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Abstract

By using the fixed-point theorem of Leray-Schauder or Banach, we discuss the
existence of solutions for third-order impulsive neutral differential equations with
deviating arguments. Two examples are given to demonstrate our main results.
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1 Introduction

Impulsive differential equations are a class of important models which describe many evo-
lution processes that abruptly change their state at a certain moment. The theory of impul-
sive differential equations has become an active area of investigation in recent years due
to their numerous applications for problems arising in mechanics, electrical engineering,
medicine biology, ecology, and other areas of science (see, for example, [1-3] and the ref-
erences therein). With regard to ordinary impulsive differential equations, we have refer
to some work [1, 4—6]. Partial neutral differential equations with infinite delay have been
used for modeling the evolution of physical systems in which the response of the system
depends on the current state as well as the past history of the system (see, for instance, [7,
8] on the description of heat conduction in materials with fading memory). First-order ab-
stract neutral functional differential equations with finite delay have been studied in [9-11]
among others. The work on first-order abstract neutral functional differential equations
with unbounded delay was initiated in [12, 13]. Relative to second-order abstract neutral
differential equations, we must mention [14]. Recently, weighted pseudo almost periodic
solutions to some partial neutral functional differential equations have been considered
in [15]; Baghli et al. [16] have investigated sufficient conditions for the existence of mild
solutions, on the positive half-line, for two classes of first-order functional and neutral
functional perturbed differential equations with infinite delay. Hernandez et al. [17, 18]
have studied the existence of mild solutions for a class of autonomous impulsive partial
neutral functional differential equations with infinite delay of first and second order. The
authors in [19-30] have further investigated the existence results for many kinds of im-
pulsive neutral differential equations.
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In [19-30], the neutral terms of those equations are

d
r [x(2) — g(t,%0)],

d
g7 [%(t) - F(t,2(2), (b1 (1)), . .., (b (D)) ) ]

%[x(t) —g(t,xt,ﬁta(t,s,xs)ds>] and

2

d
7 [%(t) - g(t, x0)],

respectively.

The histories x; : (—00,0] — X, x(s) = x(¢ + 5), s < 0, belong to an abstract phase
space By,.

Motivated by [19-30], we will consider the case that the neutral term of the equation
is u”’(6(t)). Obviously, the neutral term is different from the previous literature. Besides,
the authors in [17, 19-30] have studied the impulsive neutral differential equations of the
first or the second order, but, in this paper, we focus on the third-order impulsive neutral
differential equations. Here, we introduce a real Banach space, which has been adopted by
us the first time.

Our results are based on the fixed-point theorem of Leray-Schauder or Banach.

Consider the following impulsive neutral differential equations:

u"(6(8) = f(t, u(t), u (), u" (£), u(gr (1)), u(ga(2))),
te]=[0,al,t 707\ (t),

Au® () = LiwD (), i=0,1,2,k=1,...,p,

u0)=ul, i=0,1,2,

(1.1)

where 0 = £y <t < -+ < t, < tps1 = a, Iy € C(R,R), Au(ty) = u®(t}) — u® () (i = 0,1,2).
Throughout this paper, we assume 6 € C3(J,R), 6 is monotone increasing with respect
tot, 0 <6 <t(te])),80)=0,and 6(a) = a. Let 6'(t) > 0 with 67 € C3(J,R), ] =
IO (#1),...,07(t,)}. Also let f : ] x R° — R be continuous everywhere except for some
{671(tx)} x R® at which f(871(&)*, %0, %1, %2, y1,¥2) and f(O~1 (&), %0, %1, %2, ¥1, ¥2) exist and
SO )5 %0, %1, %2, 31, 52) = f (07 (t), %0, %1, %2, 31, 2)- @i € C(LR) with ¢;(]) ST (i = 1,2).
Denote by PC(X,Y), where X C R, Y C R, the set of all functions u : X — Y which are
piecewise continuous in X with points of discontinuity of the first kind at the points ¢ € X,
where the limits u(t}) < oo and u(t;) = u(t;) < co.

2 Preliminaries
Note that my; = ming 0'(¢), mia = max.0'(t), mxn = ming|6”(¢)], and myy =
max;e |0”(¢)]. It is clear that 7113 > 0 and #1151 > 0.

Let Eg = {u|u,u/,u” € PC(J,R)}. Evidently, Ej is a real Banach space with norm

|4 g, = max{[lu@] pe | @ - [ O] pc .

where

i@l =suplu@], [0l =supl @) O =supla0).
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Further, let E = {u(6(¢))|u(t) € Eq}. We can check that E is also a real Banach space with

norm

[u(6@)] = max{|u(8®)]

u' (Q(t)) “pc*’ u”(é‘(t)) “pc** }’

where

[(®@)]pc = suplu(®®)] = suplu(@)] = )] e

du(6(t)) do , /
a0 | 3 g =l @] e = oW O] e

d*u(9(t)) do\? , )
0 ‘.sg,(g) - suplu )]y = [0 o

[ E@)pc. =

p
()]

|4/ (6©) .. = sup
0(r)e]

Define the operator B : u(t) —> u(6(¢)), where u(t) € Eg and u(0(t)) € E. It is evident that

Bis topological linear isomorphic, which implies that E is a real Banach space.

9(a)
0

Since =0'(t) (0 <t<a),ie,0() =1, we get myy > 1, next we have

[« (®) ] o = maa | @®)] pe = |/ ®)] e
Similarly, we have
[ (O ®) | pere = || pe-
So
[u@lz, = [u@E@)]- 1)

Lemmal LetucE,.
Then u is a solution of (1.1) if and only if u(t) € Ey is a solution of the following integral

equation:
2 0 g
u(6(1)) = Z *3 / (t = 8)°f (s, u(s), 1/ (s), u” (s), u(1(5) ), u(ga(s)) ) ds
i=0 0
2
PR amanCls (tk)) (W), tel. (22)
0<0-1(tg )<t =0

Proof (i) Necessity.
For 07Y(t;) <t <071(txs1) (k=0,1,...,p), by (1.1), we get

071(t1)
ulty) - u(0) = w(8(67 (1)) - u(6(0)) = /0 W (6(5)) ds,

“L(ty)

u(ts) —u(t)) =u(0(07' (1)) —u(0(07'(1)")) = /:) ( u' (6(s)) ds,

)

ceey
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67 (@)

ult) - u(tiy) = w(B (67 (1)) - w(B (0 (1)) = / C i (60) ds,
671(tx-1)

u(6) - u(5}) = u(B(®) - u(6(67(2)")) = /9 u (6(5)) ds.

L)

Adding these together, we obtain
t k
u(0(2)) = u(0) + / u'(0(s)) ds + Z[u(tf) - u(t)],
0 i=1

u(6(1)) =uo+/ u'(0(s)) ds + Z Tok(u(t)), te].
0

0<0-1(ty)<t

Similarly, we obtain, respectively,

U (0(t)) = uy + /0 W'(O)ds+ Y Le(W(®), te),

0<0-1(t)<t

u"(0(2) = ug + /0 u" (6(s)) ds + Z Li(u"(t)), te].

0<0-1(t)<t

Substituting (2.5) into (2.4), it is easy to get

w(@(t)) = ME) + Mgt + /t(t —S)u///(e(s)) ds
0

oy [ @) + (=07 0) i (W (80) ], £

0<0-1(ty)<t
Substituting (2.6) into (2.3), it is easy to get (2.2).
(ii) Sufficiency.
According to (2.2), it is clear that

u(0) = uo, Au(tr) = Tox (u(tr)).

Differentiating both sides of (2.2), we get

u'(@(t)) = Uy + Ugt + /0 (t - s)f(s, u(s), u'(s), u” (s), u(<p1 (S)), u(<p2(s))) ds

Y [ @) + (£ 07 80) i (W (80)) ], £

0<0-1(ty)<t

It follows that
u'(0) = uy, Au(t) = L (' (%))
Differentiating both sides of (2.8), we get
t
u"(0(t)) = ug + / S (s uls), v/ (s), 1" (), u(g1(5)), u(@2(s)) ) ds
0

+ Z ng(u”(tk)), te].

0<0-1(ty)<t

(2.3)

(2.4)

(2.5)

(2.6)

(2.8)

(2.10)

Page 4 of 17
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It follows that
uW'(0)=ug,  Au"(t) = L (u (&)). (2.11)

Differentiating both sides of (2.10), we get

u" (0(2)) =f (& u(®), ' (£), " (£), (@1 (D)), u(@2(t)), t€]. (2.12)
From (2.7), (2.9), (2.11), and (2.12), we see that u(¢) is a solution of (1.1). a

Lemma 2 (Leray-Schauder [31]) Let the operator A : X — X be completely continuous,

where X is a real Banach space. If the set
G = {llxll|lx € X,x = AAx,0 < A <1}

is bounded, then the operator A has at least one fixed point in the closed ball
T={xlxeX,|x| <R},

where R = sup G.

Lemma 3 (Compactness criterion [32]) H C PC(J,R) is a relatively compact set if and
only if H C PC(J,R) is uniformly bounded and equicontinuous on every Ji (k =0,...,p),
Where]() = [t01 t1]1 ]k = (tk’ tk+1] (k = 1) .. rp)

3 Main result
Let us introduce the following conditions for later use:
(H1) There exist nonnegative constants b;, ¢ (in the condition, the first three formulas
have i = 0,1, 2, the last formulas i = 1,2, and also k = 1,...,p), d1, d3, and
g € L(J,R") such that

lf(t, X02, %12, %22, Y12, ¥22) — f (¢, x01,x11,x21,y11,y21)’

2 2
<g(® (Z billxio — xallpc + Zdi”)’iz -y ||Pc>, tel,

i=0 i=1
|Lik (%2 (8)) — L (% (8)) | < cin| iz (86) — %2 (8) |5

1x(0) = 0,

where xo1, %02 € Eo, x1;(£) = X1,(£), %2:(£) = X5,(), %1:(¢), %2:(t) € Eo, ¥i1,¥i2 € PC(,R).
(H2) There exist positive constant M such that

If (& u(®), ' (£), " (&), (1 (2)), u(2(8)) ) | < M(L + [[uule) ||E0).

Theorem 1 If conditions (H1), (H2) are satisfied, and

Page 5 of 17
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(H3) 1, 65,13 < 1, where

2 .
3 - a'
li=a M+ZZFC’*’

k=1 i=0
»
L ov
L=— |:a2M + ) lew+ &ZCZk):|,
mn P
2
v 2
la=—mu|aM+ ) cx | +map|a M+ (clk + acok)
my k=1 k=1

then (1.1) has at least one solution in the closed ball

={u(0(®))lu(0(2))

u(ow)] <R},
where R = sup G, in which

={|u(0®) ] 1u(6()) € E,u(6(2)) = AMAu(6(2)),0 < A < 1}.
Proof (i) For any u(6(t)) € E, define the operator A by
40

2 t
= Z _0 +3 f = 8)%f (s, u(s), ' (8), 1" (), u(1 (), u(pa(s))) ds
— il

2 -1
Z POl (tk)) (0@, tel. (3.1)

0<6 k)<t U i=0

It is easy to see that Au(0(t)) € Ey. According to the properties of 6, for any v(£) € Ey, we
have

v(t) =v(07(0(2)) =vO 7 (6(2)).

Let u = vO~L. Next, it is clear that v(¢) = u(6(¢)) € E. It follows that A maps E into E. Thus
Au(0(t)) € E with

(Au(@(t)))/ =y + Ul + /o (t = 8)f (s, u(s), ' (s), " (5), u(1(5)), u(2(s))) dis

+ Z [T (2 (1)) + (£ = 076 ) Foic (" () ], £ €T, 3.2)
0<0-1(ty)<t

(Au(0(®)) = ] + / (5,409, 49, 4(8), 1(1(9)), (2(5))) s
Y (W), tel. (3.3)

0<0-1(ty)<t

A is a completely continuous operator, as will be verified by the following three steps.
Step 1. A is continuous.
Let any u,(0(2)) (n=1,2,...), u(6(¢)) € E with | u,(6(t)) — u(6(¢))|| > 0 as n — oo.
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By (3.1) and (H1), we have

|Au, (0(2)) - Au(0(2))|

/(r 9 g(s[

2 (k)
> > WQHMS)(@) - u(t)]

0<0-1(ty )<t i=0

2 2 t
< (Z b+ Zdi) n@) - ()| /0 (-5 g(s)ds
i=0 i=1
2 .
(=07 (%))’
u, Y D

—_

Zb ”u (s) -

i=0

2

2
)”PC + Z d; ” Un (‘/’i(s))
i1

Page 7 of 17

—wwmm4ﬁ

+ [un(t) -
0<0-1(t)<t =0
< |:a ao(Zb +Zd’) +ZZ—C,{| ’u,, u(t)HEO, te]. (3.4)
k=1 i=0 L
Then, from (3.4) and (2.1), we have
||Au,,(9(t)) ~Au(0(2)) ”PC
<|:a a()(Zb +Zd,>+22—w{| ’Mn t)HEO
k=1 i=0 L
p 2 4
< |:a a0 (Zb + Zd) S Fclk:| Jun(0®)) - u(0®)]- (3.5)
i=1 k=1 i=0
Thus
||Au,,(9(t)) —Au(@(t)) ”PC —0 asun— oo. (3.6)
Similarly, from (3.2) and (2.1), we get
I [Au, (0(2)) — Au(6( t))]
do(t)
4@www%Auf»|4mmew—mwmmﬂ
2 2 p
< |:aa0 (Z b; + Zd,') + Z(Clk + aczk):| Hu,, (0@) —u(6(2) ”,
i=0 i=1 k=1
'd[Aun(G(t)) - Au(9(2))] ‘
do(t)
1 B 2 2 V4
< | 440 (Z b; + Zdi) + Z(clk +acox) ||u,,( ®)-u(0®)|, tes, 3.7
L i=0 i=1 k=1
[ (A (6(0) ~ Au(6(0)) [ o
_ ) 5 » -
Z—ﬁ aay (Z b; + Zdi) + Z(Clk + acyy) || un(e(t)) - u(@(t)) || (3.8)
L i=0 i=1 k=1 i
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Thus

[ (4w, (60) - Au(o(0))) |

per — 0 asnm— oo (3.9)

Similarly, from (3.3) and (2.1), we get

PlAu,(0(t)) - Au@(t))] (dO\*  dlAu,(6(t)) - Au(6(t))] d?0
d02(0) <_> ¥ a9(0) ae

dt
= (A, (0(0)) - Au(0(0)))"| = | (Aun (09))" - (Au(6®))"|

< |:a0 (22: b; + Xz: di) + i Czk] |04 (6(8)) — u(6(2))

’

by (3.7) and the properties of 9, it follows that

A2 [Au,(02) — Au(0(£)]| [ d0\>
d62(t) ' <E>

A2 [Au,(0(2) — Au(0(2))] [ dO\>

62 (t) (E>

d*[Au,(0(t)) — Au(0(t))] a6 > dlAu,(0(t) - Au(6(0)] dz_e

40%(0) '(dt) i 46(2) T

‘d[Aun(G(t)) — Au(6())] ’ a2
do(t) lde

<

< |:a0 (_Z b; + Zd,’) + iczk] |un(0()) - u(0®)|

’

2 2 P
+ Z—if |:atlo (Z b; + Zdi) + Z(C”‘ + aczk)i| 4. (6(6)) - u(6(2))
i=0 i=1 k=1

d*[Au,(6(2)) - Au(6(t))]

do?(t)
1 2 2 p
=— {ﬂo (Z bi + Z di) (mu + amy) + Z[lezClk + (mn + ﬂmzz)Czk]]
" i=0 i=1 k=1
x |un(0(8)) —u(6(®)|, tel,
SO
[ (A2, (6(®)) - Au(6(®)))" -
2 2 2 p
= m—éz {610 (Z bi + Z di) (mu + amy) + Z[lezclk + (mn + thlzz)Czk] }
1 i=0 i=1 k=1
x un(6(2)) —u(6(2))|. (3.10)
Thus

| (Aun(0() = Au(0(0)))" | e — 0 as 1 — 0. (3.11)

Page 8 of 17
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By (3.6), (3.9), and (3.11), it is easy to see that ||Au,(0(2)) — Au(0(2))|| — 0 as n — oo, that
is to say, A is continuous.

Step 2. A maps any bounded subset of E into one bounded subset of E.

Let T be any bounded subset of E. Then there exists /2 > 0 such that [|#(6(¢))|| < & for all
u@@)eT.

By (3.1), (H1), (H2), and (2.1), we have

ug'l ;1 [
|Au(6(2))| < Z”l—“’t ¥ 5/0 (¢ =M1+ ||uls)| 5, ) ds

i=0

2 _n-1 i )
> Z%cfkiu%l

0<0-1(ty )<t =0

2
a
= 3 Gl - fute] ) [ s o], 3 > e
i=0 k 0<0-1(ty )<t i=0
2 4 r
= Slug[+a® M1+ Ju@)]) +ZZ—Czk|| )]
im0 - k=1 i=0
> 4
< —{u0{+a3M(1+h)+hZZ—Clk, te],
i=0 i k=1 i=0 L
1)
2 a' ’ p 2 ﬂi
|Au(6(2)) Hpc Z—' uol)’ +a3M(1+h)+hZZ ik (3.12)
i=0 k=1 i=0

Similarly, from (3.2), (H1), (H2), and (2.1), we get

dAuO(®)| do :
‘T(t) = = |(Au(®)) ]

|u0| +a|u |+a2M(1+h)+hZ ik +acy), tej,
k=1

'dAu(G(t)) 1 [

2600 o |u0| + a|u | +a’MQA+h)+h Z(CU‘ + ﬂCZk)] te], (3.13)

k=1
SO

[ (Au(0(®))) || pee < Z—l |:|u0| +alug| + a®MQ1 +h) + h Z(qk + acZk)i| (3.14)
k=1

Similarly, from (3.3), (H1), (H2), (3.13), (2.1), and the properties of 6, we get
d62(t) dt

| dAue@) (do?
RERD '<E>

d*Au(6(t)) ’ . <d9>2
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_|@Au@@) (d0\' dAu@() 46| |dAu@©)| |6
=17d0re (E) I T ‘ doe) | |de
) L |dAW@O®)| |d20
p
< |:’ug| +aM(1+h) + hZCzk:|
k=1
;2 |u’ ’ + a}u”‘ +a’MQ + h) +hi(c +acok)
e 0 0 = 1k 2k) |»

P AuO(t)) ‘ _1 [

P
B0 | ‘u0|+aM(1+h)+hZczk:|

k=1

maa z

+— | |up| +alug| + @M+ k) + 1Y (cw +acx) |,
my P

s0

2 )4
| (Au(0®))" | pere < % {mu [{ug\ +aM(1+h)+h Zc%}

u k=1

P
+ Moy |:’u6‘ + a|u8| +a?MQ+h)+ hZ(clk + acz/<)i| } (3.15)

k=1

According to (3.12), (3.14), and (3.15), we obtain

a0 o
|Au(0@®)| < max{ F|u0’ | +a®M(1+h) + h;; 5 Ciko

p
2 |:|u6| + a|u3| +a®M@1 +h) +hZ(c1k +aczk):|,

m
11 k=1

2 »
%imu[hm +aM@ +h) +hZch:|

u k=1

p
+ m22|:|u6| +al|ug| + a®MQ + h) + hZ(clk + aCZk):| } ]

k=1

Therefore, A(T) is uniformly bounded.

Step 3. A(T) is equicontinuous on every Ji (k = 0,...,p), where J; = [0,07Y ()], Jk =
O (), 07 ()] (k=1,...,p).

For any Au(6(t)) € A(T) and any ¢ > 0, take

k -1
8= |:|u6| +alug| + a® M1 + h) + hZ(Cu + aCZi):| g.
i=1
Then if £, £ € Jy and |t; — £5| < § with £ < £, from (3.1), (H1), (H2), and (2.1), we have
|Au(6(t2)) — Au(6(t)|

< |M6|(t2 -th)+ %|"‘g|(t2 +4)(t — ) + % / 2(t—s)2M(1 + ||u(s)||50)ds

Page 10 of 17
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k
+ Z[(tz - tl)cli|u/(ti)| + %’(tz - 971(151‘)) + (tl - 971(ti))|(t2 - tl)Czi‘M”(ti)q
i=1

IA

k
’u6| + zz|ug| + a2M(1 + Hu(t)”EO) + ||u(t) ”Eo Z(C“ + ﬂCzj)i| (tr—t)
i-1

|u6{ +zz|ug| +a’ M(1+ H (6@) ||) || Z(ch +acy; i||t2 -t

i=1

IA

IA

r k
|u0{ +zz|u | +a’MQ + h) +hZ(ch +aczl):||t2 —hl<e.

i=1

Thus, A(T) is equicontinuous on every Jx (k=0,...,p).
As a consequence of Steps 1-3, A is completely continuous.
(ii) For any [|u(6(¢))|| € G, similar to getting (3.12), (3.14), and (3.15), we have, respec-

tively,
2 a p 2 4
||Au G(t) ||PC Z o u0)| +BM+ |:a3M + Z Z Fcik:| ||u(9(t)) ||
i=0 k=1 i=0
2 6{[ )
= Z 7|u8)| +a®M+ 1 [u(o@)],
i=0

p
[ (Au(0@)) - = 72 (| + altg| + @) + 722 |:a2M +3 (e + mk)} lu(e®)]

k=1
_ i
- mi1 (

o] + alus| + a*M) + [ u(6®)],

2
| (Aa(e@) . < Z—g{[mnquu raM) + ([ + ali] + @)

p p
+ |:m11 (aM + Z cz/(> + Moy <61M2 + Z(clk + aCZk))i| }

=1 1
x [u(6@®)]
2
- Zlﬁ [ (|| + aM) + moo (|ug| + alug| + a®M)] + || u(0())|.

Then

[u@@)] = 2| au(6@)] = [Au(E@)]| = L + L]u(6®)

|,

where
' (i 34, M2
L = max ZF|”0| a’M,— - (fu0|+a|uo|+a M)
i=0
m%Z[m (|u ’+aM)+m (’u ‘+a‘u ’+a2M)]
Wl3 11 0 22 0

11

and [ = max{/, [, [3}.
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It follows that [|z(0(2))]| < 1L1’ i.e., G is bounded.
From (i) and (ii), all conditions of Lemma 2 are satisfied. Therefore, the proof is com-

plete. O

Theorem 2 [f condition (H1) (Ix(0) = 0 are not needed) is satisfied, and
(H4) ry, 1y, 13 < 1, where

2 2
n =a’ag Zb‘ + Zd,) + c,k,
i k=1 i= it
2
0 <Z b+ Zd> + Z(Clk + ﬂCzk)i|,
(Zb + Zd)(mu + amy,)

F-Fq"u

[mzzclk + (mm + amzz)cz/(]}, in which ag = / g(t)dt,
0

then (1.1) has a unique solution.

Proof Similar with getting (3.5), (3.8) and (3.10), for any u;(0(¢)), u2(6(t)) € E, we obtain,

respectively,
422 (6®) = A (6®) [ o

< aa0<2b+2d>+zz c,k]nuz (0) - (0) ]

k=1 i=0
=n “ Uy (Q(t)) —u (9(1«‘)) )
| (A2 (61)) ~ Ams (60))) | .

=< Z—H |:aao <Zb + Zd) + Z(clk + acyd] |u2(62)) — 1 (0(0)) |

i=0 i=1 k=1

=7y ||u2 (Q(t)) - (H(t)) s
| (Au2(6®)) = Aws (6(9))) | s

}’}’12 2 2
12
= Py ao E b+ Zdi (mn + amyy)
1 i=0 i=1

»
+ Z[mzzclk + (1 + dm22C2k)] } H uz (0(2)) — u1 (6(2)) ”
k=1

1y s (000) - 0 0.

Then

Az (6(2)) — Aur (0(0)) | < max{ry, ra, 73} |u2(08) — ua (0(0)) |-
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Thus all conditions of the fixed-point theorem of Banach are satisfied. The proof is com-
plete. d

Remark 1 By comparing Theorem 1 with Theorem 2, it is easy to see that each of them
has its own strong and weak points. The condition (H3) of Theorem 1 is satisfied more
easily than the condition (H4) of Theorem 2. The condition (H2) of Theorem 1 is also
satisfied easily, but it does not need in Theorem 2.

4 Examples

Example 1 Consider the equation

u”(t - %t(l —1)) = £ {7 sin(u(t) + €') + 20/ (¢) + 3u/'(¢)

378
G +ut+tQ-0)}, te]=[0,1,t#67(t) =3,

Au(ty) = Su(ty), Au' (1) = gt (1), (4.1)

Au'(t) = ﬁu//(h), L= %,

u0)=ul, i=0,1,2.
Firstly, it is easy to verify that
1
O =t-tl-10,  @O-5  e0=trdi-o
all satisfy the requisitions of (1.1). From 6'(¢) = % +tand 0”(¢) =1, we get that
my =1/2, mip = 3/2, My = Moy = 1.
Next, since
t o ;
S(&x0,20,%,31,0) = =2 [7sin(xo + €) + 221 + 3% — (1 + y2) ]

and

|sin (x02(£) + €°) — sin(xo1(£) + )|

= | (%02(2) + €") — (%01 (2) + €")]| - |cos(xo(2) + €°) | < |x02(2) — %01 (2)

where x(t) is located between x¢, () and x¢1(£), we have

[f(t,xoz,xlz,xzz;yu,yzz) —f(t,x(n;xn;le,yu;yzl)|

t
< 378 |:7|sin(x02 +€") —sin(xor + et)| + 2)x12 — x|

2
+ 3w — Xo1] + Z [yio —yi1|:|

i=1

<t 1| | ! | | ! | | ! 22 | |
— %02 — Xo1| + — %12 —X11| + —— X232 — X1 | + — 2 — Vi
=t s 02 01 139 12 11 126 22 21 378 . Yi2 — Vi
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1 1 1
<t — | X + — % X + —||x2 — x
< |:54 lx02 — x01llpc 189 ll¢12 — x11ll pc 126 ll622 — %211l pc

3782:”)’;2 yllllpc], te],

1
where by = 2, b1 = 5, by = 3¢, di = do = 505, a =1, a0 = [ tdt = 5. From Ip1(x0) = sy %0,

In(x1) = 755X, o1 (%2) = 745 %2, we have

I51(0) = 0,

[To1 (%02(t1)) — To1 (%on (1)) | < 324

| (x12(81)) — I (%11 (81)) |v2(t) —xu ()], 1(0)=0

|—10

1(0) =

|21 (%22(1)) = Lo (%21 (81)) | < 162

where ¢g; = %, = ﬁ, Co1 = ﬁ. Further, we have

lf(t, ut),u (6), 1 (0), u<§) u(t + (1 - t))) ‘

1

< —{7|sm( ) +€)| + 2|/ )| + 3|u"(6)] + [ + |u(t+t(1—t))|“

(3)

= 3757 + 2[u@ ], +3[u@] g, + (Ju® ]|, + [u®]] )]

= 5 1+ [0 ),

where M = 5i4.
Finally, we get
1
11=M+C()1+Cu+ 2621— E <1
; 11
2=3(M+CH+C21)= ﬁ <1,

5
13 = 9(3M + 2611 + 3021) = g <1

Thus, (4.1) satisfies all conditions of Theorem 1. It follows that (4.1) has at least one solu-
tion in the closed ball B.

Example 2 Consider the equation

u” (t - %t(l —1)= ${2 1+ u2(t) — 2 arctan(u/(t) + &)
+6u"(t) = 3[u(3) +u@)}, te]=1[0,1]t#67(t) =13,

Au(ty) = 324 2u) +1, Au'(t) = 10814 '(t1) + 2, (4.2)
Au”(tl) = 162 N(tl) + 31 tl = %;

uD(0)=ul, i=0,1,2.

Firstly, it is easy to verify that

o0=t-50-0,  @O=1,  e0=F
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all satisfy the requisitions of (1.1). From 6’(t) = % +tand 6”(¢) = 1, we get
m =1/2, my =3/2, My = Moy = 1.
Next, since

1+ x5 — 2arctan(x; + €') + 6x, —3(n +y2)]

£, %0, %1, %2, V1, [2
f( X0, %1, %2, Y1 yz) 432

and

‘\/1 +ax2, () - \/1 +x§1(t))

% < |x02(t) xo1(8)|,

|arctan (x15(2) + €°) — arctan (x11(¢) + €°) |

= |x02(t) - x01(t)| :

1
5 < |xn(®) —xn (),

= [l + ) = G ® + )| T

where x((¢) is located between xo,(£) and xg;(¢), x1(¢) is located between x;5(¢) and x11 (),

we have

V(t,xoz,xlz,xzz,ylz;yzz) —f(t,xm,xn,le,yu,yzl)\

_432|: “/1+x02 ,/1+x01‘+2’arctan x12+e)—arctan(x11+e)‘
2
+6|x22—x21|+2|yi2_)’i1|:|

i=1

<t ! | I ! | | ! | | E | |
—|x02 — + —|x x|+ —|x X91| + ——
=576 02 — X01 216 12 — X1 72 22 — X21 430 Yi2 — Vi1

1 1 1
<t| —||x0z — % + — |l — + — %y — &
< |:216 ll€02 — %o1llpc 76 lle12 — 211l pc 72|| 22 —%a1llpc

432 Z”yﬂ y11||PCi|; tG],

216, by=5,d1=dy= 432, a=1,a9= fo tdt = l . From Iy (x0) =
In(x1) = g% + 2, Ii(%1) = 75%2 + 3, we have

where by = b; = ==X + 1,

324

|x02(t1) xo1(t1))

8
| To1 (%02(t1)) — To1 (¥1 (0)) | < 324

|1 (x12(81)) — I (1 (80)) |x12(81) — 20 (11)),

’_108

| L1 (%22(81)) — Io1 (%21 (11) |22 (11) — %21 (11)

’_162

8 1 1
where Cor = 303’ Ci1 = 108’ Cy1 = 162°
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Finally, we get

1< 2 1 1
n== bi+ ) di)+co+en+—cn=-—<1,
=5 ?:0 i 1221 i Y T

1[< 2 11
r2:3 E ;bi+;dl’ + C11 + Co1 :ﬁ<1’

3(S 2 3 5
r3 =18| — b; + di|+en+-cn|==-<1
3 4 ; i ; i 11 221 6

Thus, (4.2) satisfies all conditions of Theorem 2. It follows that (4.2) has a unique solution.
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