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Abstract
In this paper, some improved delay-dependent exponential stability criteria of the
neutral delayed differential equation

d

dt

[
x(t) + px(t – τ (t))

]
+ ax(t) – b tanh x(t – σ (t)) = 0,

are expressed in terms of linear matrix inequalities (LMIs). Compared with some
existing ones, our results are derived without the use of the mode transformation
method and the bounding technique. Three numerical examples are provided to
show the effectiveness of the proposed method and less conservatism of the
obtained results.

Keywords: exponential stability; neutral differential equations; linear matrix
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1 Introduction
In this paper, we reconsider the following neutral delayed differential equation:

d
dt

[
x(t) + px

(
t – τ (t)

)]
+ ax(t) – b tanhx

(
t – σ (t)

)
= , ()

for t ≥ , where a, b are two positive real constants and |p| < . The delays τ (·) :
[, +∞) → [, τ ] (τ > ) and σ (·) : [, +∞) → [,σ ] (σ > ) are bounded functions and
r =max{τ ,σ } > . There exist two positive constants μ,μ ∈ (, ) such that τ ′(t) ≤ μ,
σ ′(t)≤ μ. For each solution of equation (), we assume the initial condition

x(θ ) = φ(θ ), θ ∈ [–r, ],

where φ ∈ C([–r, ];R).
When τ (t)≡ τ and σ (t)≡ σ , the system () is turned into the following form:

d
dt

[
x(t) + px(t – τ )

]
+ ax(t) – b tanhx(t – σ ) = , t ≥ . ()

Recently, for equation (), many authors have investigated its properties due to its appli-
cations in the research of the dynamic characteristics of neural networks of Hopfield type,
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see [–] and references therein. Although some qualitative stability analysis for equa-
tion () have been presented in [, , –, ], their results are mainly concerned with the
asymptotic stability, without providing any conditions for exponential stability and any in-
formation about the decay rates of equation (). Besides, it should be pointed out that the
advantage of equation () with exponential stability in comparison with that with asymp-
totic stability lies in that the former can provide fast convergence and desirable accuracy.
In [], Li has obtained the global exponential stability for equation (), but the sufficient
condition is delay-independent. It is well known that current efforts on the problem of
stability for delay systems can be divided into two categories, namely delay-independent
stability criteria and delay-dependent stability criteria. And generally speaking, the for-
mer are more conservative than the latter when the delay is small. Thus, the sufficient
condition about the global exponential stability for equation () given in [] is more con-
servative. More recently, in [], Rojsiraphisal and Niamsup have proposed some delay-
dependent LMI-based sufficient conditions ensuring the exponential stability for equation
(), but these conditions are also more conservative since the mode transformation and
the bounding technique are both used. On the other hand, to the best of our knowledge,
compared with constant-delay systems, the time-varying delay systems aremore closed to
reflect the reality. So, it is necessary to discuss the global exponential stability for equation
(). In [], Chen andMeng have established the LMI-based exponential stability criterion
for equation () by only constructing amodified Lyapunov functional, but the result in []
is sightly more conservative. Thus, there still exists room for further improvement.
In this paper, we reconsider the exponential stability of equation (). New delay-

dependent sufficient criteria ensuring the global exponential stability for equation () are
given in terms of linear matrix inequalities (LMIs). The criteria here are also discussed
from the point of view of its comparison with the earlier results. To show the applicabil-
ity and effectiveness of the proposed method developed in this paper, three illustrative
examples are provided.

Notation Throughout this paper, the notationX ≥ Y (respectively,X > Y ) means that the
matrix X – Y is positive semi-definite (respectively, positive definite), where X and Y are
symmetric matrices of the same dimensions. The symbol ∗ denotes the elements below
the main diagonal of a symmetric matrix.

2 Main results

In this section, we give our main results.

Theorem  For a given positive constant κ > , the zero solution of equation () is globally
exponentially stable if there exist some positive scalars: α, α, α, α and α, such that the
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following linear matrix inequalities (LMIs) hold:

� =

⎡
⎢⎢⎢⎣

�
 �

 λαb 
∗ �

 λαpb 
∗ ∗ –λα( –μ) 
∗ ∗ ∗ –ατ

⎤
⎥⎥⎥⎦ < ,

� =

⎡
⎢⎢⎢⎣

�
 �

 λαb 
∗ �

 λαpb 
∗ ∗ –αλ( –μ) 
∗ ∗ ∗ –ασ

⎤
⎥⎥⎥⎦ < ,

()

where

�
 = καλ – aαλ + αλeκτ + αλeκσ +

αλ

κ
(
eκτ – 

)
+

αλ

κ
(
eκσ – 

)
,

�
 = λκαp – λaαp, �

 = λκαp – α( –μ),

�
 = καλ – aαλ + αλeκτ + αλeκσ +

αλ

κ
(
eκτ – 

)
+

αλ

κ
(
eκσ – 

)
,

�
 = λκαp – λaαp, �

 = λκαp – λα( –μ),

λ =
τ

τ + σ
, λ =

σ

τ + σ
.

Proof Consider the Lyapunov functional defined by

V
(
t,x(t)

)
= eκtα

[
x(t) + px

(
t – τ (t)

)]

+ α

∫ t

t–τ (t)
eκ(s+τ )x(s)ds + α

∫ 

–τ

∫ t

t+θ

eκ(s–θ )x(s)dsdθ

+ α

∫ t

t–σ (t)
eκ(s+σ ) tanh x(s)ds + α

∫ 

–σ

∫ t

t+θ

eκ(s–θ ) tanh x(s)dsdθ , ()

where αi (i = , , , , ) are positive scalars to be chosen later.
The derivative of V (t,x(t)) along the solution of equation () is determined by

dV (t,x(t))
dt

= eκt
{
κα

[
x(t) + px

(
t – τ (t)

)]

+ α
[
x(t) + px

(
t – τ (t)

)][
–ax(t) + b tanhx

(
t – σ (t)

)]
+ αeκτx(t) – α

(
 – τ ′(t)

)
ek(τ–τ (t))x

(
t – τ (t)

)

+
α

κ
(
eκτ – 

)
x(t) – α

∫ t

t–τ

x(s)ds

+ αeκσ tanh x(t) – α
(
 – σ ′(t)

)
ek(σ–σ (t)) tanh x

(
t – σ (t)

)

+
α

κ
(
eκσ – 

)
tanh x(t) – α

∫ t

t–τ

tanh x(s)ds
}

≤ eκt
{[

κα – αa + αeκτ +
α

κ
(
eκτ – 

)]
x(t)
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+ [καp – αap]x(t)x
(
t – τ (t)

)
+ αbx(t) tanhx

(
t – σ (t)

)
+

[
καp – α( –μ)

]
x

(
t – τ (t)

)

+ αpbx
(
t – τ (t)

)
tanhx

(
t – σ (t)

)
+

[
αeκσ +

α

κ
(
eκσ – 

)]
tanh x(t)

– α( –μ) tanh x
(
t – σ (t)

)
– α

∫ t

t–τ

x(s)ds – α

∫ t

t–σ

tanh x(s)ds
}
. ()

The fact that tanh x(t)≤ x(t) implies

[
αeκσ +

α

κ
(
eκσ – 

)]
tanh x(t)≤

[
αeκσ +

α

κ
(
eκσ – 

)]
x(t). ()

Substituting () into (), we have

dV (t,x(t))
dt

≤ 
τ

∫ t

t–τ

ξT
 (t, s)�ξ(t, s)ds +


σ

∫ t

t–σ

ξT
 (t, s)�ξ(t, s)ds, ()

where ξ(t, s) = [xT (t),xT (t – τ (t)), tanhT x(t – σ (t)),xT (s)]T and ξ(t, s) = [xT (t),xT (t –
τ (t)), tanhT x(t – σ (t)), tanhT x(s)]T .
From (), we have dV (t,x(t))

dt < , which implies V (t,x(t)) ≤ V (,x()). And from the defi-
nition of the Lypunov function V (t,x(t)), we have

V
(
,x()

)
= α

[
x() + px

(
–τ ()

)]

+ α

∫ 

–τ ()
eκ(s+τ )x(s)ds + α

∫ 

–τ

∫ 

θ

eκ(s–θ )x(s)dsdθ

+ α

∫ 

–σ ()
eκ(s+σ ) tanh x(s)ds + α

∫ 

–σ

∫ 

θ

eκ(s–θ ) tanh x(θ )dθ ds

≤
[
α + (α + α)reκr + (α + α)

eκr

κ

]
sup

θ∈[–r,]

∣∣φ(θ )∣∣

≡ M.

So, we obtain

∣∣x(t) + px
(
t – τ (t)

)∣∣ ≤ Me–κt , ()

whereM = M
α

> . For ∀ε ∈ (,min{κ , – 
r log |p|}) and ν > , the fundamental inequality

xy≤ νx + 
ν
y for any x, y ∈ R implies

eεt∣∣x(t)∣∣ ≤ ( + ν)eεt∣∣x(t) + px
(
t – τ (t)

)∣∣ +  + ν

ν
eεt∣∣px(t – τ (t)

)∣∣

≤ ( + ν)M +
 + ν

ν
|p|eεreε(t–τ (t))∣∣x(t – τ (t)

)∣∣.
And from ε ∈ (,min{κ , – 

r log |p|}), we have |p|eεr < . Thus, as ν >  is chosen suffi-
ciently large,

ε =
|p|( + ν)eεr

ν
< .
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Therefore, we have

eεt∣∣x(t)∣∣ ≤ ( + ν)M + εeε(t–τ (t))∣∣x(t – τ (t)
)∣∣. ()

About (), for ∀T ≥ ,

sup
≤t≤T

{
eεt∣∣x(t)∣∣} ≤ ( + ν)M + ε sup

θ∈[–r,]

∣∣φ(θ )∣∣ + ε sup
≤t≤T

{
eεt∣∣x(t)∣∣}.

Consequently,

sup
≤t≤T

{
eεt∣∣x(t)∣∣} ≤ ( + ν)M + ε supθ∈[–r,] |φ(θ )|

 – ε
. ()

As T → +∞, it follows from () that

sup
≤t<+∞

[
eεt∣∣x(t)∣∣] ≤ ( + ν)M + ε supθ∈[–r,] |φ(θ )|

 – ε
,

that is,

∣∣x(t)∣∣ ≤ Me–αt ,

where M =
√

(+ν)M+ε supθ∈[–r,] |φ(θ )|
–ε

>  and α = ε
 > . The proof of this theorem is com-

pleted. �

When τ (t) ≡ τ ,σ (t)≡ σ , we can easily derive the following corollary.

Corollary  For a given positive constant κ > , the zero solution of equation () is globally
exponentially stable if there exist some positive scalars: α, α, α, α, α, such that the
following linear matrix inequalities (LMIs) hold:

� =

⎡
⎢⎢⎢⎣

�
 �

 λαb 
∗ �

 λαpb 
∗ ∗ –λα 
∗ ∗ ∗ –ατ

⎤
⎥⎥⎥⎦ < ,

� =

⎡
⎢⎢⎢⎣

�
 �

 λαb 
∗ �

 λαpb 
∗ ∗ –αλ 
∗ ∗ ∗ –ασ

⎤
⎥⎥⎥⎦ < ,

where

�
 = λκαp – λaαp, �

 = λκαp – λα,

�
 = λκαp – λaαp, �

 = λκαp – λα,

and �
, �

, λ, λ are given in Theorem .
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Remark  The proofs of Theorem  and Corollary  are completed by utilizing the tech-
nique involved in [], so that themode-transformation technique and the bounding tech-
nique are not employed. Although one LMI-based sufficient condition ensuring the expo-
nential stability for equation () has been obtained in [], this condition is more con-
servative since the mode-transformation technique and the bounding technique are both
used, and the obtained result has narrow applications since the condition

|p| + (σ – τ )|b| < , ()

must be imposed. Besides, note that Theorem  in [] involves seven decision variables,
while Corollary  involves five decision variables. Thus, Corollary  needs fewer decision
variables than Theorem  in []. What is more, this restrictive condition () is removed
in this paper. Thus, our LMIs-based sufficient conditions are less conservative than those
provided in [], which is shown by Example  and Example  in Section . And the tech-
nique employed in this paper is different from the previous ones introduced in [, , –,
, ].

Remark Although the delay-independent sufficient condition for the global exponential
stability of equation () has been obtained, the technique used in [] is only suitable for
constant delay, not for time-varying delays. So, our result can complement the result in
[]. Besides, in [], the delay-independent sufficient condition for the global exponential
stability of equation () has been given in the form

a
(
 – |p|) > b

(
 + |p|). ()

Remark  If κ = , the criteria about the global asymptotical stability for equation () are
presented as follows:

Corollary  The zero solution of equation () is globally asymptotically stable if there exist
some positive scalars: α, α, α, α and α, such that the following linear matrix inequali-
ties (LMIs) hold:

� =

⎡
⎢⎢⎢⎣

�
 �

 λαb 
∗ �

 λαpb 
∗ ∗ –λα( –μ) 
∗ ∗ ∗ –ατ

⎤
⎥⎥⎥⎦ < ,

� =

⎡
⎢⎢⎢⎣

�
 �

 λαb 
∗ �

 λαpb 
∗ ∗ –λα( –μ) 
∗ ∗ ∗ –ασ

⎤
⎥⎥⎥⎦ < ,

()

where

�
 = –λaα + λα + λατ + λα + λασ ,

�
 = –λaαp, �

 = –λα( –μ),
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Table 1 Comparisons of maximum allowed σ for Example 1 when τ = 0.1

σ [3] [7] [9] [9] [10] [11] [16] [18] This paper

A. S. 2.22 107 2.07 2.32 1.90 0.444 2.32 1021 1.38× 1021

E. S. (κ = 0.0038) - - - - - - 1.947 - 175.289

Notations: A. S. stands for asymptotically stable, E. S. stands for exponentially stable.

�
 = –λaα + λα + λατ + λα + λασ ,

�
 = –λaαp, �

 = –λα( –μ),

λi (i = , ) are given in Theorem .

3 Three illustrative examples
In this section, three illustrative examples are given to show the effectiveness of our result.

Example  Consider the following equation in [, , –, , ]:

d
dt

[
x(t) + .x(t – .)

]
= –.x(t) + . tanhx(t – σ ). ()

By Corollary , if κ = . is given, the upper bound of the time-delay σ which guaran-
tees the exponential stability of equation () is .. Obviously, when σ = ., the
two inequalities () and () do not hold and both criteria given in [, ] have a narrow
application. And, by Corollary , the upper bound of time-varying delay σ (t) for the global
asymptotic stability of equation () is . × . The comparison results of the maxi-
mum allowable delay bounds σ in [, , –, , ] and our result are listed in Table .
Obviously, our result is less conservative than those in [, , –, , ]. By solving the
LMIs () in Corollary , with respect to α, α, α, α, α, we obtain a solution

α = .× e, α = .× e, α = .× e,

α = .× e, α = .× e–,

when the maximum value of σ is .× .

Example  Consider the following equation in [, , , –, , ]:

d
dt

[
x(t) + .x(t – .)

]
= –.x(t) + b tanhx(t – .). ()

By Corollary , if κ = . is given, we obtain that the upper bound of b about the global
exponential stability of equation () is .. And by Corollary , the upper bound of
b ensuring the global asymptotic stability of equation () is up to .. Obviously, it is
seen from Table  that our result is better than those given in [, , , –, , ]. By
solving the LMIs () with respect to α, α, α, α, α, if κ = ., we obtain a solution

α = .× e, α = .× e, α = .,

α = .× e, α = .,

http://www.advancesindifferenceequations.com/content/2012/1/170
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Table 2 The upper bound of b for Example 2 when σ = τ = 0.5

b [1] [18] [3] [5] [7] [8] [9] [10] [16] This paper

A. S. 0.318 1.346 0.889 0.424 1.49 0.699 1.405 0.422 1.405 1.405
E. S. (κ = 0.177) - - - - - 0.722 - - 0.478 1.092

Figure 1 The trajectory of the solution to such a system in Example 2.

when the maximum value of b is .. When b = ., the criterion about the global
exponential stability of equation () is not obtained in [] since the inequality () is not
satisfied. It is easily seen that our result is less conservative than one in []. The simulation
for the trajectory of the solution to such a system when σ = τ = . and b = . is given
in Figure .

Example  Consider the following equation with time-varying delays []:

d
dt

[
x(t) + .x

(
t – τ (t)

)]
= –.x(t) + . tanhx

(
t – σ (t)

)
, ()

where τ (t) = sin(t)
 and μ = .. By using Corollary , the upper bound of time-varying

delay σ (t) for asymptotic stability of equation () is . × . But, by virtue of The-
orem  in [], the maximin allowable bound of time-varying delay σ (t) for asymptotic
stability of this equation is .× . So, Corollary  is better than one in []. When
σ = . × , by the Matlab LMIs Control Toolbox, a solution to the LMIs () in
Corollary  can be obtained as

α = .× e, α = .× e, α = .× e,

α = .× e, α = .× e–.

http://www.advancesindifferenceequations.com/content/2012/1/170
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Obviously, the result provided in [] is infeasible. And even if the delays τ (t) and σ (t) are
the constant delays, the zero solution of equation () is not globally exponentially stable
according to the criterion given in [] since the inequality () is not satisfied. Thus, our
result can also complement that in [, ].
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