Y T —t:)i+ Y T(t—t)ys 2 IN(2) + [ (2).

ti<t ti<t ti<t

Since {tf}, ieZ, j=0,%£1,4£2,..., are equipotentially almost periodic, then by Lemma 35
in [20], for any € > 0, there exist relatively dense sets of real numbers €2, and integers Q3
such that the following relations hold:

(1) For every t € €2, there exists at least one number g € Q23 such that

It —tl<e, i€Z.

Page 12 of 21
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(2) ”ﬂHq - ﬁl” <€,g¢€ QSI ieZ.
So,

|+ o) -Ih@)| = | Y T+t -t)pi- Y  TE-t)p;

Li<t+T ti<t
< NTE=t)|1Bisg - Bl
ti<t
M
—d(¢~t;)
< ZMe Hhile < T
ti<t

This shows II; € AP7(R, X). It remains to show II, € PAPY 7(R,X). For any r > 0, there exist
i(r), j(r) such that

Lig)-1 <=1 < tigr) < -+ <) =¥ <tjyn

Since y; € PAPy(Z, X), M,, = sup;. || vill < 00, so

ZT (t-t;)y:

_f L) de = —

-r

ti<t
< / 3 Me5 61y de
2r T i<t
ZMe_(S —r—t;) ”y”/ 8(¢+r)
t,< r
= ||m||f Me 360 4
—r<tl<r
1 M 1 M
< =) Mttt — — s
<52 My o 2 5 Il
ti<-r —r<ti<r
1 MM, 1
< i
<35 1w t]m Z Iyl

1 MM, 1
< —f_— Z vl
2r § l1l—e% 8)/ jr) - z(r)

Since y; € PAPy(Z, X), for r — o0, j(r) — i(r) — oo,
j(r)

_— lvkll = 0, asr— oo.
j(r)—i(r) k;

1 MMy,

% =) = 0, so

Clearly, lim,_, o

r
1 I,(t)||dt — 0, asr— oo.
2r

—r

Thus, Zti<_ T(-—t:)l(¢(t:) € PAPr(R, X), then for every ¢ € D, I'p € PAPr(R, X).
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Step 2. For every ¢ € D, |['¢| < Lo.
For every ¢ € D, by (A1) and (A3), we have

Ire®] = H f T(t=9)f (s:¢() ds+ Y T(t - t)L(p(1))

ti<t

/ Me 9 (5, 6)) | ds + 3 Me | 1 2) |

ti<t

<C1L0/ Me™ ”ds+C2LOZMe (t=£:)

ti<t

M
—Ci, +

S y C2L0 = LO!

1-— -4
then @[ < Lo.

Step 3. For every ¢ € D, I'¢p € UPC(R, X).

Suppose ¢ € D, t',t" € (t;,t;11), i € Z, € > 0, since {T(£) : t > 0} is a Cp-semigroup (see
[35,36]) and | T()|| < Me %, t > 0, there exists 0 < < e such that 0 <t/ —t" <

implies

e
||T(t’—t”)—1“<min{ b U-¢ V)E}.
3MCi,” 3MCy,

Then

[T¢(#) -To ()]

t//

i Hf; T(E =) (5, 0(5) ds - f T =3 (5905 ds

+Z (¢ —t:)L(o(t) -

ti<t/

< H / :[T(t/ 8- Tt

+

ti<t”

= [ e -slire-

+2 T -u)|T(

ti<t"

t/

<C de
= 3mc,, J-

<-—+-+-=¢

Wl m
[SSROY
Wl m

which shows I'¢ € UPC(R, X).

- s)]f(s, q)(s)) ds
ST -1) - T(¢" - 2:) |16 ()

M -0("~s) ds + C1L0

Z T(¢" - t:)L(g(8))

ti<t”

// T (¢ —s)f(s,p(s)) ds

'’

+

') = 1[I (s ¢(s)) | s + /t N7 =)l 0@)] ds

R 1IN

1-e?)e
+ C2L0
3MC1LO 3MCy

Combing Step 1, Step 2, and Step 3, it follows that I'D C D.

Me—s(t”—ti)
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Step 4. I is continuous.

Let {¢,} C D C PC(R,X), ¢, — ¢ in PC(R,X) as n — 00. Then we can find a bounded
subset K € Q such that R(¢) € K, R(¢,) € K, n € N. By (A2), given € > 0, there exists
8" >0 such that w,y € K and ||x — y|| < 8’ implies that

|V(t, x)—f(t,y) || <€, forallteR,
and
||I,»(x) —Ii(y)” <€, forallieZ.

For the above &', there exists ng such that ||¢,(¢) — ¢(£)|| < 8’ for n > ny and ¢ € R, then for

n > ng, we have

Hf(t, ¢,,(t)) —f(t, ¢(t)) || <€, forallteR,

and

”Ii (qb,,(ti)) -1 (q&(t,')) ” <€, forallieZ.

Hence,

ITn(2) - T () |

= H / T(t=9)[f (5, 6u(s)) =/ (5,6(5)) [ ds + Y Tt - ) [L(du(t) — Li(9(8))] H

ti<t

< / Me™ | f (s, () =f (5, 0(5)) | ds + > Me™ |1 (8:)) - L(d () |

ti<t

t
< Me*eds + Y Me -t
| >

ti<t

M M
S|\ ~+—l&
§ 1-e7

from which it follows that I" is continuous.
Step 5. D(t) = {T'¢(t) : ¢ € D} is a relatively compact subset of X for each ¢ € R.
ForeachteR,0<€ <1, ¢ € D, define

ro0 - [ Te-9f(560)ds+ Y Te-0)i(0(0)

e ti<t—e

= T(e)|;/ i T(t—e—s)f(s,p(s)ds+ Z T(t—e— ti)li(qﬁ(ti))]

0 ti<t—e

=T(e)Tp(t-c¢).

Since {I'¢(¢ — €) : ¢ € D} is bounded and T'(¢) is compact, {I"“¢(¢) : ¢ € D} is a relatively
compact subset of X. Moreover, for € is small enough, the point ¢ and ¢ — € belong to the
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same interval of continuity of ¢, then

Co(t) —Tp(2) :/ T(t—s)f(s,d)(s)) ds.

-

So,

IFo- <o) < [ Me9]f(s.0(5) | ds = MCuye.

Thus, D(t) = {T'¢(¢) : ¢ € D} is a relatively compact subset of X for each ¢ € R.

By Step 3, we know that {I"¢ : ¢ € D} is equipotentially continuous at each interval
(ti,ti1) (i€ Z). Since {T'gp : p € D} C (PC)2(R,X) and {I"¢ : ¢ € D} satisfies the conditions
of Lemma 4.2, {I'¢ : ¢ € D} is a relatively compact set, then I is a compact operator. Since
D is a closed convex set, it follows from the Schauder fixed point theorem that I" has a

fixed point ¢ in D. So, the fixed point ¢ satisfies the integral equation

60 = [ T-5(s,06) ds+ Y T~ 01 (6(0)

o0 ti<t

forallt € R.Fixa, a #t;, i € Z, we have

#a)= [ Tla-9f(00)ds+ Y. Ta- 01 (60).

o0 ti<a

Since {T'(¢t): t > 0} is a Cp-semigroup, so

o(t)
= f T(t-s)f(s,¢(s)ds+ Y T(t—t)(¢(t))

00 ti<t

- [ Te-sy(spw) s+ 30 T~ 0 (60)

ti<a

+ / T(t - s)f (s, p(s)) ds + Z T(t - t)L(o(t)

a<t;<t

= T(t-a)p(a) + / T(t-9)f(s,¢()ds+ Y T(t-t)I(p(L)).

Hence, ¢ is a piecewise pseudo almost periodic mild solution to Eq. (1.1). d
The following existence result is based on the contraction principle.

Theorem 4.5 Assume the following conditions hold:

(A1") A isthe infinitesimal generator of an exponentially stable Cy-semigroup {T(t) : t > 0};
that is, there exist numbers 8, M > 0 such that | T(t)|| < Me %, t> 0.
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(A2") f € PAPT(R x Q,X), and f satisfies the Lipschitz condition in the following sense:

”f(trx) _f(t¢y)|| < L1||x—)’||; te R’x7y € Q’

where L; > 0.

(A3') I is a pseudo almost periodic sequence, and there exists a number Ly > 0 such that
[ ) = L) | = Lol =1l

forallx,ye Q,icZ.

If%Ll + HL,MLQ <1, then Eq. (1.1) has a piecewise pseudo almost periodic solution.

Proof Define the operator I on PAP1(R, X) N UPC(R, X) as in the proof of Theorem 4.4.
Fix ¢ € PAP1(R, X) N UPC(R, X), by (A2’) and (A3’), we have

@) = I/ (66®) @0 + /@) < Lie@] + |/ 0)]

and
1:(6@) || < [1:(o() - 1:0)|| + | 1:0) | < La| ()| + | Z:(0).

Then f(-,¢(-)) € PC(R,X) and I;(¢(t;)) is a bounded sequence, it follows from the proof
of Theorem 4.4 that '¢ € PAP7(R,X) N UPC(R,X). So, T'(PAP7(R,X) N UPC(R,X)) C
PAP7(R,X) N UPC(R, X). It suffices now to show that the operator I'" has a fixed point in
PAP7(R,X)NUPC(R,X). For ¢, 9 € PAP7(R,X) N UPC(R, X),

ITp(®) - To(®)]|

|J 190t 00) -t as - X e i) o]

ti<t

< / Me™|f(s,¢(5) = f (s, 0(5)) | ds + > Me™ | 1(p(8:)) - L(p(5:)) |

ti<t

t
< / ML () - o(6)| ds + 3 MLy [ p(8) - o(8)|

ti<t

t
< [/ LiMe*9 ds + ZLzMe_S(t_ti)} o - ol

o0 ti<t
g e
—L; + -]
S =T 2
Since %Ll + HL—M[O <1, T isacontraction, I" has a fixed point in PAP7(R, X) NUPC(R, X),
then Eq. (1.1) has a piecewise pseudo almost periodic solution. O

Finally, we investigate the stability of a piecewise pseudo almost periodic solution to Eq.
(1.1). By using the generalized Gronwall-Bellman inequality (see Lemma 1 in [20]) and
Lipschitz conditions, it can be formulated as follows.
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Theorem 4.6 Suppose the conditions of Theorem 4.5 hold. Assume further that W +

ML, - § <0, then Eq. (1.1) has an exponentially stable piecewise pseudo almost periodic
solution.

Proof By Theorem 4.5, we know that Eq. (1.1) has a mild piecewise pseudo almost periodic
solution u(t), by using the integral form of Eq. (1.1), if ¢t > 0,0 #¢,i€ Z,

u(t) =Tt -0)u(o) + /t T(t - s)f (s, uls)) ds + Z T(t - t:)1;(u(t;)).
Let u(t) = u(t, 0, ¢) and v(t) = v(t, 0, {) be two solutions of Eq. (1.1), then

ult) =Tt -0)p+ /t T(t - s)f (s,u(s)) ds + Z T(t - &) (u(t)),

o<ti<t

v(t) =T(Et—-o)Y + /t T(t- s)f(s, v(s)) ds + Z T(t- ti)Ii(v(ti)).

o<ti<t

So,
|u®) -v®)| < |T(t-0)lp-v]] + / T -9/ (s u() -f(sv(9)] ds
+ Z T(t — ti)[li(bt(tl’)) - Ii(V(ti))] H
< |-l - v+ [ |79 1 (su09) ~f (s v(5) | ds
+ 30T - )| | 1 (ue) ~ L (v() |
< Mgy + f MLy |uts) = v(s) | ds
- Y ML fufe) - it
Then

e |u(t) - vt)| < M |lo -yl + / ML1€%||u(s) - v(s) | ds

+ Y MLye™ |u(ty) - v(t) . (4.7)

o<ti<t

Let y(¢) = € ||\u(t) — v(¢)]|, (4.7) can be rewritten in the following form:

y(£) < My(o) + / MLyy(s)ds+ Y MLyy(t;).

o<ti<t

By the generalized Gronwall-Bellman inequality, we have

y(t) <My(o) [T 1+ MLy)els ™19 = My(or) [T @ +MLyeMht-=),

o<ti<t o<ti<t
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Since y = infjcz(t;11 — £;) > 0, we have

[ In(1+MLo)

() < My(o)(L+ MLy) 7 M) = My(a)el ™ 7 Ml

That is,

In(1+MLy)

|u@) - v(e)| < Mllg =yl v Mhdlee),

Because W + MLy -8 <0, then Eq. (1.1) has an exponentially stable piecewise pseudo

almost periodic solution. This completes the proof.

Example 4.7 Consider the following problem:
%u(t, &)= %u(t,é) + %(sin t +sin /2t + g(t)) sinu(t, £),
teRt#t,ieZ,&€[0,m],
Au(ti,f;‘) = ﬂiu(ti’g)r i€ Z)E € [0)77]7
u(t,0) =u(t,7)=0, teR,

where g € UPC(R, R) satisfies |g(¢)| <1 (¢ € R) and lim,_, % frr lg(t)|dt=0, ;= %(Sini+

sin+/2i + g(i)) and ; = i + 1| sini - sin v/2i].

Define X = L2[0,7], let Au = u”, u € D(A) = H}[0,r] N H*[0,]. Clearly, A is the in-
finitesimal generator of an analytic compact semigroup {7'(¢) : ¢ > 0} on X (refer to [21])
and |[T(t)| <e? (t>0)withM=8=1.{t},ie Z, j=0,£1,+2,..., are equipotentially

almost periodic (refer to p.198 in [20]) and

1 1
t} =tia—ti=1+ Z|sin(i+1)—sinx/§(i+1)| — Z|sini—sin\/§i|

>1- %|sin(i+1)—sini— [sin«/i(i+1)—sin«/§i]|

1.1 2i+1] 1] . V2 V2@2i+1)
>1-—|sin—cos——| — —|sin— cos ——
207 2 2 2 2 2

1.1 1. 42 2
>]1-——sin———sin— > —.
272 2 2 75

So, vy = infiez (¢ — ;) > % > 0.Let f(t,u) = L(sint +sin /2t +g(t)) sinu, I;(u) = B;u. Clearly,

15

both f and I; satisfy the assumptions given in Theorem 4.5 and Theorem 4.6 with L; = %,

Ly = 1, respectively. Moreover, %’Ll Mo, <ty —L <1, l“(”;m” +ML, -6 < %ln % +

-5 1—e- %7 5

5(1-e 5)

% —1<0, all conditions in Theorem 4.6 are satisfied. Hence, Eq. (4.8) has an exponentially

stable piecewise pseudo almost periodic solution.
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