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A new method is presented to construct grid multi-wing butterfly chaotic attractors. Based on the three-dimensional Lorenz
system, two first-order differential equations are added along with one linear coupling controller, respectively. And a piecewise
linear function, which is taken into the linear coupling controller, is designed to form a nonlinear coupling controller; thus a five-
dimensional chaotic system is produced, which is able to generate gird multi-wing butterfly chaotic attractors. Through the analysis
of the equilibrium points, Lyapunov exponent spectrums, bifurcation diagrams, and Poincaré mapping in this system, the chaotic
characteristic of the system is verified. Apart from the research above, an electronic circuit is designed to implement the system. The
circuit experimental results are in accordance with the results of numerical simulation, which verify the availability and feasibility

of this method.

1. Introduction

Since Lorenz found the first chaotic model in 1963 [1], people
have had a great interest to construct the chaotic attractors
with different shape and quantity. At present, the existing
chaotic attractors could be divided into two types: the multi-
scroll chaotic attractors (including double-scroll [2], multi-
scroll [3, 4], gird multi-scroll [5], and multi-directional multi-
scroll chaotic attractors [6]) and the multi-wing butterfly
chaotic attractors (containing two-wing [7-11], four-wing
[12-16], multi-wing [17-20], and grid multi-wing [21, 22]
butterfly chaotic attractors). The approach had grown pretty
mature constructing multi-scroll chaotic attractors. However,
itisrarely researched for the method constructing multi-wing
and grid multi-wing butterfly chaotic attractors.

In recent years, [17-22] reported the latest research
achievement about the multi-wing and grid multi-wing but-
terfly chaotic attractors. Reference [17] constructed a class
of hyperchaotic systems generating 2"-wing butterfly hyper-
chaotic attractors by coordinate transition and absolute value
transition. References [18, 21] proposed the grid multi-
wing butterfly chaotic attractors by constructing heteroclinic
loops. Reference [7] presented the first and second kinds of
Lorenz-type systems to simplify the algebraic form of the

Lorenz system while keeping the butterfly structure of Lorenz
attractor. Reference [19] constructed a multi-wing butterfly
chaotic system based on the first and second kinds of Lorenz-
type systems. By designing some piecewise functions to take
place of the state variables of the Lorenz system directly,
[20, 22] proposed some multi-wing and grid multi-wing but-
terfly chaotic systems. Though the above literatures proposed
some methods constructing multi-wing and grid multi-wing
butterfly chaotic attractors, it is very difficult to construct
the new multi-wing and grid multi-wing butterfly chaotic
attractors via these approaches. Therefore, it is necessary to
design the novel methods constructing multi-wing and grid
multi-wing butterfly chaotic attractors.

In this paper, through combining a linear coupling con-
troller with a piecewise linear function skillful, a new method
is presented to construct grid multi-wing butterfly chaotic
attractors. Based on the three-dimensional Lorenz system,
two first-order differential equations are added along with
one linear coupling controller, respectively. And a piecewise
linear function, which is taken into the linear coupling con-
troller, is designed to form a nonlinear coupling controller;
thus a five-dimensional chaotic system is produced, which is
able to generate gird multi-wing butterfly chaotic attractors.



The system is easy to be realized by analog circuits and its
algebraic form is also simple.

2. Constructing the Grid Multi-Wing
Butterfly Chaotic Attractors via the
Nonlinear Coupling Control

The mathematic model of Lorenz chaotic system is shown as
follows:

X =a(x, - x1),
Xy = CX)p = Xy — X X3, @
X5 = x,x, — bxs,

where a = 10, b = 8/3, and c = 28.

Constructing grid multi-wing butterfly chaotic attractors
via the nonlinear coupling control, the method is shown as
follows.

Step 1. In order to construct gird multi-wing butterfly chaotic
attractors easier, the state variables need normalization pro-
cessing in system (1). The method of the normalization
processing is to make the peak value of the all state variables
less than one via scale transformation. Let the scaling factors
of the state variables x;, x, and x5 be y,, y,, and y;,
respectively. According to the numerical simulation results of
the Lorenz system [1], we can choose y;, = 16, y, = 23, and
3 = 40. Therefore, system (1) is changed as follows:

%, =% _ax,,

"

. c

X, = ﬂXl -X,- MXIXS’ (2)
Y2 Y2

X, =10 x x, X,
Y3
Step 2. Two first-order differential equations about state
variables X, and X are added based on system (2). The exact
approach is as follows: First, the first and second equations are
copied and taken as the fourth and fifth equations in system
(2), and then the state variable X is replaced with X, in the
fourth equation of system (2), and the state variable X is used
to take place of the state variable X, in the fifth equation of
system (2). Therefore, a five-dimensional autonomous system
is obtained:

X, = 2x, —ax,,

N
Xz = mXl -X;- MX1X3:
Y2 Y2
X, =12y x, - bx,, (3)
Y3
X, =2x, - ax,,
41
Xo=Nx - x, - BBy x,

Y2 Y2
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Step 3. 'Two linear coupling controllers u; and u, are added
in the fourth and fifth equations of system (3), respectively.
Then system (3) is changed as follows:

X, = M2x, —ax,,
4!
X2 = %Xl - X5 - _YIYSX1X3>
Y2 Y2
X, = "2y X, bx,, (4)
Y3
X4 = %Xz —aX, +u,
N
Xo=Px - x, - MBx X, 4 u,
Y2 Y2

where the coupling controllers u; = h(X, - X,) and u, =
h(X, — X;). h is gain parameter.

Step 4. A new piecewise linear function is designed:

M
fx)=x- ngn(x+2n+1)+(M—N+l), (5)
n=—N

where N, M € {0,1,2,...}. Through replacing the state vari-
ables X, and X with the piecewise linear function f(x) in
system (4), a novel system is obtained as follows:

X, =a, X, - a,X,,

X, =a3 X, - X, —a, X, X5,
X; = asX, X, — g Xs, (6)
Xy=a X, —ar f (X,) +uy,
X5 = a3 X, - f (X5) - a, X, X; +uj,
where the system parameter a, = ay,/y,, a, = a, a; = ¢y, /7y,

ay = V173/V2 95 = V112/Y55 G = b, and the nonlinear coupling
controllers ui =h[X; - f(X,)] and u; =h[X, - f(X5)]

M,
f(X)=X,- ) sgn(X,+2n+1)
n=-—N;
+(M; - N, +1),
7)

M,
f(Xs)=Xs— Z sgn (X5 +2n+1)
n=-—N,
+(M,-N,+1),
where N}, M;,N,, M, € {0,1,2,...}.

Let the system parameters a = 10, b = 8/3, ¢ = 28,
y = 16,9, = 23,9; = 40, h = 5; thatis, a; = 14.38,
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a, = 10,a; = 19.48,a, = 27.83, a; = 9.20, a, = 2.67. Under
the action of the nonlinear coupling controllers v, and u5,
system (6) is able to generate 2(N, + M, +2) x (N, + M, +2)-
wing butterfly chaotic attractors, as shown in Figure 1. When
N, = M, = N, = M, = 0, system (6) creates 4 x 2-wing
butterfly chaotic attractors as shown in Figure 1(a). When
N, = M; = M, = 0and N, = 1, system (6) generates
4x3-wing butterfly chaotic attractors as shown in Figure 1(b).
When N, = N, = 1and M, = M, = 0, system (6) creates
6% 3-wing butterfly chaotic attractors as shown in Figure 1(c),
and the time series about the state variable X, is shown in
Figure 1(e). When N; = N, = M, = 1 and M, = 0, system
(6) generates 6 x 4-wing butterfly chaotic attractors as shown
in Figure 1(d).

3. Basic Dynamic Characteristic
3.1 Equilibrium Point. Let X, = X, = X; = X, = X, = 0;
that is,
a X, —a, X, =0,
X, -X,—-a, X, X5 =0,
a; X, X, —as X5 =0, (8)
X, —ayf (X,) +u) =0,
azx; — f (x5) = agx, x5 +u = 0.

According to solution for the equation set (8), the equi-
librium points of system (6) are obtained:

E. =(0,0,0,2n,2n,),

nn,
Aa, A’a,a Aa
B o= (A2 205 4hon, 22 4 on, ),
v a, a,dg a,
3 ©)
nimy

Aa, A’a,a A
- (—A,——Z, A D8 g o, A% +2n2>,
a a,as a,

where A = +/(a,a;a5 — aya4)/aya,a5, n, = —(N; + 1),-N,
..>0,...,M; andn, = (N, + 1),-N,,...,0,..., M,.

For the equilibrium points E* = (X}, X5, X3, X}, X:),
system (6) is linearized and the Jacobian matrix is defined as

J
—a, a, 0 0 0
a—-a,X; -1 -aX] 0 0 (10)
= asX, asX| —dg 0 0 ,
h a 0 -a-h 0

*
a-a,X, h

where X7, X3, X;, X, and X are the coordinates of the

. . 1 2 3
equilibrium points En1 > Enl "> and En1 "

Substituting the equilibrium points E,llln2 = (0,0,0,2n,,
2n,) into the characteristic equation det(J — AI) = 0, we get
the following eigenvalues: A, = —6.00, A, = -15.00, A; =
-22.83, A, = 11.83,and A; = -2.67. A, A,, A5, and A; are

negative real numbers, and A, is a positive real number. So
1

. n, are unstable saddle.
172

the equilibrium points E

Substituting the equilibrium points Eﬁl n, = (A Aay/ay,
A’a,as/a,aq, A + 2n,, Aay/a, + 2n,) into the characteristic
equation det(J — AI) = 0, we get the following eigenvalues:
A, = -15.00, A, = —6.00, A;, = 0.09 + 10.20i, and A5 =
-13.86. A}, A,, and A; are negative real numbers, and A5,
are a pair of conjugate complex eigenvalues with positive real
parts. Through computation, we know that the equilibrium
points Efllnz have the same eigenvalues as the equilibrium

points Eil »,- Therefore, the equilibrium points Efnnz and Eftlnz

are unstable saddle-foci of index 2.

3.2. Lyapunov Exponent Spectrum, Bifurcation Diagram, and
Poincaré Mapping. Let N, = N, = 1 and M, = M, = 0; the
Lyapunov exponent of system (6) and its bifurcation diagram
which varies with the coeflicient a4 and its Poincaré map are
shown in Figure 2. The range of values for the coefficient a
is 0 to 3. Figures 2(a) and 2(b) show that when a, € [0.75, 3],
system (6) has one positive Lyapunov exponent, so it is in the
chaotic state. From Figure 2(c), we can see that the Poincaré
mapping spread out from multiple directions. This shows the
complicated dynamic behavior of system (6).

4. Circuit Design of the Grid Multi-Wing
Butterfly Chaotic Attractors

According to system (6), the circuit of grid multi-wing
butterfly chaotic attractors is designed as shown in Figure 3.

Let N, = N, = M, = 1 and M, = 0; the piecewise linear
function (7) is changed as follows

f(X,)=X,- 20: sgn (X, +2n+1),

n=-1

(11)

f(Xs)=Xs— Zl: sgn (X5 +2n+1)+ 1.

n=-1

The circuit diagram of the piecewise linear function (11)
is shown in Figure 4.

In Figures 3 and 4, all the operational amplifiers are
selected as UA741CN. Their supply voltage E = +15V and
saturated voltage V,, = +13.5V. All the multipliers are of
type AD633JN and their gain is 0.1. E" is the positive pole of
the supply voltage E; that is, E* = 15V. E~ is the negative
pole of the supply voltage E; thatis, E- = =15 V.
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FIGURE 1: Grid multi-wing butterfly chaotic attractors and time series of system (6): (a) 4 x 2; (b) 4 x 3; (c) 6 x 3; (d) 6 x 4; (e) time series
about the state variable X,.
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FIGURE 2: Lyapunov exponent spectrum, bifurcation diagram, and Poincaré mapping of system (6): (a) Lyapunov exponent spectrum; (b)
bifurcation diagram; (c) Poincaré mapping.

According to Figure 3, the circuit equation can be
obtained as follows:

ax,
dr

x,
dr

dx,

dr

ax,
dr

1 (&Xz — &Xl)’
RyCo \ R, R,

1 R R R

0Co 3 4 5

1 R R

( = X1X2_£X3>>

R,Co \ 10R, R,

1 R R R

C (ixz*'ixl_i (X4)>>
RoCo \ Rg Ry Ryo

R
in
Ry3

R R
DX X, + =BX, +

dx; 1 (
10R},; Ry,

dr  R,C,

(12)

To observe the output wave experimentally, the time scale
transformation must be executed for 7, that is, let 7 = 7t and
-3
7, = 107, and (12) can be changed as follows:

dx, 107 (RISX R15 )
,— b
dr ROCO
ax, _ 1073 (_ Rys X, X, + R15X B &X )
dr R,C, \ 10R, R, Rs
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-f(Xs)

FIGURE 3: Circuit diagram of grid multi-wing butterfly chaotic Xs0 -

attractors. FIGURE 4: Circuit diagram of the piecewise linear function (11).

dX, 107 (R R
dszROC (102 Xlxz_%&)’ F o, |Sgn<X —LF)—E

' 0o ¢ 7 Ry ™ ' R+ Ry R
dX, 107 (R R R
g (B BN ) F ey el

0“0 8 9 10 Rig+ Ry7 + Ryg
dX; 1070 ( R R R
—= (‘ X X+ X+ X, =-X, +sgn <X4 + _ IR )
dr R,C, \ 10R; R, Ry5 R+ Ry +Ryg
R 15R 15R
_R_wf(xs)>, ——18+sgn(X4——18>
14 Rig + Ry Rig + Ry
(13) 15R 4
+ - A N

Let R, = 10kQ, Cy = 10nF, R = 10kQ, and R;5 = Rig + Ry7 + Ryg
100 kQ); according to system (6) and equation (13), we can ~F(Xs)
obtain R, = Ry = 69.54kQ, R, = 100kQ, R, = R, = >
359kQ, R, = R,, = 51.33kQ, R, = 1 MQ, R, = 10.87kQ, R
R, = 362.32kQ, Ry = Rj5 = 200kQ, R,, = 66.67kQ, and =r5
Ry, = 166.67kQ.

In Figure 4, let Ry; = 13? kQ. When ky, ky, ks, (c4, and " R V.| sgn <X5 _ Rig E’)
ks are switched on, the circuit equation can be obtained as Ry, Rig+ Ry + Ryg
follows:

R Ry
—f(X4) R Rig+ Ry
R R R R
==X, +R—|Vsat|sgn(X5—ﬁE+>—E
R VI 18+ Ryg
R R _ R _
+ — leatl sgn <X4 -—18 __F ) —8  __F
Ry; Rig + Ry7 + Ryg Ry + Ry7 + Ryg
R Ri;+R
R 18 + + R V| sgn (Xs _ 17+ Ryg E')
R Ryg+ Ry Ry Rig + Ry7 + Ryg
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(e)

FIGURE 5: The results of circuit experiment: (a) 4 x 2; (b) 4 x 3; (c) 6 x 3; (d) 6 x 4; (e) time series about the state variable X,.

_ R R18 E+ N 15R18

R Rig + Ry Rig + Ryz + Ryg

15R
=-Xs+s n(X 18 ) 15(Rm + R -
5188 5 Ris+ Ry; + Ryg +sgn<X5+ ( 17 18) )_ 18
15R 15R Rig+Ry;+Ryg ) Rig+Ryg

__w+sgn<X5__w> w

Rig+ Ry Rig+ Ry



According to the piecewise linear function (11) and
equation (14), we can choose R, = 12kQ, R;; = 2kQ,
Rig =1kQ,and R}y = 14kQ.

According to Figures 3 and 4, the gird multi-wing
butterfly chaotic attractors are obtained via circuit simulation
software Multisim 10.0, as shown in Figure 5. When k, k; are
switched on and k,, k,, and ks are switched off, the circuit
generates 4 x 2-wing butterfly chaotic attractors as shown in
Figure 5(a). When k|, k5, and k, are switched on and k, and k5
are switched off, the circuit creates 4x3-wing butterfly chaotic
attractors as shown in Figure 5(b). When k;, k,, k;, and k,
are switched on and k5 is switched off, the circuit generates
6x3-wing butterfly chaotic attractors as shown in Figure 5(c),
and the time series about the state variable X, is shown in
Figure 5(e). When k|, k,, k5, k,, and k5 are switched on, the
circuit creates 6 x4-wing butterfly chaotic attractors as shown
in Figure 5(d).

From Figures 5 and 1, we can see that the circuit experi-
mental results are in agreement with the results of numerical
simulation.

5. Conclusion

A new method is presented to construct grid multi-wing
butterfly chaotic attractors via nonlinear coupling control
in this paper. A five-dimensional grid multi-wing butterfly
chaotic system is constructed via this approach. Through
adjusting the nonlinear coupling controllers and the piece-
wise linear functions, the 4 x 2, 4 x 3, 6 x 3, and 6 x 4-
wing butterfly chaotic attractors are obtained. Through the
theoretical analysis and numerical simulation, the complex
dynamic characteristics of the five-dimensional grid multi-
wing butterfly chaotic system are shown. Also, the system has
been implemented by designing an electronic circuit.
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