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1 Introduction
In 2006, Luo and Ma [1] considered the second-order dynamic boundary value problem

on time scales

u® (0) +f () =0, te[0,1]r,
(1.1)
u(0) = u(1) =0,

where f € C([0,00),(0,00)). They proved that (1.1) has at least one positive solution if

either

el (1.2)
or

i (1.3)
where
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and p, is the first eigenvalue of the linear problem
W () + p® () =0, u(0)=u()=0.

Notice that conditions (1.2) and (1.3) are optimal! Inspired by this paper, we have a natural
question if we could establish some optimal results for the fourth-order dynamic boundary
value problem

W () = (6, u(®),u® ), te[0,p2(T)]p

(1.4)
u(0) = u(aX(T)) = u™*(0) = u*(T) = 0,
where T isa time scaleand 0, T € T, 0 < p(T), f : [0, o(T)]1 X [0, 00) X (—=00,0] — [0, 00) is
continuous. To the best of our knowledge, few papers can be found to study such a problem
in the literature. Wang and Sun [2] and Luo and Gao [3] applied the Schauder fixed point
theorem to show the existence of positive solutions of a fourth-order dynamic boundary
value problem under different boundary value conditions. However, the key conditions
in these two papers are not directly related to the first eigenvalue of the associated linear
eigenvalue problems.
For the continuous cases, Ma and Xu [4] discussed

u®(x) = g(x, ux),u’ (%)), x€(0,1),

u(0)=u(l)=u"(0)=u"Q1) =0,

where g : [0,1] x [0, 00) X (—00,0] — [0, 00) is continuous. And for the discrete cases, there
exists no work corresponding exactly to the continuous cases, but we can refer the reader
to Xu, Gao and Ma [5] and Ma and Gao [6] and Gao and Xu [7] for the similar discussions.
Moreover, nothing is known about the time scales extension analog (1.4) except for [8] for
second-order dynamic equations. The likely reason is that few properties of the associated
linear eigenvalue problem

™ () + A[BOU (6) - A@u®)] =0,  t€[0,pX(T)]y
(15)

u(0) = u(0*(T)) = u™*(0) = u® (T) = 0
are known.

In this paper, we establish spectrum properties of (1.5) in Section 2 and use the global
bifurcation techniques on time scales (see Davidson and Rynne [9, Theorem 7.1] or Luo
and Ma [1]) to discuss the existence of positive solutions for problem (1.4) in Section 3.
Our existence result is related to the first eigenvalue of the associated linear eigenvalue
problem (1.5) and thus should be optimal.

For convenience, here we will not introduce the concepts and notations about time scale.
The reader is referred to [10, 11] or most of the time-scales-related papers for details.

2 Generalized eigenvalues
For a compact interval [a, b]T, C[a, b]T is a Banach space with the norm

I9ll{ap1r = sup{|y(@®)| | t € [a, b7}
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For /1 € C[0, p(T)]r, let us consider the linear problem

W (O = h(e), te[0,p*(T)]p

u(0) = u(c(T)) = u®*(0) =u®*(T) = 0
Let u2*(¢) = y(¢) for ¢ € [0, T)r. Then

P =hie), telo,pA(T)],,

$(0) =y(T) = 0.

Consequently,

p(T)
) = - / Hit,h(s)As, ¢ e [0, Tl
0
where

Hi(t,s) 1 |H(T-0(s), t<s,
»S) = =
! T |o(s(T-18), ofs)<t.

Now, (2.1) is equivalent to

u® @) = y(6), tel0, Ty,

u(0) = u(aZ(T)) =0.
Consequently again,
o(T)
u(t) = —/ H(t,s)y(s)As, te [O,O'Z(T)]T,
0

where

1 Ho*(T)-o(s), t<s,
oD | o(s)02T) - 0), ols) <t

And we can easily check that
H(t,s) > Hi(t,s), t€[0,T]r,s€[0,0(T)],.
To sum up, we have proved the following.

Lemma 2.1 Foreach h € C[0, p>(T)]r, problem (2.1) has a unique solution

o(T) o(T)
uU):/a <H@J{/ Hy(s, 1)h(r)AtAs, te[0,6%(T)],.
0 0

(2.1)

(2.2)

(2.3)

(2.4)

(2.6)

(2.7)
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Let0<l<l<1: Sinﬂ(UZ(T),O) =0, sin\/;(T, 0) = 0. Then e(t) = sin /4(¢,0) solves the
problem

A (t) +le(t) =0, tel0,T]r,
(2.8)
e(0) = e(oZ(T)) =0

and () = sin\/z(t, 0) solves the problem

() +16()=0, te[0,0X(D)],
(2.9)
&(0)=&(T) =0

from [10, pp.92-93].

Remark 2.1

e ;(t,0)—e_. 4(t,0
sin (¢, 0) = iwi(6:0) 5 il );
ei«/;(t,())—eii\/;(t,())

2 ;

sinﬁ(t,O) =
ey(t,s) = exp(/ E,L(r)(p(r))Ar);

i Log(1 + zh) = ;[log |1 + zh| + iarg(1 + zh)], h>0,
Z, h=0.

&n(2) =

It is clear that
e(t)>0, te(0,0%(T)) 2t)>0, te(0,T)r (2.10)
and so there exist €1, €; > 0 such that

ét) <ee(t), tel0,p(T)] (2.11)
e(t) <€d(t), tel0,p(D)] (2.12)
Remark 2.2 (2.11) holds for any time scale T with 0, T € T, but (2.12) does not hold for the

case of T: p(T) =T <o (T), i.e., T is an left-dense and right-scattered point (abbreviated
to 1drs point) of the time scale T.

Let

u(0) = u(a(T)) = u®*(0) = u’(T) = 0;
X=13ueC*0,0%(T)]; |3y € (0,00): —y&(t) < —u(t) < y&(t) for t € [0, T);

38 € (0,00): —de(t) < u(t) < Se(t) fort € [O,O‘Z(T)]T

Page 4 of 12
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and define the norm of u € X by

—y&(t) < —u (t) < y&(e) for ¢ € [0, Ty
llellx == inf { |(y,8)] , (2.13)
—Se(t) < u(t) <Se(t) fort e [0,02(T)]T

where |(y,8)] = /¥?2 + 82. It is easy to check that (X, || - ||x) is a Banach space. Let
Pi={ueX|u () <0forte [0, Thr;u(t) = 0 for t € [0,6*(T)], }-
Then the cone P is normal and has nonempty interiors int P.

Lemma 2.2 Foruc X,

2
ltllcroozcrye <@l 4| oz < allllx, (2.14)

where q := max{|le|| cjo,02(1), l€llcro,11r }-

Proof Since u € X, there exist § € (0,00): —8e(t) < u(t) < Se(t), t € [0,0%(T)]t and y €
(0,00): —y&(t) < —u®* () < y&(t), t € [0, T]1, we have

lull cro o2y < 8llell ooz < |2 8)|llell crop2(r

and

14" | o3, = ¥ I8lcome < |G, )18l cro, -

Thus

||bi||c[o,g2(T)]T =< ”e”C[O,az(T)]T llullx < qllullx,

A? =
14 [ 0,21 = N8l cro.mie lllx < gzl O

Let us make the assumption
(HO) A,B e C([0, p(T)]T,[0,00)) with A(¢) > 0 or B(¢) > 0 on [0, p(T)]T.
Define a linear operator G : X — C*[0,0%(T)]r by

a(T) p(T) )
Gu(t) := H(t,s) Hl(s,r)[A(t)u(t) - B(t)u® (r)]AtAs,
0 0

te[0,06%(T)],. (2.15)
Then (1.5) is equivalent to

u(t) = AGu(t), te [O,UZ(T)]T.

Page 5 of 12
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Definition 2.1 We say A is an eigenvalue of the linear problem

u® () + A[BOUY (8) - AOu®)] =0, t€[0,pX(T)]y
(2.16)
u(0) = u(c(T)) = u®*(0) =u®*(T) = 0

if (2.16) has nontrivial solutions.

Theorem 2.1 Let (HO) hold and T be not an ldrs point of the time scale T. Then
(1) G(P) C P,and G:P — P is strongly positive;
(2) Problem (1.5) has an algebraically simple eigenvalue, ,(A,B) = (r(G))™, with a
nonnegative eigenfunction ¢;(-) € int P;
(3) There is no other eigenvalue with a nonnegative eigenfunction.

Proof We prove G: X — X firstly.
For u € X, we have

~Se(t) < u(t) <de(t), te[0,0*(T)], and

—yE(t) < -u () < yE(t), tel0, Tl

for some positive § and y. From (2.15), the condition (HO0), (2.11) and (2.12), we have
a(T) p(T) )
(Gu)(t) = /0 H(t,s)/0 Hl(S,T)[A(T)u(l') - B(z)u® (r)]AtAS
a(T) p(T)
< / H(t,s)/ Hi (s, r)[(SA(r)e(r) + yB(r)é(t)]ArAs
0 0
a(T) p(T)
< / H(t,s)/ Hl(s,r)[ezéA(r) + yB(t)]é(r)ArAs
0 0

o(T) o(7) )
< [e28llAllcro,p(ryy + y”B”C[O,p(T)]T]/ H(t,S)/ Hy(s,7)e(r) At As
0 0

=

~ =

o(T)
[ex31Allctopmn: + 7 1Bllctopmn ] / H(t,9)erels) As
0

1
[€2811Allcro,o(r1r + ¥ IBllcro,p(ryy Je(®). (2.17)

=/

By (2.15), the condition (HO) and (2.12), we have
) o(T) )
—(Guw)?" (t) = / Hl(t,f)[A(‘L')u(T) - B(t)u® (‘L’)]A‘L’
0
p(T)
< / H(t, r)[SA(t)e(t) + yB(r)é(r)]At
0
p(T)
< / Hi(t, r)[628A(r) + yB(r)]é(r)Ar
0

p(T)
< [e28llAllcro,pryp + V”B”C[O,p(T)]'Jr]/ Hy(t,t)e(r)At
0

[€2811Allco,0mir + ¥ IBlicio,ocr JE(0). (2.18)

~a1| =

Page 6 of 12
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Similarly, we get
€
(Gu)() 2 ~ = [€28 | Alctoprtz + ¥ I1Bllcio pcrie Jott) (2.19)
and

2
(Gu)™ () = —=[e28llAllcio,p(yir + ¥ I1Bllcio,p(ryr |€(0). (2.20)

Nll =

Thus G : X — X. Furthermore, since G(X) C C*[0,0%(T)]r N X << X, we have that
G:X — X is compact.

Next, we show that G : P — P is strongly positive.

For u € P\ {0}, if A(¢) > 0 on [0, po(T)]T, then A(t) > k on [0, o(T)] for some constant
k > 0, and subsequently,

a(T) p(T) )
t) = / H(t,s)/ Hi (s, t)[A(r)u(r) - B(r)u® (t)]ArAs
0 0
a(T) p(T)
> k/ H(t,s)/ Hi(s,t)u(t)AtAs =: (Gu)(t), te [O,UZ(T)]T.
0 0
Since (G1u)(0) = (Gyu)(c2(T)) = 0 and
—(Gw)® / Hi(t, t)u(z)At >0, t€(0,T),

it follows that there exists r > 0 such that G,u(t) > re(t) on [0,052(T)]r. Thus
Gu(t) > re(t), te[0,0%(T)]. (2.21)

If B(t) > 0 on [0, p(T)]r, then B(£) > k; on [0, p(T)]r for some constant k; > 0, and sub-
sequently,

a(T) o(T) 9
Gu(t) > k1/ H(t,s)/ Hl(s,r)[—uA (r)]ArAs
0 0
a(T)
= k1/ H(t,s)u(s)As =: (Gou)(t), te [0,02(T)]T.
0
Then there exists r; > 0 such that Gyu(t) > re(t) on [0,0%(T)]t. So,

Gu(t) > rie(t), te[0,0*(T)],. (2.22)

Similarly, for any u# € P\ {0}, if A(¢) > 0 on [0, p(T)]r, then there exists r, > 0 such that
for t € [0, T,

Gu)A / Hi(t, )| A(T)u(t) - B(r)qu(t)]Ar

o(T
> / Hi(t,t)A(T)u(t)At
0
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p(T)
> k/ Hi(t, t)u(r)AT
0

> re(t). (2.23)

If B(t) > 0 on [0, p(T)]T, then there exists r3 > 0 such that for ¢t € [0, T,
) p(T) )
(G (@) > / Hy (6, 7)[-Bo)u® (1) At
0

p(T) )
> k1/ Hl(t,r)[—uA (r)]Ar
0

> ré(t). (2.24)

It follows from (2.21)-(2.24) that Gu € int P.

Now, by the Krein-Rutman theorem ([12, Theorem 7.C] or [13, Theorem 19.3]), G has
an algebraically simple eigenvalue X;(4, B) with an eigenfunction ¢, (-) € intP. Moreover,
there is no other eigenvalue with a nonnegative eigenfunction. O

3 The main result
In this section, we will make the following assumptions:
(H1) T is not an ldrs point of the time scale T.
(H2) f:10, o(T)]t x [0,00) x (—00,0] — [0, 00) is continuous and there exist functions
a,b,c,d € C([0, p(T)]T, [0, 00)) with a(t) + b(¢t) > 0 and c(¢) + d(£) > 0 on [0, o(T)]T
such that

ftup) = a®)u—b@®)p +o(|(w.p)|) as|@wp)| - (0,0)
uniformly for ¢ € [0, p(T)]r, and
f(t,u,p) = c(yu—d(@)p + o(|(w,p)|) as |(u,p)| > o0
uniformly for ¢ € [0, p(T)]z. Here
|(,)] = v/ + 2.
(H3) f(t,u,p) >0 for ¢ € [0, p(T)]7 and (1, p) € ([0,00) x (-00,0]) \ {(0,0)}.
(H4) There exist functions ag : [0, o(T)]r — [0, 00) and by € C([0, p(T)]T, (0,00)) such
that
f(&,u,p) = aot)u—bo()p,  (t,u,p) € [0,p(T)] x [0,00) x (—00,0].
Theorem 3.1 Let (H1)-(H4) hold. Assume that either
(e d) <1< i(a,b) (3.1)
or

Mla, b) <1< (e, d). (3.2)

Then problem (1.4) has at least one positive solution.


http://www.advancesindifferenceequations.com/content/2013/1/64

Luo Advances in Difference Equations 2013, 2013:64
http://www.advancesindifferenceequations.com/content/2013/1/64

Denote L : D(L) — C[0,0%(T)]r by setting
(Lu)(t):=u'(2), ueDL)te0,0X(T)]y

where

D(L) = {u € C*[0,6X(D)]y | u(0) = u(o*(T)) = ™ (0) = u®*(T) = 0}.

(3.3)

(3.4)

From [9, Lemma 3.7] and standard properties of compact linear operators, we can get that

L™1:C[0,6%(T)]t — C'[0,0(T)]r is compact.
Let ¢,& : [0, p(T)]T % [0,00) X (—00,0] — R be continuous and satisfy
f(tr M’P) =a(t)u - b(t)P + é'(t, M,P),
Sf(t,u,p) = c()u—dt)p +&(t, u, p).

Obviously, (H2) implies that

¢(t,u,p)
1m
lwp)—0 |(2,p)|
&(t,u,p)
1m
lwp)l—~oco |(, p)|

=0 uniformly for ¢ € [O, p(T)]T,

=0 uniformly for ¢ e [0, p(T)]T.
Let

E(r) = max{|£(t,u,p)| 10 < |(w,p)| < 1.t €[0,p(T)]}-

Then £ is nondecreasing and

lim @ =0.

r—>o0 r

Next we consider

(Lu)() = M[a@u(t) - bO)u™ ()] + ¢ (6, u(0),u® (1), 1>0,

(3.5)
(3.6)

(3.10)

(3.11)

as a bifurcation problem from the trivial solution # = 0. It is easy to check that (3.11) can

be converted to the equivalent equation
a(T) p(T) )
u(t) = A{f H(t,s)/ Hl(s,r)[a(r)u(r) - b(r)u® (t)]ArAs}
0 0

a(T) p(T) )
+A{f H(t,s) Hi(s,7)¢ (v, u(t), u® (r))ArAs}
0

0
=: R(A, u)(t).

From Theorem 2.1, we have that for each fixed A > 0, the operator G : P — P,

R o(T) p(T) ,
Gu(t) ::/ H(t,s)/ Hl(s,r)[a(r)u(r)—19(1)14A (r)]ArAs,
0 0

(3.12)

(3.13)

Page 9 of 12
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is compact and strongly positive. Define F : [0,00) X X — X by

o(T) p(T)
FOuu):= 2 / H{(t,s) / Hi(s, 7)¢ (r,u(z), u® (1)) AT As. (3.14)
0 0
Then we have from (3.7) and Lemma 2.2 that
|EG,w)|, = o(llullx) asllulx— 0 (3.15)

locally uniformly in 1. Now, we have from Davidson and Rynne [9, Theorem 7.1], or Luo

and Ma [1], to conclude that there exists an unbounded connected subset C in the set
{(k, u) € [0,00) x Pru=AGu +F(\u),u € intP} U {(Al(a, b), 0)}
such that (A;(a, b),0) € C.

Proof of Theorem 3.1 It is clear that any solution of (3.11) of the form (1, ) yields a solution
u of (1.4). We will show that C crosses the hyperplane {1} x X in R x X. To do this, it is
enough to show that C joins (A1(a, b),0) to (A1(c,d), 00). Let (n,,y,) € C satisty

M+ lynllx — o0. (3.16)

We note that n, > 0 for all n € N since (0,0) is the only solution of (3.11) for A = 0 and
CN{0} xX)=0.
Case 1. Ai(c,d) <1< A(a, b).

In this case, we show that
()\l(crd); )\-l(a,b)) - {)\ eR | ()H M) € C}'

We divide the proof into two steps.
Step 1. We show that if there exists a constant number M > 0 such that

N C (0,M], (3.17)

then C joins (A1(a, b), 0) to (A1(c, d), 00).
If (3.17) holds, we have that ||y, || x — oco. We divide the equation

Lya(t) = na[c@pa(e) - d@)y2" )] + 08 (6,720,527 (0), £ €[0,02(D)], (3.18)

by |ly.|lx and set y, = . Since y, is bounded in X, choosing a subsequence and re-

In
lynlix
labeling if necessary, we see that y, — y for some ¥ € X with |y|[x = 1. Moreover, from

Lemma 2.2, we have

£20,78"O)] _ §(/2qllyullx)
1yl x - 1y llx
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and from (3.10),

0 @@ @) _

n—00 lyullx
Thus
o(T) p(T) )
y(t) = ; H(t,s) ; Hl(S,‘E)ﬁ[C(T)j_/(T)—d(T))_/A (r)]AtAs,

where 7 := lim,,_, «, 17, again choosing a subsequence and relabeling if necessary. There-
fore,

15() = i[c®3(0) - @7~ (©)], ¢ [0,02(T)];.
This together with Theorem 2.1 yields 17 = 11 (¢, d). Thus C joins (A1(a, b), 0) to (A1(c, d), 00).

Step 2. We show that there exists a constant M such that 7, € (0, M] for all n.
Since (y,,, n,,) € C, we have

Lyn = naf (63 72).

Therefore from (H4), we get

o (T) (1) ,
Yult) = nn/O H(t,S)/O Hi(s, ) (1, 9a(1), 5 (1)) AT As

o (T) o(T) ,

> fo Ht,s) /0 Hi(s, 0)[ao(0)y(2) — bo(t)y2 (1)] Az As

o(T) (1)

> nnb*f H(t,s)/p Hl(s,t)[—yﬁz(r)]AtAs

0 0
| o

= nub / H(t,8)yn(s)As, (3.19)

0

where b" = mine(o, (1)) bo(£) > 0. Set v,(2) = ;(T)H(t,s)yn(s)As, we have —v$2(t) = y,(2),
t €[0,0%(T)]1, vu(0) = v,4(0*(T)) = 0 and

2 %
—vﬁ (&) = nub vu(t).
Furthermore,
vu(t) >0, tela,pBlr.
From y,() > 0, t € [0,02(T)]1. Now we can obtain 7, € (0, M], Vu for some positive con-
stant M according to [1, Lemma 2.2].
Case 2. A1(a,b) <1< A(c,d).

According to Step 2 of Case 1, we have

n, €0,M], neN


http://www.advancesindifferenceequations.com/content/2013/1/64

Luo Advances in Difference Equations 2013, 2013:64 Page 12 of 12
http://www.advancesindifferenceequations.com/content/2013/1/64

for some M > 0. Then if (n,,y,) € C is such that
lim (nn + ”yn”X) =00,
n—00

applying a similar argument to that used in Step 1 of Case 1, after taking a subsequence
and relabeling if necessary;, it follows that

(nn’yn) - ()\l(cy d), OO), n— o0.

Again C joins (A1(a, b),0) to (A1(c, d), 00) and the result follows. O
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