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We prove the demiclosedness principle for a class of mappings which is a generalization of all the forms of nonexpansive,
asymptotically nonexpansive, and nearly asymptotically nonexpansive mappings. Moreover, we establish the existence theorem
and convergence theorems for modified Ishikawa iterative process in the framework of CAT(0) spaces. Our results generalize,

extend, and unify the corresponding results on the topic in the literature.

1. Introduction

A self-mapping T', on a metric space (X, d), is called nonex-
pansive, if

d(Tx,Ty)<d(x,y), xye€X (1)
and asymptotically nonexpansive, introduced by Goebel and
Kirk [1], if there exists a nonnegative sequence {k,},-,; with
lim k, = 1 such that

n— 00

d(T"x,T"y) <k, d(x,y), n=21, x,yeX. (2
A self-mapping T, on a metric space (X, d), is called asymp-
totic point-wise nonexpansive, introduced by Hussain and
Khamsi [2], if there exists a sequence of mappings «,, : K —
[0, 00) with lim sup,, _, ., &,(x) < 1 such that

d(T"x,T"y) <, (x)d(x,y), n=1, x,yeX. (3)
It is quite natural to extend (2) and (3) in the following
way: a self-mapping T, on a metric space (X, d), is called
asymptotically y-nonexpansive, if there exists a nonnegative
sequence {k,},., withlim, _,  k, = 1 such that

d(T"'x,T"y) <k,w(d(x,y)), n=1, x,yeX, (4)

where  : R* — R is a strictly increasing and continuous
mapping with ¢(0) = 0. Notice that an asymptotically y-
nonexpansive is a generalization of an asymptotically nonex-
pansive. Indeed, if we take (1) = A, we get inequality (2).
Analogously, we consider the extension of (3) as follows. A
self-mapping T', on a metric space (X, d), is called asymptotic
point-wise y-nonexpansive if there exists a sequence of
mappings «, : K — [0,00) with limsup, _, ., &,(x) < 1
such that

d(T"x,T"y) < &, (x) y (d (x, ),

It is evident that if we replace y(A) = A in (5), then we derive
(3).

A self-mapping T, on a metric space (X,d), is called
nearly Lipschitzian with respect to a fix sequence {a,,}, intro-
duced by Sahu [3], if, for each n € N, there exists a constant
k, > 0 such that

d(T"x,T"y) <k, (d (x, y) +a,), (6)

n>1, x,y€X. (5

for all x, y € X, where a,, € [0, 1) for each n and g, — 0.
The infimum of constants k, satisfying (6) is called the
nearly Lipschitz constant of T" and is denoted by #(T").
Furthermore, T is called nearly nonexpansive if #(T") = 1
for all n € N and nearly asymptotically nonexpansive if
n(T") =z 1foralln € N and lim,, _, ., #(T") = 1.



A self-mapping T, on a metric space (X,d), is said to
be asymptotically nonexpansive in the intermediate sense,
introduced by Bruck et al. [4], if it is continuous and the
following inequality holds:

lim sup sup (d(T"x,T"y) —d(x,y)) <0. )

n—00 x,yeC

‘We note that if we set

£, = max {o, sup (d (I, T"y) —d (x, y»} L ®
x,y€C

then&, — O0asn — oo. It follows that (7) is reduced to
d(T"x,T"y) <d(x,y) +&, 9)

forn>1landx, y € K.

For the examples which are asymptotically nonexpansive
in the intermediate sense but not asymptotically nonexpan-
sive, see, for example, [5]. In fact, the class of nearly asymptot-
ically nonexpansive mappings is intermediate classes between
the class of asymptotically nonexpansive mappings and that
of asymptotically nonexpansive in the intermediate sense
mappings.

In 2006, Alber et al. [6] introduced the notion of total
asymptotically nonexpansive mappings. The class of such
mappings includes the asymptotically nonexpansive map-
pings; for more details, see, for example, [7]. This new notion
unifies various definitions mentioned above.

On the context of uniformly convex Banach spaces, sev-
eral papers appeared on the topic of the approximation of
fixed points of mappings in the classes of nonexpansive and
asymptotically nonexpansive mappings. Motivated by these
results, we investigate the existence of fixed points of total
asymptotically nonexpansive mappings in the context of
CAT(0) spaces that attracted attention of several authors; see,
for example, [8-18].

More precisely, we prove the convergence of modified
Ishikawa iterative process, introduced by Schu [19],

Xp+1 = (1 - “n) X, ® OCnTnyn’

yﬂz(l_ﬁn)xl’I@ﬁﬂTnxﬂ’

(10)

where x; lies in a nonempty closed convex subset K of a
CAT(0) space X, {«,,},{8,,} are real sequences in (0, 1) for each
n>1l,andT: K — Kisatotal asymptotically nonexpansive
mapping. The notation “®” is introduced in the next section.

Notice that it is not possible to get the following modified

Mann iterative process:
Xn+1 = (1 - ‘xn) x, ® (annxn’ (H)

from the modified Ishikawa iterative process, since we can
take B, = 0,(n > 1), in (10). Also, as a special case the
results remain true for modified Mann iteration. Our results
generalize, extend, and unify the corresponding results of
[13, 20-22] and the references contained therein.
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2. Preliminary Remarks

Throughout the paper, the set of real numbers will be denoted
by R. Suppose that (X, d) is a metric space, x, ¥y € X, and
[0,/]] ¢ R.Amapc : [0,]] — X issaid to be a geodesic
path joining the point x to y if ¢(0) = x and c(I) = y, with
d(c(t),c(t)) = |t — t'| forall t,¢ € [0,1]. In short, we use a
geodesic from x to y instead of a geodesic path joining x to
y. Notice that if ¢ is an isometry, then d(x, y) = I. The image
of ¢ is called a geodesic segment (or metric segment) joining
x and y. If it is unique, this geodesic is denoted by [x, y].
A metric space (X, d) is called a geodesic space if every two
points of X are joined by a geodesic. Furthermore, X is called
uniquely geodesic if there is exactly one geodesic joining x
to y for each x, y € X. A subset Y € X is called convex if Y
includes every geodesic segment joining any two of its points.

In a geodesic metric space (X,d), geodesic triangle
A(xy,x,,x;) consists of three points in X and a geodesic
segment between each pair of vertices. Here, the points are
also called vertices of A and a geodesic segment is said to
be the edge of A. A triangle A(x}, x,,x5) = A(X), X5, X3),
in the Euclidean plane E?, is called a comparison triangle for
geodesic triangle A(x,, x,, x3) in (X, d) is where d 2 (x;, Ej) =
d(xi,xj) fori, j € {1,2,3}.

Comparison Axiom. Let (X,d) be a geodesic metric space

(X,d) and let A be a comparison triangle for a geodesic
triangle A in X. We say that A satisfies the CAT'(0) inequality
if

d(x,y) <dp (%), (12)

for all x, y € A and all comparison points X,y € A.

A geodesic metric space is called a CAT(0) space [23] if all
geodesic triangles of appropriate size satisfy the comparison
axiom. A complete CAT(0) space (X, d) is called “Hadamard
space.

Lemma 1 (see [20]). Let (X, d) be a CAT(0) space. Then,

(1) (X, d) is uniquely geodesic;

(2) let x,y € X with x#y. If z,w € [x,y] such that
d(x,z) = d(x,w), then z = w;

(3) let x, y € X. For each t € [0, 1], there exists a unique
point z € X such that

d(x,z)=td(x,y); d(y,z)=(1-td(x,y). (13)

In the sequel, we use the notation (1 — t)x @ ty for the
unique point z € X satisfying (13).

Assume that (X,d) is a Hadamard space. Suppose that
(x,) is a bounded sequence in X. Define

r(x,(x,)) = limsupd (x, x,,), (14)

n— o0

for x € X. The asymptotic radius r((x,,)) of (x,,) is given by

r((x,)) = inf {r (x,(x,)) : x € X}. (15)
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The asymptotic center A((x,,)) of (x,,) is defined as follows:

A((x,)) = {x e Xor(xx,) =r (=)} (6)

We denote by # the collection of all bounded closed convex
subsets of a Hadamard space (X, d).

Asymptotic center is exactly one point in a CAT(0) space
(see, e.g., [24]). Furthermore, the distance function is convex
in complete CAT(0) spaces (see, e.g., [23]).

Notice that if x, y,, y, are points of a CAT(0) space and
if y, is the midpoint of the segment [y,, y,], which we will
denote by (y, @ y,)/2, then the CAT(0) inequality implies that

2
d<x,@) <

1 1
> d(x, )’1)2 + Ed(x) )’2)2 - Zd()’pyz)Z»

17)

1
2

because equality holds in the Euclidean metric. Here, (17) is

known as the CN inequality; see Bruhat and Tits [25].
Finally, we note that a geodesic metric space is a CAT(0)

space if and only if it satisfies inequality (17) (see, e.g., [23]).

Lemma 2 (see [8]). Let (X,d) be a CAT(0) space. Then, the
following inequality,

F((1-txety,z)<(1-t)d* (x,2)

+td* (y,2) —t(1-1t)d* (x,y),
(18)

is satisfied for all x, y,z € X and t € [0, 1].

Definition 3 (see [14]). A sequence (x,) in X is said to A-
converge to x € X if x is the unique asymptotic center of (u,,)
for every subsequence (u,,) of (x,). In this case, one writes
A —lim, x,, = x and call x the A — Limit of (x,,).

Lemma 4 (see [8]). Assume that (X,d) is a Hadamard space
and K € K. If {x,} is a bounded sequence in K, then the
asymptotic center of {x,} is in K.

Lemma 5 (see [8]). Assume that (X, d) is a Hadamard space.
Each bounded sequence {x,} in X has a A-convergent subse-
quence.

CAT(0) space has the Opial property; that is, for a given
(x,) € X, we have

lim supd (x,,x) < lim supd (x,, y), 19)

where (x,) A-converges to x and given y € X with y# x.
Moreover, these metric spaces offer a nice example of uni-
formly convex metric spaces.

3. Convergent Theorems

In this section, we first recollect some elementary definitions
and basic results on the topic in the framework of CAT(0)
spaces.

Definition 6 (see [6]). Let X be a CAT(0) space and K be
a subset of X. A self-mapping T on a subset K is called
total asymptotically nonexpansive if there are nonnegative
real sequences {kill)} and {kf)}, n > 1, with k,(f), kflz) — 0as
n — 00, and strictly increasing and continuous function
y:RY — R with y(0) = 0 such that

(T T") < d(xy) « KDy (d (x, ) + K2, Q0)
Remark 7. If y(A) = A, then inequality (20) turns into
d(T"x,T"y) < (1+ kfll)) d(x,y)+k?, (21)

which is nearly asymptotically nonexpansive (6).

In addition, if k,(f) = 0 for all n > 1, then total asymptot-
ically nonexpansive mappings coincide with asymptotically
nonexpansive mappings. In the case k;z) = 0, a self-mapping
T is uniformly continuous. Notice that a self-mapping T can
be uniformly continuous even if k;z) #0. If kfll) = 0 and
kﬁlz) = 0foralln > 1, then we obtain the class of nonexpansive
mappings from (20).

Definition 8 (see [18, 26]). Assume that (X, d) is a Hadamard
space and K € #. A self-mapping I — T on K is called
demiclosed at zero, if, for each sequence (x,,) ¢ K that A-
converges to a point x, in K, I — T(x,) — 0, implies
that I — T(x;,) — O or let one formally say that I — T is
demiclosed at zero if the conditions {x,}, A-converges to x
and d(x,, Tx,) — 0,imply x € F(T).

Lemma 9. Assume that (X,d) is a Hadamard space and
K € . For a bounded sequence (x,) in K, one sets ¢(u) =
limsup, _, . d(x,,u). Then there is a point x, € K such that

¢ (xp) = inf {¢ (x) : x € K}. (22)
Proof. Itisimmediate consequence of existence of the asymp-
totic center and Lemma 4. O

Lemma 10. Assume that (X, d) is a Hadamard space and K €
K. Suppose that a self-mapping T on K is a total asymptotically
nonexpansive mapping. For a point x in K, let x,, = T"(x).
Then lim,,, _, ., §(T™(w)) = $(w), where w € K is such that
¢(w) = inf{p(u) : u € K} for the same ¢ in Lemma 9.

Proof. Since T is total asymptotically nonexpansive, we have
d(T" (x), T™ (w)) <d (T" (x),w)

+ KDy (d(T" (x), w)) + k2,

for any n,m > 1. If we let n go to infinity, we get

¢ (T" () < ¢ (w) + kS y (p(w)) + k7. (24)

Let m go to infinity, which implies that lim,,, _, ., $(T™(w)) =
d(w). O

Theorem 11. Assume that (X,d) is a Hadamard space and
Ke . IfT: K — K isa uniformly continuous total asymp-
totically nonexpansive mapping, then T has a fixed point.
Moreover, the fixed point set F(T) is closed and convex.



Proof. Define ¢(u) = limsup,,_, ., d(T"(x),u), for each u €
K. Let w € K such that ¢(w) = inf{¢(u) : u € K}. We have
seen that ¢(T™"(w)) = ¢p(w) as m — oo. The CN inequality
implies the following:

T (w) & T" (w) )2
2

d(T“(xL
< %d(T" (), T" (w))* + %d(T" (.7 @) @

1
- @, T W)
If we let n go to infinity, we get

m h 2
¢(w)2 < (/5( w>

<

- 1 2
(1" )+ 5¢(r" )" @9

N | —

2
>

1 m
- 41" ), T" )
which implies that

lim sup d(me, Thw)2 <0. (27)

m,h— co

Therefore, (T"(w)) is a Cauchy sequence in K and hence
converges to some v € K; thatis, v = lim,,_, ., T"(w). Since T
is continuous, then

Tv=T (nleréoT"v) = nli_)néoT"Hv =, (28)

and this proves that F(T') # @. Again, since T is continuous,
F(T) is closed. In order to prove that F(T) is convex, it is
enough to prove that (x® y)/2 € F(T'), whenever x, y € F(T).
Indeed, set w = (x @ y)/2. The CN inequality implies that

A(T"w,w)’ < %d(x, T"w)® + %d(y, T"w)’ - :lld(x, y)
(29)
for any »n > 1. Since

d(x, T"w)’ = d(T"x, T"w)’

< (d (6, w) + Ky (d (x,w) + kD)’

2
- <%d (x, y) + kDy (%d (x, y)) + k?) ,
d(y, T"w)’ = d(T"y, T"w)’
< (d(rw) + Ky (d (rw) + k)

= <%d (x, ) + kDy (%d (x, y)) + k?)z,
(30)

when 7 go to infinity, lim, _, ., T"(w) = w, which implies
Tw = w. O
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It is known that the demiclosed principle plays an impor-

tant role in studying the asymptotic behavior for nonex-
pansive mappings (see [12, 27-30]). In [29], Xu proved
the demiclosed principle for asymptotically nonexpansive
mappings in the setting of a uniformly convex Banach space.
Nanjaras and Panyanak [12] extended Xu’s result to CAT(0)
spaces. A demiclosed principle for asymptotically nonexpan-
sive mappings in the intermediate sense on a real uniformly
convex Banach space was proved by Yanga et al. [30].
Motivated by them we will establish demiclosed principle
and existence theorem for total asymptotically nonexpansive
mappings in the context of CAT(0) spaces. Also the next
theorem shows that the result of Theorem 11 holds without
the boundness condition imposed on K, provided that there
exists a bounded approximate fixed point sequence {x,,}; that
is, lim,,_, ., d(x,,Tx,) = 0.
Theorem 12. Assume that (X,d) is a Hadamard space and
K € F. Suppose that T : K — K is a uniformly continuous
total asymptotically nonexpansive mapping. Let (x,)) € K be a
bounded approximate fixed point sequence. If A—lim,, x,, = w,
then we have Tw = w.

Proof. Since (x,,) is an approximate fixed point sequence,
then we have

¢ (x) = lim supd (T"x,, x) = lim supd (x,, x), (31)
for any m > 1. Hence, $(T™x) < ¢(x) + kDy(¢p(x)) + k2,

for each x € K. In particular, we have lim,,, , ., $(T"(w)) =
¢(w). The CN inequality implies that

d<xn, weT" (w) )2
2

< %d(xn,w)z " %d(xn,T’” (w))? - id(w, ™ (W),

(32)
foranyn,m > 1. If weletn — oo, we will get
weT" (w) )’
¢ 2
(33)

1 1 m 1 m
< SoW)' + S¢(1" W)’ - d(w, T" W)’
for any m > 1. The definition of w implies that

Pw)* < %(b(w)z + %(/)(T’” w))’ - }Ld(w, " (w))’, (34)
foranym > 1, or
d(w, T™ ()" < 2¢(T"w)* - 2¢(w)*. (35)

Lettingm — oo, we will getlim,,, _, ., d(w, T"w) = 0. By the
continuity of T,

Tw = T( lim me) = lim T""'w = w. (36)

m— o0 m— o0

O
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Consequently, we derive the following corollaries which
can be found in [20].

Corollary 13. Assume that (X,d) is a Hadamard space and
K e X. Suppose that T : K — K is a uniformly continuous
nearly asymptotically nonexpansive mapping. If {y,} is a
bounded sequence in K such that lim, d(y,,Ty,) = O, then
T has a fixed point.

Proof. Every bounded sequence {y, } in K has a A-convergent
subsequence, by Lemma 5, which can be showed again by
{y,,}. Now apply Theorem 12. O

Corollary 14. Assume that (X, d) is a Hadamard space and
K e K. Suppose that T : K — K is a uniformly continu-
ous nearly asymptotically nonexpansive mapping. If {x,}
is a bounded sequence in K which A-converges to x and
lim, d(x,, Tx,) = 0, then x € K and x = Tx.

4. Approximation

Assume that (X, d) isa Hadamard spaceand K € % Suppose
that a self-mapping T : K — K is total asymptotically non-
expansive. Consider the following iteration process, namely,
modified Ishikawa iteration scheme:

Xny1 = (1 - (Xn) X, @ “nTnyn’

(37)
Yn = (1 - ﬁn) X, @ ﬁnTnxn’

where {«,} and {8,,} are real sequences in (0, 1) for each n > 1.

Note that the modified Ishikawa iterative process coin-
cides with the following modified Mann iterative process if
B, = 0 for each n > 1 then

X1 = (1 - o) x, ® o, T"x,. (38)

In this section we want to show that {x,} is an approximate
fixed point sequence. Due to this, we use the following lemma
which can be found in [31].

Lemma 15. Let {A,},o;, {K,},1, and {y,},5, be sequences of
nonnegative real numbers such that, for alln > 1,

An+1 < (1 + Kn) /\n + Ya- (39)

Let Y "k, < coand Y7y, < co. Then lim,, A,, exists.

Lemma 16. Assume that (X, d) is a Hadamard space and K €
K. Suppose that a self-mapping T : K — K is a uniformly
continuous total asymptotically nonexpansive with F(T') # 0.
Suppose also that there exist constants My, M > 0 such that
Y(A) < MyA forall A > M. Let x* € Fix(T). Starting from
arbitrary x, € K define the sequence {x,} by (37). Suppose
that Y k(Y < 00 and Y kP < oo, Then lim, d(x,, x*)

n

exists and Y3 e, B,(1 = B,)d*(x,,, T"x,) < co.

Proof. Let x* € Fix(T); then
d (yn’ X*) =d ((1 - ﬂn) X, ® ﬁnTnxn’x*)
<(1-B)d(x,x") + B,d(T"x,, T'x")  (40)

<d (0 x") + Bk, v (d (3,0 x7)) + Bk

Since y is increasing function, it results that y(1) < w(M)
it A < M and w(A) < MyAif A > M. In either case we obtain

¥ (d (x5 x7)) < 9 (M) + Myd (x,,, x") (41)
for each n > 1. Therefore,

d(ypx*) <d (x,,x7) + Bk [y (M) + Myd (x,,,x")]

+ ,B,,kf).
(42)

Thus,

v (d(ypx))
<y M)+ (My + B k(M) ) d (x, 57 (43)

+ MoKy (M) + MoK

SO one can write
d (%1, x7)
=d((1-a,)x, ®a,T"y,,x")
<(1-a,)d(x,,x") + e, d (T"y,, T"x")
<(1-a,)d (x,x7) + ,d (3, x7)
o,k (d (3, 7)) + ok
S [1 + 0, Bk My + e,k My + “nﬁn(kizl))z(Mo)z]
xd (x,,x") + &, B,k y (M)
+ 0, B, kP + o, kP + o, kDy (M)

+ 0B, (kD) Moy (M) + , 8K KD M,
(44)

Thus, we get the following inequality:
d (%0 x") < (1+ AKD) d (x,0 x7) + BEY + CKD. - (45)

For some A, B,C > 0, since Y° k" < 0o and ¥°k? <
00, kil),kf) are bounded, due to Lemma 15 the sequence



d(x,,x") has a limit and so it is bounded. By Lemma 2, we
have

& (%,01,%")
=d* ((1-a,)x, ®a,T"y,,x")
< (1-a,)d” (x,,x") + a,d” (T"y,, x*)
~a, (1-a,)d* (x,, T"y,)
< (1-a,)d (%, x") + 0,d” (T"y,, x7)
<(1-a,)d’ (x,x")
b0, (A ") + Ky, x7) + KO
<(1-a,)d (x,,x*)
+a, [d (3, x7)
+ Ky (M) + Myd (3, )
kD% 12k Dg (5 x*)
Xy (M) + Mod (3, ")} + 2Kk (3, x7)
+ 2k7 {y (M) + Myd (3,0 x")}]
= (1= ) d (3, x") + (1 + MokD) (3, x7)
+ay, (260" Moy (M) + 26y (M)
12k + 2k kP M ) d (3, x°)
+ o, (KD () + K2’
(46)
Since lim,, d(x,, x") exists, {x,} is bounded and it follows

from (42) that {y,} is also bounded. Then, there exist
constants A, B > 0 such that

d* (%010 x")
<(1-a,)d® (x,x")
+a,(1+ Mokil))zal2 (3o x*) + ALY + BE?
<(1-a,)d” (x,,x")
+ ocn(l + Mokfll))2
x[(1=B,) d* (x,,x7)
+ Bod” (T, ") = B, (1= B,) d” (%, T"x,)]
+ Akfll) + ka)

<(1-a,)d” (x,x")
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+ rxn(l + Mokfll))2
x [(1=B)d* (x,x")
+ B, [d (x5, x7) + Ky (d (,x7)) + KO
B, (1= B, (%, T"x,)]
+ Akﬁll) + ka)
<(1-a,)d (x,x") + ocn(l + Moks))2
x [(1=B.)d* (x,,x")
+ B {d? (x,x7)
+ (KOY [y (M) + Myd (3,0 ")]" + (K2’
+ 2k VKD [ (M) + Myd (x,,, )]
+2k0d (6, x7) [y (M) + Mod (x,,, x7)]
+2kPd (x,,x")}
~ B, (1-B,) d* (x,,T"x,)] + Ak + BK?
< (1=a)d? (x,0x) + o, (14 MDY
x[ (1= B,) d* (x,x7)
+ B (14 Mk ) (3, x7) + CK + DE?}
B (1= B d* (%, T"x,) | + A + B
< (1) (0 x") + 0,14 MY’
x [ (1-8,) (1 + Mokfll))zal2 (x,,x7)
+ Bo(1+ Mk®P) d? (x, x7)
+Ck + DK = B, (1- B,) d* (x,, T"x,) |
+ Ak;l) + ka)
< (1-a,)d (x,,x")
+ (xn(l + Mokfll))éld2 (%o x*) + EKV + FK?
— a8, (1= B,) (14 ML) d” (3, T"x,)
< (1 + Mokﬁll))4d2 (%, x7) + Equl)
+ FlY = a,B, (1= B,) d’ (x,, T"x,,)

< (1+ KMok ) d* (x,,x") + EK + FK
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- “nﬁn (1 - ﬁn) d2 (xn’ Tnxn)
<d*(x,x") + Gk + FK?

- “nﬁn (1 - ﬁn) d2 (xn’ Tnxn) >

(47)
for some C, D, E, F,G > 0. Thus,
‘xn/';n (1 - ﬁn) dz (xn’ Tnxn)
(48)
<d” (x,,x") = d* (%1, x") + GKD + FK?,
which implies that
Z(xnﬁn (1 - ﬁn) dz (xn’ Tnxn)
n=1
< Y [ (e x™) = d (00, %) (49)

n=1

+ i (Equl) + kalz)) .
n=1

Since 221(]5]‘5,1) + Fk,(f)) < 00 and lim, d(x,,x") exists,
therefore Y% o, B,(1 - B,)d*(x,, T"x,) < co. O

Note that if the domain of T is bounded, we can omit the
conditions of existence of constants M,, M > 0 such that
y(A) < MgAforall A > M and F(T') 0.

Theorem 17. Assume that (X,d) is a Hadamard space and
K ¢ K. Assume that T : K — K is a uniformly continuous
total asymptotically nonexpansive mapping with F(T) 0 and
there exist constants My, M > 0 such that y(1) < MyA for
all A > M. Let x* € Fix(T). Starting from arbitrary x, € K
define the sequence {x,,} by (37), where {«, },{3,,} are sequences
in (0,1) such that lim,_,  «,B,(1 — f3,)#0. Suppose that
YD < coand Y KkP < co. Then {x,} is A-convergent
to a fixed point of T.

Proof. Since lim, , «,B,(1 — pB,)#0, by Lemmal6,
lim d(x,,T"x,) = 0, so by uniform continuity of T,
lim, _, ., d(Tx,, T""'x,) = 0. Therefore, one can write

n— 00

d (%415 %)
=d((1-a,)x,®a,T"y,.x,)
<d(x,,T"y,)
<d(x, T"x,) +d (T"x,, T"y,)

< d (%, T"x,) + d (%, )

+ k) (d (0 3)) + K
S d (xn’ Tnxﬂ) + d (xﬂ’ (l - /31’!) xn ® ﬁﬂTnxﬂ)

+ kY (d (0 3)) + K

< (14 ) d (%, T"x,) + v (d (%, 7))

+k,(12) — 0 asn— oo.
(50)

Also
d(x,,Tx,)
<d (X, X4) +4d (xn+1> Tn+1xn+1)
+d (T"Hx,,H,T"Hxn) +d (T”“xn, Txn) (51)

< 2d (xn’ xn+1) + d (xn+1’ Tn+1xn+1)

+

KDy (d (50 00)) + K 4 d (T, T,),
and hence

Jim d (x,, Tx,) = 0. (52)

Setw,,(x,) = |J A({u,}), where the union is taken over by
all subsequences {u,} of {x,}. We assert that w,,(x,) ¢ F(T).
Let u € w,y(x,); then there is a subsequence {u,} of {x,}
such that A({u,,}) = {u}. By Lemmas 4 and 5 there exists a
subsequence {v,} of {u,} such that A — lim,v, = v € K. We
have seen thatlim ,d(Tv,, v,) = 0,so v € F(T') by Theorem 12
and lim, d(x,,, v) exists by Lemma 16. We will show thatu = v.
Suppose, on the contrary, that u# v. By the uniqueness of
asymptotic centers,

lim sup d(v,,v) < limnsup d(v,,u)
< limnsup d (u,,u)
< limnsup d(u,,v) (53)
= limnsup d(x,,v)

= lim supd (v,,v),

which is a contradiction. Hence, we get thatu = v € F(T). To
show that {x,} A-converges to a fixed point of T, it suffices
to show that w, (x,) consists of exactly one point. Let {u,}
be a subsequence of {x,}. By Lemmas 4 and 5 there exists a
subsequence {v,} of {u,} such that A —lim, v, = v € K. Let
A({u,}) = {u} and A({x,}) = {x}. We have seen that u = v
and v € F(T). It is sufficient to show that x = v to finalize
the proof. Suppose, on the contrary, x is not equal to y. Since



{d(x,,,v)} is convergent, then by the uniqueness of asymptotic
centers,

lim supd (v,,v) < lim supd (v, x)
n n

< lim supd (x,, x)

(54)
< lim supd (x,,v)

=lim supd (v,,v),

which is a contradiction, and hence the conclusion follows.
O

Corollary 18. Assume that (X, d) is a Hadamard space and
K € &. Suppose that T : K — K is a uniformly continuous
total asymptotically nonexpansive mapping with F(T) 0 and
there exist constants My, M > 0 such that y(1) < MyA for
all A > M. Let x* € Fix(T). Starting from arbitrary x, € K
define the sequence {x,} by (37), where {«, },{,,} are sequences
in (0,1). Suppose that Y° kY < co and ¥ ° k) < co. Then
the condition d(T"x,,, x,,) — 0asn — oo implies that

limd (x,,%,,,) = 0, limd (x,,Tx,) = 0. (55)

Note that, in the case 3, = 0, we can state Theorem 17 in
the following manner.

Lemma 19. Assume that (X, d) is a Hadamard space and K €
FK. Assume that T : K — K is a uniformly continuous total
asymptotically nonexpansive mapping with F(T) # 0. Suppose
also that there exist constants My, M > 0 such that y(1) <
MyA forall A > M. Let x* € Fix(T). Starting from arbitrary
x, € K define the sequence {x,} by (38), where {a,} is a
sequence in (0,1). Suppose that ¥° k" < 0o and Y° k2 <
00. Then the condition d(T"x,,,x,) — 0asn — oo implies
that
limd (x,, x,,1) = 0, limd (x,, Tx,) = 0. (56)
Proof. We have from (38)
d ('xn+l’ xn) =d ((1 - ‘xn) X, @ (annxn’ xn)
(57)
<a,d(T"x,,x,).
Therefore, lim,, d(x,,,;,x,) = 0, and also

d(x,,Tx,)
< d (X X)) +4d (xn+1’ Tn+1xn+1)
+d (T"Han, T”“xn) +d (T"+1xn, Txn) (58)
< 2d (%, Xpy1) + k£,1+)1‘/’ (d (X X,111)) + k512+)1

+d (%0, T %) +d (T %, Tx,)

Since T is uniformly continuous, the hypotheses d(T"x,,, x,,)

— O0asn — oo implies that
d(T"'x,,Tx,) — 0, d (%0, T %0 ) — 0. (59)

O
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Proposition 20 (see [32, Lemma 2.9]). Let (X,d) be a
complete CAT(0) space and let x € X. Suppose that {t,} is
a sequence in [a,b] for some a,b € (0,1) and {x,},{y,}
are sequences in X such that lim sup,_, . d(x,,x) < 1,

lim sup, , . d(y,,x) < r, and lim,_ d((1 - t,)x, &
t, V> X) = 1 for somer > 0. Then
lim d (x,, y,) = 0. (60)

n—00

Theorem 21. Assume that (X,d) is a Hadamard space and
K € K. Suppose that a self-mapping T : K — K is uniformly
continuous total asymptotically nonexpansive mapping with
F(T) # @ and suppose that there exist constants My, M > 0 such
thatw(A) < MAforall A > M. Let x* € Fix(T), and {e,,} .5, is
asequencein (0, 1) for alln > 1. Starting from arbitrary x, € K
define the sequence {x,} by (38). Suppose that ¥}’ kil) < 00
and ¥ kP < co. Then lim,, _, o, d(x,, Tx,) = 0.

n

Proof. First we show that d(x,,, x™) for x™ € F(T) is bounded
and it has a limit

d(xn+1>x*)
<d((1-a,)x,®T"x,,x")

(61)
<(1-a,)d(x,x")+a,d(T"x,, T"x")

<d (%, x%) + o,k My (d (5, x7)) + 2, k2.

Since y is increasing function, it results that y/(1) < y(M) if
A < Mand y(A) £ MyAif A > M. In either case we obtain

y(d (%, x")) <y (M) + Myd (x,,x")  (62)
for each n > 1. Thus, we get the following inequality:
d(x,,x") < (1 + Moocnkﬁll)) d(x,,x")

(63)
+ Oénkfll)lll (M) + (xnkflz).

However, ¥ k" < o0 and ¥ kP < oo; therefore,
due to Lemma 15 the sequence d(x,,, x*) has a limit and it is
bounded. Assume that lim,, _, ., d(x,, x") = c. Since

d(T'x,,x")=d(T"x,, T"x"
(64)
<d(x,x") +kPDy(d (x,x")) + k2

for all n € N, then

lim supd (T"x,,x") < c. (65)

Additionally, since
d (%1, x%)
=d(a,T"x,® (1 - a,) x,, x")
<o, d(T'x,x")+(1-a,)d(x,,x")
<o, d(T"x,, T"x") + (1 - a,) d (x,,, x") (66)
<a, [d (2, ™) + KDy (d (x,, x7)) + kﬁlz)]
+(1-a,)d(x,,x")
<d (2, x7) + o, [y (d (2 x7)) + K2
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then
d (xn+1>x*) =d (ochn'xn & (1 - an) xn’x*)

<d(x,x")+a, [kff)l// (d(x,,x")) + kflz)] )
(67)

Hence,

lim sup (d (e, T"x, @ (1 - a,) x,,x7)) =c. (63)

n— 00

By Proposition 20, we have lim, _, , d(T"x,,x,) = 0. By
Lemmal9, lim,_, . d(Tx,,x,) = 0. This completes the
proof. O

Recall that a mapping T : C — C is said to be semicom-
pact if C is closed and for any bounded sequence {x,} ¢ C
with lim,, , . d(x,, Tx,) = 0, there exist z € C and {xnj} C
{x,} satisfying lim; _, Xy, = 2.

The next theorem extends corresponding results of Beg
[33], Chang [34], and Osilike and Aniagbosor [22] for a more
general class of non-Lipschitzian mappings in the framework
of CAT(0) spaces. It also extends corresponding results of
Dhompongsa and Panyanak [8] from the class of nonexpan-
sive mappings to a more general class of non-Lipschitzian
mappings in the same space setting. Moreover, it extends
corresponding results of Abbas et al. [20].

Theorem 22. Assume that (X,d) is a Hadamard space and
K e . Suppose that a self-mapping T : K — K is uniformly
continuous total asymptotically nonexpansive mapping with
F(T) #0; suppose that there exist constants My, M > 0 such
that w(A) < MyA for all A > M. Let x* € Fix(T). Starting
from arbitrary x, € K define the sequence {x,} by (37), where
{a,},{B,} are sequences in (0,1) for all n > 1, such that
lim,, _, o, &,B,(1 — B,) #0. Suppose that Y° k" < oo and
YO kP < oo, and also suppose that T™ is semicompact for

n
somem € N. Then the sequence {x,,} converges strongly to some

fixed point of T.

Proof. By Theorem 17, we have lim,, _,  d(x,,, Tx,) = 0. Since
T is uniform continuous, it follows the estimation

d(x,,T"x,) < d(x,,Tx,)

+d (Txn, szn) +eotd (Tm_lxn, men)
(69)

that lim,_, . d(x,,T"x,) = 0. Since T™ is semicompact,
there exist a subsequence {xnj} of {x,} and x € K with
lim;_, o, Xy,
formly continuous lim
from the estimation,

= lim;_, T"x, = x. Again since T is uni-
J
d(Tx, Txn]_) = 0 and it follows

n— 00

d(Tx,x)<d (Tx, Txn]_> +d (Txnj,xnj) +d (xnj,x) —0

as n — 0o,
(70)

that d(x, Tx) — 0;thatis, x € F(T'). By Lemma 16, the limit
of d(x,,x) = c exists asn — ©00. Since lim X, =

n— oo le

x, therefore ¢ = 0. This accomplishes the proof. O
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