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description for bounded components of F = (f;,f,..., ).
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1 Main results
Throughout this paper, (G, o) is a commutative semigroup with an identity e, R the set
of real numbers, C the set of complex numbers, K=R or C, ¢ >0,and g: G — G
and ¢ : G — [0, 00) are given functions. For (ay,4y,...,4,), (b1, bs,...,b,) € K", we define
(a1, az,...,a,)(b1,by,...,b,) = (a1b1,a2bs,...,a,b,). A function o : G — G is said to be an
involutionif o (x oy) = o(x) oo (y) and o (o (x)) = x for all x,y € G. A function m : G — K”
is called an exponential function provided that m(x o y) = m(x)m(y) for all x,y € G.
Generalizing the result of Ger and Semrl [1], Najdecki [2] proved the stability of the
functional equation

F(xog(y) - F(x)F(y) =0 (1.1)

in the class of functions F : G — K”. The particular cases of (1.1) are the exponential equa-
tion f(xy) = f(x)f (y) (see Aczél and Dhombres [3] and Baker [4]) and the equation

Ff W) =f@f 0) (1.2)

for all x,y € K\ {0}, where f : K\ {0} - K\ {0} (see Brzdek [5], Brzdek, Najdecki and
Xu [6] and Chudziak and Tabor [7] for related equations). As mentioned in [2, 5], (1.2)
arises in averaging theory applied to the turbulent fluid motion and is connected with
the Reynolds operator (see Marias [8]), the averaging operator and the multiplicatively
symmetric operator (see [3]). Moreover, the equation (1.2) is connected with a description
of some associative operations, i.e., the binary operation o : (K \ {0}) x (K\ {0}) — K\ {0}
defined by x o f(y) = xf(y) is associative if and only if f satisfies (1.2) (see [5] for more
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details). We also refer the reader to Belluot, Brzdek and Ciepliniski [9] and Brzdek and
Cieplinski [10] for some recent developments on the issues of stability and superstability
for functional equations.

The main result of Najdecki [2] is the following.

Theorem 1.1 Let F: G — K", F = (fi,fa,...,[fu) satisfy

|E(x0g0) - F)FG)| < (13)
forall x,y € G with any norm || - || in K". Then there exist ideals I,] C K" such that K" =
I ® ], PF is bounded and QF satisfies (1.1), where P : K" — I, Q : K" — ] are the natural

projections.

In this paper, generalizing the above result we consider the functional inequalities

|E(x02() - F@FG)| < 60, 1.4)
|F(x0g()) - FQF®)| < ¢) (L5)
for all x,y € G with any norm || - || in K” (see [6] for related results).

Throughout this paper we denote

L={j:fiisbounded, j=1,2,...,n},

K ={j:fjisunbounded, j =1,2,...,n},

where F = (fi,f2,....fu)-

Theorem 1.2 Let F: G — K", F = (fi,f,....f,) satisfy (1.4) for all x,y € G with any norm
Il - || in K”. Assume that one of the following two conditions is fulfilled.
(i) g isan involution,
(ii) foreachj € K, there exists a sequence x,, n =1,2,3,... (possibly depending on j) such
that

1 (%)
L+ ¢(x4)

— 00 asn— oo. (1.6)

Then there exist ideals I,] C K" such that K" =1 @& J, PF is bounded and QF satisfies
(L1), where P: K" — I, Q: K" — ] are the natural projections. Moreover, Q(F o g™%) is

exponential provided g is bijective.
Remark The case (ii) of Theorem 1.2 includes Theorem 1.1.

Theorem 1.3 Let F: G — K", F = (,f2,...,fu) satisfy (1.5) for all x,y € G with any norm
I - || in K". Assume that g is an involution. Then there exist ideals I,] C K" such that
K" =I®], PF is bounded, QF satisfies (1.1), where P: K" — I, Q: K" — ] are the natural

projections.
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If we replace || - || by the usual norm || - ||,, on K” defined by

||(ﬂ1,ﬂ2,...,ﬂn) ”u = \/|ﬂ1|2 + |ﬂ2|2 t--t |an|2¢
we can estimate PF (in Theorem 1.2 and Theorem 1.3) as follows.

Theorem 1.4 The following two statements are valid.
(@ IfF:G— K", F =(fi,fa....fn) satisfies (1.4), then PF satisfies

P, = Y1 (14 T aa0) a7)

forall y € G, where |L| denotes the number of the elements of L. In particular, if |L| = 1 and
G is a group, then PF satisfies either

%(1+«/1—4¢(y)) <|PE®)|, < (1 +1+49()) (1.8)

N =

forallye B:={ye G:¢(y) < i},or

(1-V1-49() (1.9)

|PEO)], <

N =

forallyeB.
(b)IfF:G— K", F=(f,fa,-....[y) satisfies (1.5), then PF satisfies (1.7). In particular if G
is a group, g is surjective and |L| = 1, then PF satisfies (1.8) or (1.9).

2 Proofs
Letg: G — Gand ¢ : G — [0, 00) be given. We first consider the stability of the functional
equation

fxog®) —f)f () =0 21)

in the class of functions f : G — K, i.e., we investigate both bounded and unbounded

functions f : G — K satisfying the functional inequalities

If (x0g() —f@)fO)|< D), 2.2)
If (x0g(®) —f@)f ()] < p(x) (2.3)

forallx,y € G.

Lemma 2.1 Assume that g = o is an involution and f : G — K is an unbounded function
satisfying the inequality (2.2). Then f is exponential and satisfies (2.1). In particular, if G
is 2-divisible, then f has the form

2

f(x):m(xog(x))

forall x € G, where m: G — K is an exponential function.
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Proof Choose a sequence x, € G, n=1,2,3,..., such that |f(x,)| = 0o as n — co. Putting
x=x,n=12,3,...,in (2.2), dividing the result by |f(x,)| and letting » — oo we have

_ i JEn000))
f) = lim o) (2.5)

for all y € G. Multiplying both sides of (2.5) by f(x) and using (2.2) and (2.5) we have

i SGuoo ) . fRmoo(y) oo(x))
SOy @) = i =
- n&%% — f(yox) (2.6)

for all x,y € G. Thus, f is an exponential function, say f = m. From (2.2) and (2.6) we have
F@Ilfe®) -0 <60) (2.7)
for all x,y € G. Since f is unbounded, from (2.7) we have
flem) =10 (2.8)

for all y € G. Replacing y by o(y) in (2.6) and using (2.8) we get the equation (2.1). In
particular, if G is 2-divisible, then we can write

r0-(303)=(300())

L (x o)) x 00 (x)
~f (5 ° T) - ’”(T) 29)
for all x € G. This completes the proof. O

Lemma 2.2 Let f : G — K be an unbounded function satisfying (2.2). Assume that there
exists a sequence x,, n=1,2,3,..., satisfying

F)l
anolo m = OQ. (2.10)

Then f satisfies (2.1).
Proof Note that (2.10) implies

1 . Ox)
=0 d 1 =0.
Fedl T R )]

lim
n— o0

Putting y = x,, n=1,2,3,..., in (2.2) and dividing the result by |f(x,)| we have

P(x) _f(xog(xn))‘ _ ) @.10)

Sa) 17 (%)
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forallx e G,n=1,2,3,.... Letting n — oo in (2.11) we have

f() = lim fxogl(xy)

for all x € G. Multiplying both sides of (2.12) by f(y) and using (2.2) and (2.12) we have

[ogt)f0) _ | flxoglsn) ogh)
f(xn) n=>00 f(xn)

fxog(y) oglxn))

S () = lim

= lim xo0g(y) (2.13)
e f(x) Sxogt)
for all x,y € G. This completes the proof. g

Lemma 2.3 Assume that g is bijective and f : G — K is an unbounded function satisfying
the inequality (2.2). Then f o g7\ is an exponential function.

Proof Choose a sequence x, € G, n=1,2,3,..., such that |f(x,)| = 0o as n — co. Putting
x=x,n=1,2,3,...,in (2.2), dividing the result by |[f(x,)|, replacing y by g71(y) and letting
n — oo we have

f(g'®) = lim fGinoy) (2.14)

noo f(%n)

forall y € G. Multiplying both sides of (2.14) by f (¢ (x)) and using (2.2) and (2.14) we have

7 O 9) = tim T2V

S ()
. fxnoyox) -
) nli“oloffT% =fg o) (2.15)
for all x,y € G. Thus, f o g”! is an exponential function. This completes the proof. O

Proof of Theorem 1.2 Since every two norms in K” are equivalent, from (1.4) there exists
a > 0 such that

fi(x 0 ) = @) 0)| < | F(x0g() - F®)FW)|,
<a||F(xog®y) - FWEQ)| < ag®) (2.16)

forallw,y € Gand allj € {1,2,...,n)}. For the case (i), by Lemma 2.1, f; satisfies (2.1) for all
j € K. For the case (ii), by Lemma 2.2, f; satisfies (2.1) for all j € K. Let I = {(a,42,...,44) :
a;=0forieK},J]={(a,a,...,a,):a; =0 for i € L}. Then it follows that K" = I & J, PF is
bounded and QF satisfies (1.1). If g is bijective, then by Lemma 2.3, f; 0 g™ are exponential
function for all j € K, which implies Q(F o g™!) is an exponential function. This completes
the proof. d

Lemma 2.4 Assume that g = o is an involution and f : G — K is an unbounded function
satisfying the inequality (2.3). Then f satisfies (2.1). In particular, if G is 2-divisible, then f
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has the form

(2.17)

) - m(“g("’)

forall x € G, where m: G — K is an exponential function.

Proof Choose a sequence y, € G,n=1,2,3,..., such that |f(y,)| — oo as n — oco. Putting
y=y,,n=12,3,...,in (2.3), dividing the result by |f(y,)| and letting » — oo we have

) = lim flroaba) (2.18)

A

Putting x = e in (2.3) and replacing y by o () in the result we have

f0) - fef (6 )] = dle) (219)
for all x,y € G. Multiplying both sides of (2.18) by f(y) and using (2.3), (2.18), and (2.19) we
have

_ i SOV xookn) . fyooxoa(y))
SO () = lim o lim S —
= lim fleflo (?(;’)c 200 _ oo () o) (2.20)

for all x,y € G. Putting x = e in (2.20) we have

f) =f(oe») (2.21)

for all y € G. From (2.19) and (2.21) we have

FO)|1-f(e)] < ¢le) (2.22)

forall y € G. Since f is unbounded, from (2.22) we have f(e) = 1. Thus, f satisfies (2.1). This
completes the proof. O

Proof of Theorem 1.3 From (1.5), as in (2.16) there exists « > 0 such that

Ifi(x 0 g(») —£®)f0)| < ad(x) (2.23)

forallw,y € G,j € {1,2,...,n}. Applying Lemma 2.4 to (2.23) for each j € K we find that f;
satisfies (2.1) for all j € K, which implies that QF satisfies (1.1). This completes the proof.
O

Now, we investigate bounded functions satisfying each of (2.2) and (2.3) (see [4, 11-13]

for bounded solutions of an exponential functional equation).

Page 6 of 9
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Lemma 2.5 Let f: G — K be a bounded function satisfying (2.2). Then f satisfies

(1+V1+4¢()) (2.24)

N =

[fo)] <

forally € G. In particular, G is a group and let B={y € G: ¢(y) < i}, then f satisfies either

%(1 +V1-49() <|f)| < %(1 +/1+49(y)) (2.25)
forallyeB,or

If»)] < %(l - V1-49(y)) (2.26)
forally € B.

Proof Let My = sup, ¢ |f(x)|. Using the triangle inequality with (2.2) we have

F@f )| < |f(xog®)| +d() < My + () (2.27)

for all x,y € G. Taking the supremum of the left hand side of (2.27) with respect tox € G
we get Mr|f(y)| < My + ¢(y) for all y € G. Thus, we have

My([f®)]-1) < ¢() (2.28)
for all y € G. From (2.28) we have

FO[(f»]-1) < o) (2.29)

for all y € G. Solving the inequality (2.29) we get (2.24). Now, we assume that G is a group.
Replacing x by x o g(y)™! in (2.2) and using the triangle inequality we have

[fx)] < [f(x0g) ™) O]+ 00) < M| ()| + D) (2.30)

for all x,y € G. Taking the supremum of the left hand side of (2.30) with respect to x € G
we get My < M¢|f(y)| + ¢(y) for all y € G. Thus, we have

Mr(1=fW)]) = o) (2.31)
for all y € G. From (2.28) and (2.31) we have
FOIIL= ol = ML= O] < ¢0) (2.32)

for all y € G. For each fixed y € B, solving the inequality (2.32) we get

%(1 +v/1-4¢()) < [f()| < %(1 +v/1+4¢(y)), (2.33)
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or

(1-v1-4¢()). (2.34)

Now, assume that there exist a bounded function f and y;, y» € B such that

Fo0] = 5 (-VI=23600), 10| = 5 (1+ V1~ 4602). (2.35)

Then from (2.31) we have

[F)| <

N =

VU2)|(1 - V(J’I)D <My(1- lf()’1)|) <¢O). (2.36)

On the other hand, from (2.35) we have
1 1
5(1 +4/1 —4¢0’2))<1 - 5(1 -v1 —4¢0’1))>

o -1fon]) =
> 50 VIm3960) (1- 30 VIZ4600) ) =00,

which contradicts (2.36). Thus, f satisfies (2.25) for all y € B, or it satisfies (2.26) for all
y € B. This completes the proof. O

Lemma 2.6 Let f: G — K be a bounded function satisfying (2.3). Then f satisfies (2.24)
forall y € G. In particular, if G is a group and g is surjective, then f satisfies (2.25) for all
yeB:={yeG:9(y) < %}, or satisfies (2.26) for all y € B.

Proof Using the triangle inequality with (2.3) we have

F@Ef )] < |f(xog®)| +dx) < My + p(x) (2.37)

for all x,y € G. Taking the supremum of the left hand side of (2.37) with respecttoy € G
we get Mr|f (x)| < My + ¢(x) for all x € G. Thus, we have

My (|f(x)| 1) < ¢(x) (2.38)

for all x € G. From (2.38) we get (2.24) as in the proof of Lemma 2.5. We assume that G is
a group. For given x,z € G, choosing w € G such that g(w) = x™! o z, putting y = w in (2.3)
and using the triangle inequality we have

[f2)] < [fx)fW)] + D) < [f(0)| My + p(x) (2.39)

for all x,z € G. Taking the supremum of the left hand side of (2.39) we get My < M¢|f(x)| +
¢(x) for all x € G. Thus, we have

My(1-|f()]) < p() (2.40)

for all x € G. Now, the remaining parts of the proof are the same as those of Lemma 2.5.
O

Page 8 of 9
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Proof of Theorem 1.4 From Lemma 2.5 and Lemma 2.6, for each j € L we have

(1+V1+4¢()) (2.41)

for all y € G. Thus, from (2.41) we have

lF)] <

N =

1, = [l < Y5 4 T a90)

. 2
jeL
for all y € G, which gives (1.7). Now, if |L| =1, say L = {jo} we have

[PEG], = 1u )]

for all y € G. Thus, the inequalities (1.8) and (1.9) follow immediately from (2.25) and
(2.26). This completes the proof. d
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