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The main purpose of this paper is to establish the Milloux inequality of E-valued meromorphic function from the complex plane
C to an infinite dimensional complex Banach space E with a Schauder basis. As an application, we study the Borel exceptional
values of an E-valued meromorphic function and those of its derivatives; results are obtained to extend some related results for
meromorphic scalar-valued function of Singh, Gopalakrishna, and Bhoosnurmath.

1. Introduction

In the 1970s, the Nevanlinna theory of meromorphic function
is extended to the vector-valued meromorphic function from
the complex plane C to a finite dimensional space C" (see
Ziegler [1]). After that, some works related to vector-valued
meromorphic function in finite dimensional spaces were
done by [2-5]. In 2006, C. G. Hu and Q. J. Hu [6] established
Nevanlinna’s first and second fundamental theorems for an
E-valued meromorphic function from the disk C, = {|z] <
r}, 0 < r < +00, to infinite-dimensional Banach spaces
E with a Schauder basis. Xuan and Wu [7] established
Nevanlinna’s first and second fundamental theorems for an
E-valued meromorphic function from a generic domain D <
C to E and generalized Chuang’s inequality. Motivated by
[6, 7], Bhoosnurmath and Pujari [8] studied the E-valued
Borel exceptional values of meromorphic functions, Wu and
Xuan [9, 10] studied the characteristic functions, exceptional
values, and deficiency of E-valued meromorphic function,
and Hu [11] surveyed the advancements of the Nevanlinna
theory of E-valued meromorphic functions and studied its
related Paley problems. In this paper, we will generalize Mil-
loux’s inequality (see [12] or [13]) to E-valued meromorphic
function.

2. The Nevanlinna Theory in Banach Spaces

In this section, we introduce some fundamental definitions
and notations of E-valued meromorphic function which was
introduced by C. G. Hu and Q. J. Hu [6]. See also [7-10].

Let (E, ||  ||) be an infinite dimension complex Banach
space with Schauder basis {e;} and the norm || « |. Thus an
E-valued meromorphic function f(z) definedinC,,0 < r <
+00, can be written as

f@)=(fi@,f,(@).... fr @),...) €E, o)

where f,(2), f,(2),..., fi(2),...arethe component functions
of f(z). Let E, be an n-dimensional projective space of E
with a basis {e;}]. The projective operator P, : E — E, is
a realization of E, associated with the basis.

The elements of E are called vectors and are usually
denoted by letters from the alphabet: a,b,c,.... The symbol
0 denotes the zero vector of E. We denote vector infinity,
complex number infinity, and the norm infinity by ¢o, oo,
and +o00, respectively. A vector-valued mapping is called
holomorphic (meromorphic) if all component functions of
f(z) are holomorphic (some of component functions of f(z)
are meromorphic). The jth derivative of f(z) is defined by

M@= @.@....[@..), @
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where j = 1,2,.... A point z, € C, is called a pole (or 6o
point) of f(z) if z; is a pole (or co point) of at least one of the
component functions of f(z). A point z;, € C, is called a zero
of f(z) if z, is a common zero of all the component functions
of f(z). A point z, € C, is called a pole or an 6o-point of
f(z) of multiplicity g € N* which means that in such a point
z, at least one of the meromorphic component functions of
f(2) has a pole of this multiplicity in the ordinary sense of
function theory. A point z, € C, is called a zero of f(z) of
multiplicity g € N* which means that in such a point z, all
component functions of f(z) vanish, each with at least this
multiplicity.

An E-valued meromorphic function f(z) in C is said to
be of compact projection, if for any given € > 0, [|[P,(f(z)) -
f(@)| < € as sufficiently large # in any fixed compact subset
DcC.

Let n(r, f) or n(r, ©0) denote the number of poles of f(z)
in |z| < randn(r, a, f) denote the number of a-points of f(z)
in |z| < r, counting with multiplicities. Define the volume
function associated with E-valued meromorphic function

f(z) by
V(r,00, f)

~V(rf) = 5 [ || s1oglf @l dx

271

E=x+iy;  (3)

V(r,a, f) = % L log %‘Alog“f(f)—a“dx/\dy,

&=x+iy,

and the counting function of finite or infinite a-points by

N(nf)=nm%ﬂk%r+ﬁjﬁgﬁ1%fgiﬁdh

N (r,&®) = n(0,5)logr + Jf n(t,&);n(o,&)
0

N(r.a, f) :”(Oxa,f)logr+Jrn(t’a’f)_”(o’%f)dt)

0 t

dt,

(4)

respectively. Next, we define

m(r, f)=m(r,, f) = % J'OnlogJr “f (reie)“ do;

N SRS
m(r.a f) = 2m ,[o log |f (re®) - a“de’

T(r,f)=m(r. f)+N(r.f).

Let n(r, f) or n(r, 50) denote the number of poles of f(z) in
|z| < rand 7(r,a, f) denote the number of a-points of f(z)
in |z| < r, ignoring multiplicities. Similarly, we can define
the counting functions N(r, f), N(r,&), and N(r,a, f) of
n(r, f), n(r,00), and n(r, a, f).
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Let f(z) (z € C,) be an E-valued meromorphic function
and a € E; if k is a positive integer, let 71,(r, f) or . (r, 50)
denote the number of distinct poles of f(z) of order < k
in |z| < r and n(r,a, f) denote the number of distinct a-
points of f(z) of order < k in |z| < r. Similarly, we can define
the counting functions N (r, f), Ni(r, &), and N,(r,a, )
of ny (r, f), n(r,0), and n(r, a, f).

If f(z) is an E-valued meromorphic function in the whole
complex plane, then the order and the lower order of f(z) are
defined by

log"T (r, f)
logr ’

log'T(r, )

A(f) = lim sup

r— 00

(6)
u(f) = lim inf

We call the E-valued meromorphic function f admissible if

T >
lim sup—(r /) = +00. 7)
r—+c0 logr

Definition 1. Let f(z) be an admissible E-valued meromor-
phic function in C. One denotes by S(r, f) any quantity such
that

S(r, f)=0(logT (r, f) +1logr),

without restriction if f(z) is of finite order and otherwise
except possibly for a set of values of r of finite linear measure.

r — +00, (8)

In 2006, C. G. Hu and Q. J. Hu [6] proved the following
theorems.

Theorem A (the E-valued Nevanlinna’s first fundamental
theorem). Let f(z) be a nonconstant E-valued meromorphic
function in Cp = {|z] < R}, 0 < R < +00. Then, for 0 < r < R,
acE and f(z) # a,

T(r,f)=V(r,a)+ N (r,a)
)

+m(r,a) +log" “cq (a)” +e(r,a).
Here &(r, a) is a function such that

le (r,a)| < log" [la] +log 2, e(r,0) =0, (10)

and c,(a) € E is the coefficient of the first term in the Laurent
series at the point a.

Theorem B (the E-valued Nevanlinna’s second fundamental
theorem). Let f(z) be an admissible E-valued meromorphic
function of compact projection in Cp = {|z] < R}, 0 < R <
+00, and a™ € E(k = 1,2,...,q) be q > 3 distinct points.
Then, for0 < r <R,

M

m(r,a[k],f)SZT(r,f)—N1 () +S(r. ), (11)

k=1

where N, (r) = 2N(r, f) - N(r,f’) +N(r,0,f’).
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3. Milloux Inequality of E-Valued
Meromorphic Function

In this section, we will establish the Milloux inequality of
E-valued meromorphic function and prove the following
theorems.

Theorem 2 (Milloux inequality). Suppose that f(z) is an
admissible E-valued meromorphic function of compact projec-
tion in Cp = {|z| < R}, 0 < R < +00. Let a,b € E be distinct
points and b+ 0. Then, for 0 <r <R,

T(r, f)< N(r, )+ (k+1) {N(r,a,f) +V(r,a,f)}
+{N (1,6, f©) + V (r,0, f)} + S (. f).

In order to prove Theorem 2, we will prove the following
general form of Milloux inequality of E-valued meromorphic
function when the multiple values are considered.

Theorem 3 (general form of Milloux inequality). Suppose
that f(z) is an admissible E-valued meromorphic function of
compact projection in Cp = {|lz] < R}, 0 < R < +o0.
Let a0 ¢ EGi = 1,2,...,p;j = 1,2,...,q) be distinct
points such that U] #0(j = 1,2,...,q) and let m;,n; (i =

2,...,p§=12,...,9), and | be any positive integers. Then

2k
q+1
{pq_<.2mi+l

P . .
+(kq+1) Z {Nm,- (r,a['],f) + V(r,a[’],f)}

i=1

—

j=
(13)

By letting p = q = 1 and [, m;, n; tend to infinity in (13),
we can get Theorem 2. In order to prove Theorem 3, we need
the following lemma.

Lemma 4 (see [10]). Let f(z) be of compact projection in C;
then, for a positive integer k, one has

S e

= 2040 =S(r, f). (14)
s ), e [Feem) =S S)

We are now in the position to prove Theorem 3.

Proof. We set

F(z) = (15)

S o

L (" log*F (re®) d6
;J og'F (re”)

)|} 0.
(16)

<m0 £9) + 3 [l () % e

By [6], we have

1 4 1) og*2
EJ log F(re) z ( []) Eq (17)

From (16) and (17), we can get

m (r, al, f)

s

Il
—

0.9+ 3 [ (1) ()

2

+ log 5

(18)

Hence, we can get from the above inequality and Lemma 4
that

r,a[i],f) < m(r,O,f(k)) +S(r, f). (19)

i=1

It follows from Theorem A that

(1) = m(r0.59) + 8 (r0.5%)
+V (r,0, f¥)+0(1). 0
Thus from (19) and (20) we deduce
S (rall, £) < T (1, £9) = N (1,0, £9)
& (1)
V (1,0, f®)+S(r. f).

By Theorem A, we have

s

I
—_

pT(r, f) < T(r,f(k)) + [N (r,a[i],f) +V(r,a[i],f)]

1

=N (1,0, f®) - v (r,0, f¥) +8(r. f).
(22)



The Scientific World Journal

of order m — 1. Moreover, zeros of f —a of order > k are zeros

Now it follows from Theorems A and B and Lemma 4 that
of f® and so are not zeros of f* — b since b+ 0. Hence

T(r, F® » _ ‘
q (’ f ) ZN(r,a['],f) + ZN(r,b[]],f(k)) —N(r,o,f("“’)
i=1 j=1
< zq: {N(r,b[j],f(k)) +V(r,b“],f("’)} ) \
j=1 < ZNkJrl (r,a[i],f) + ZN (r, b[j],f(k)) , (25)
i=1 j=1

SN (r0, f9) £V (10, f9) + N (r, 1)
C(N (0, £V 5 2N (1, f9) N (1, £5D))
+8(r, 1)

= Zq: {N (r, b[j]’f(k)) n V(r,b[j],f(k))}
j=1

P P
ZN (r,a[i],f) - N(r, 0, f(k)) < ZNk (r,a[i],f>.
i=1 i=1

Substituting (25) to (24), we obtain

pal (rf) < N(r.f) +(qa- I)ZNk( a", f)

p
+ ZN]H_] (r,a[i]’f) + iﬁ (r)b[]],f(k))

N (1,0, 7%) 4V (1,0, ) 4 N (r, fE) = =
p
—N(r,f(k))+N(r,0,f(k+1))+S(r,f) Z ( A f)
< 3N (B, £9) v (100, 1) eV (8,9 4 50, 1),
= 5
(k) ®)Y\ .~ (26)
+N (1,0, f)+V (1,0, f¥) + N (1, f) ince
—N(r,O,f(k+1))+S(r,f). N, (r,a[i],f)
(3) < kN (r,a[i],f)
k ~ i i
It follows from (22) and (23) that < p— {miNm,- (r,a[ I f) +N (r, 4l ]>f)} (27)
ko<
PqT(T:f) < — {miNm,- (r>a[],f)+T(r,f)}+O(l),
P .
<N f)+(a-1) {ZN (. £) =N (0, f<k>)} New (rea f)
i=1
< (k+1)N(r,a", f)
p
S [i]) k+1 — i i (28)
+ {;N(T a, f) <ot [mN,, (ra", £)+ N (r,a", £)}

k+1 — [i]
+Zq:N(r,b[j],f(k)) -N(ro, f“‘ﬂ))} 1 i (oS T S} + O,
=1 Similarly, we can get

N (1’, b[j], f(k))

V(.69 f9) +8(r, f).
! {n N, (nb, )+ 1 (r, £9) 40D,

MQ

p
+ay V(ra", f)+
i=1 j=1

(24) n+1
— 1 (—
A zero of f — a of order j > k is a zero of f**) of order N(rf) < I+1 {ZNI (rnf)+ T(r,f)}.
(k+1) (29)

— (k+1) and a zero of f* — b of order m is a zero of f
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By Lemma 4, we can get

T(r,f(k)) = m(r,f(k)) + N(r,f(k))
<m(r, f) +N(r,f(k))

L ”f (k) 10 “ 30
+%L log” Il ( rele | e o

<m(r, )+ N(r, f) +kN (r, ) + S(r, f)
<T(r,f)+kN(r, f)+S(r, f).

Substituting (27)-(30) into (26), we obtain

i=1 j=1
9 k o
< +Zin+1 N(r,f)+(g-1)
j=1"7]
4 kmi —_ [i]
XY N (e f)

rqyV(nal 1) i v (b, 1)

Lo
+1 l+1< +an +1
j=1"]

xT(r,f)+S(r,f).
(31
Since m;, nj, k, and q are positive integers, it follows from (31)
that
pqr (r. f)

Pkq+1 d
(Zm+1+;nj+l l+1< Z >>
xT(r, f)
+(kq+1)Z[ m; (r a ,f)+V(r a ,f)]

q
+Z[ ( pU, £9) 4 v (1,61, f("))]

j=1

q
+<1+;1 > >l+1Nl(r ) +S(r, f).
(32)
Hence, (13) follows from (32). O

4. E-Valued Borel Exceptional Values of
Meromorphic Function and Its Derivatives

Most recently, Bhoosnurmath and Pujari [8] studied the E-
valued Borel exceptional values of meromorphic functions
and gave the following definition.

Definition 5. Let f(z) (z € C) be an E-valued meromorphic
function and a € E U {30} k is a positive integer. One defines

log" [V (a, f) + N (r, a)] .

>

P (a. f) = limsup

r— 00 logr
log* V N )
plaf)= lirrrlsolcl)p g [V log)r+ u a)] (33)
log" [V (a, f) + N (r, a)]

p(a f) = limsup logr



We say that a is an

(i) E-valued evB (exceptional value in the sense of Borel)
for f for distinct zeros of order < kif p,(a, f) < A(f);

(ii) E-valued evB for f for distinct zeros if p(a, f) <
A

(iii) E-valued evB for f (for the whole aggregate of zeros)
if pla, f) < ACf).

Suppose that f(z) is an E-valued meromorphic function
with finite order p > 0 in C. Xuan and Wu [7] proved that the
order of ' is p. Hence for any positive integer I the order of
@ is p. Therefore, we call a a vector-valued evB for f for
distinct zeros of order < k, if

log [V (r, a, f(l)) + ﬁk (r, a, f(l))]
logr

P (a, f(l)) = lim sup
r— 00
< p.
(34)

In this section, we will prove the following theorem.

Theorem 6. Let f(z) be an admissible E-valued meromorphic
function of compact projection in C and the order of f(z) is
p (0 < p < +00). Suppose that &0 is an E-valued evB for f for

distinct zeros of order< I,a"! € E (i = 1,2,..., p) are E-valued
evB for f for distinct zeros of order < m,, and b (#0) € E(j =
1,2,...,q) are E-valued evB for f® for distinct zeros of order
< nj, wherek, p, q,1 and all of m;, n; are positive integers. Then

kg+1 & 1 1 I
1+k > pq.
Zm~+1+zn.+1+l+1< " j;nj+l Pq
(35)
Proof. By Theorem 3, we obtain

Pkg+1
q+
{pq_(Zmi+l

i=1

+(kq+1) i {Nmi (r,a[i],f) + V(r,a[i],f)}

(36)
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Since &0 is an E-valued evB for f for distinct zeros of order <
L,a € E (i=1,2,..., p)isan E-valued evB for f for distinct
zeros of order < m; and bli(£0) € E (j=12,...,9) isan
E-valued evB for f* for distinct zeros of order < n;. Thus

thereisa 0 < p < psuch thatforanyi,j (i = 1,2,...,p;j =
1,2,...,q) we have
Ni(r. f) < R,
Nmi (r,a[i],f) + V(r,a[i],f) < R¥, (37)
— — —
N, (r 67, f9) +v (6, f9) < RY.
It follows from 0 < y < p and (36) and (37) that
P k 1 9 1
Zq+ +Z ! +L 1+kz ! 2 pq.
Smi+1 Hni+l I+1 on+l
(38)
O

Letting p = g = 1 in Theorem 6, we can get the following
corollary.

Corollary 7. Let f(z) be an admissible E-valued meromor-
phic function of compact projection in C and the order of f(z)
is p(0 < p < 4+00). Suppose that &0 is an E-valued evB for f
for distinct zeros of order < I, where | is an integer > 1. If there
exista, b € E, b#0, such that a is an E-valued evB for f for
distinct zeros of order < p and b is a an E-valued evB for f*
for distinct zeros of order < q, where p, q are positive integers,
then

q+1+k +k+1+ 1 51 (39)
(g+1)(I+1) p+1 gq+1

If 60, a are E-valued evB for f for distinct zeros, that is,
letting [, p tend to infinity in (39), we can get 1/(q + 1) > 1.
This means that, for each integer k, g > 1, p, (b, f ®Y > p, for
all b+ 0, # 60. Hence, we can get the following corollary.

Corollary 8. Let f(z) be an admissible E-valued meromor-
phic function of compact projection in C and the order of f(z)
is p(0 < p < +00). Suppose that 60, a € E are E-valued evB
for f for distinct zeros. Then, for all positive integers k and q,

Py(b, ) = pforallb#0, # &.

The corresponding results of Corollaries 7 and 8 for
the meromorphic scalar value function were obtained by
Gopalakrishna and Bhoosnurmath [14] and Singh and
Gopalakrishna [15]. The corresponding results of Corollaries
7 and 8 for the meromorphic scalar value function on annuli
were obtained by Chen and Wu [16].
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