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As a kind of novel material of high strength and light weight, carbon fiber materials have been widely used in construction industry
to repair the damaged bridges improving its mechanical performance. In this work, the reinforced plates made of carbon fiber mate-
rials (for short CFRP) are externally bonded to the bottom of concrete beams to enhance load capacity of beams. The strain energy
release rates are calculated at the interest crack in concrete beams based on virtual crack closure technology using FEM and are
chosen as the criterion to determine whether the mechanical properties of beams are strengthened by being externally bonded with
CFRP. The effects of main crack propagation on plain concrete beam, on concrete beam strengthened with CFRP, and on inclined
crackare also discussed. The comparison between the beams with and without CFRP shows that the CFRP significantly increases the
loading capacity and crack resistance. It also shows that the main crack propagation can reduce loading capacity and crack resistance
regardless of strengthening. The experiment observation also supports this. It proves the validity of the method, and it is concluded
that in order to increase the loading capacity and crack resistance effectively, controlling over the crack propagation is necessary.

1. Introduction

Due to the excellent mechanical properties such as light
weight, high strength at tension and superior resistance to
aggressive environment, the reinforcement and strengthen-
ing technique bonded with the reinforced plates made of
carbon fiber materials (for short CFRP) to concrete beam
is widely accepted and considered as an effective and con-
venient method among various methods of strengthening
infrastructure construction [1-4]. According to structural
mechanics, an important concern over the effectiveness and
safety for the method strengthening concrete beam with
CFRP is the enormous potential for load capacity and
decrease in failure mode in service.

So far, many researches [5-11] have been conducted
to investigate the mechanical properties of the retrofitted
members externally bonded with CFRP. It can be concluded
that the bonding of the CFRP plates has a significant effect
on enhancing the overall performance even for plates with
a relatively low modulus of elasticity. The strengthening
technology externally bonded with CFRP can considerably

increase the strength at bending, reduce the deflections as
well as crack width in area of tension, and also change the
mechanical behavior and failure pattern during service. The
researches [5, 8-10] demonstrated that the cracking moment
in reinforced concrete beams with CFRP can significantly
increase by 218%, from 12% to 230%. They also found that
in strengthened flexural members, cracks are seen in bigger
numbers and closer to each other; however, they are narrower
than in beams without strengthened reinforcement.
However, the review for the previous works shows that
the reinforced concrete beams used to be strengthened with
CFRP are essentially intact, that is, without any greater cracks
and obvious defects in advance. As a matter of fact, some
bigger defects and macrocracks such as holes and cracks
are already pre-existed in flexural members in construction
before it is strengthened. Such imperfection can severely
reduce the structural strength and stiffness of members, and
it receives more and more attention for earlier design and
later maintenance. Moreover, the strengthened member fails
often in a brittle way due to the loss of connection between



composite material and the concrete itself in the process of
strengthening. Consequently, it is necessary to consider the
effect of pre existed macrocracks on the performance of the
flexural members externally bonded with CFRP systemati-
cally.

For the convenience of investigating the mechanical
properties theoretically, the plain concrete beams, not rein-
forced with steel bars, have been chosen for this work
to examine the mechanical behaviors such as structural
strength, stiffness, and strain energy release rates. Consider-
ing that the purpose of this work focuses on exploring the
loading capacity and crack resistance for the flexural beams
externally bonded with CFRP, the choice of the purely plain
beam as being studied will not lose the generality of research.
In order to emphasize the influence of existence of crack on
the loading capacity of beams, the macrocracks with different
length were in advance made in the plain concrete beams
and subsequent researches serve for it. According to fracture
mechanics, in order to predict crack propagation, the strain
energy released rate (abbreviated as SERR for convenience
of later description), G, must be evaluated and compared
with the critical fracture energy of the constituent materials,
G e, determined from experiments. The calculation for SERR
at the interest crack was based on virtual crack closure
technology (VCCT) together with the finite element method
(FEM). The values for SERR were then selected as a criterion
to determine whether the mechanical properties of the beam
are strengthened by being externally bonded with CFRP
in comparison to those beams without bonded CFRP. We
focus upon the effect of crack propagation that occurred
at the initial crack, edge crack, and the mutual interaction
between them on the loading capacity and failure mechanism
of strengthened with CFRP.

2. Materials and Methods

2.1. The Description in the Model of the Concrete Beam.
In order to experimentally investigate the improvement in
mechanical properties of concrete beams due to the bond of
CFRP, our previous work [11] made some experiments for
beams at the test setup, as shown in Figure 1. Figure 2(a)
shows the failure mode of the concrete beam without CFRP
strengthened, and Figures 2(b)-2(d) show the failure mode
with CFRP strengthened for the length of 0.1m, 0.2m and
0.35 m, respectively.

According to the previous experimental measurement,
the geometry model has been constructed, shown as in
Figure 3(a). It includes two models, plain concrete beam with
and without CFRP. The geometry dimension for the concrete
beam is about 0.lm x 0.lm x 0.4m each with an initial
crack length of 20 mm, marked as g, in Figure 3. The plain
concrete beam externally bonded with CFRP is illustrated as
in Figure 3(b). In experiment test, the length of the CFRP
varies with the different case study to investigate the effect of
the length of CFRP on the reinforcement. The details about
the experiment can refer to the work [11].
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FIGURE 1: The test setup for concrete beams.

2.2. The Crack Criterion Based on SERR. There are common
three fracture criteria, K (stress intensity factor), ] integral, and
Strain Energy Release Rate (SERR) in linearly elastic fracture
mechanics, which are used to determine whether and when
crack propagates [12]. The critera for both K and SERR are for
linearly elastic material, while ] is integral criterion for plastic
material. Concrete behaves in brittle material behavior and it
is considered as elastic material [13]. Generally, in numerical
simulation, the calculation for the value of K requires strict
conditions for the mesh to discrete the geometry model,
especially at the tip of the crack, due to its numerical radius
singularity [12]. Meanwhile, the calculation for SERR usually
does not need a more special element type near the area
around crack tip, and it even employs fewer elements.

The SERR refers to the energy dissipated during fracture
per unit of newly created fracture surface area, which is an
essential quantity in fracture mechanics because the energy
that must be supplied to a crack tip for it grows must be
balanced by the amount of energy dissipated due to the
formation of new surfaces [12].

For calculation, SERR is defined as

AU-V)

="M

)
where U is the potential energy available for crack growth,
V is the work associated with any external forces, and A is
the crack area (crack length for two-dimensional problems).
The failure criterion of energy release rate states that the crack
will grow when the available energy release rate G is greater
than or equal to the critical value G. The quantity G, is the
fracture energy and is considered to be a material property
which is independent of the applied loads and the geometry
configuration of the body.

For two-dimensional geometry configuration with iso-
tropic elastic material property, the value of K and SERR for
the case of problem of plane strain can follow (2), where K| is
the stress intensity factor, E is Young’s modulus, and v is the
Poisson ratio. G is the fracture energy and is considered to be
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(d)

FIGURE 2: The photos of experimental measurement [11]. (a) Failure mode of the beam without CFRP. (b) Failure mode of the beam with
CFRP of 0.1 m. (c) Failure mode of the beam with CFRP of 0.2 m. (d) Failure mode of the beam with CFRP of 0.35 m.
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FIGURE 3: The geometrical model of the concrete beam. (a) The plain concrete beam. (b) The beam strengthened with CFRP.

a material property which is independent of the applied loads
and the geometry configuration of the body. Consider
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For the three-point bending concrete beam, illustrated

as in Figure 3, the expression calculating the value for K;

follows (3), wherein P is the load applied at the midspan of the

concrete beam, S is the span distance between two supports

of the concrete beam, t is the thickness of the concrete beam,

a is the crack length, and the expression for F(«) can follow
(4). Consider

3SP
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In a word, for the geometric configuration illustrated as
in Figure 3, the value of K can be numerically calculated

by substituting the parameters such as the crack length, the
width of the cross section, the span between supports, and
the load. Then taking on (2) can derive the value of SERR.

2.3. The Virtual Crack Closure Technique (VCCT). The virtual
crack closure technique (VCCT) is widely used for computing
SERR based on results from finite element analysis to supply
the mode separation required when using the mixed-mode
fracture criterion [14].

This method is mainly based on Irwin’s crack closure
integral and on the assumption that the energy AE released
when the crack is extended by Aa from a to a + Aa is identical
to the energy required to close the crack between locations
I'and i, as illustrated in Figure 4. Additionally, however, it is
assumed that a crack propagation of Aa from Aa to a + Aa
(node i) to a + 2Aa (node k) does not significantly alter the
state at the crack tip. Therefore, when the crack tip is located at
node k, the displacements behind the crack tip at node i are
approximately equal to the displacements behind the crack
tip at node [ when the crack tip is located at node i. Further,
the energy AE released when the crack is extended by Aa from
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FIGURE 4: The specimens were tested in the three-point bending
configuration, and the load was applied with cylindrical rollers as
line load across the top width of the beams. To spread the load and
avoid stress concentrations, elastomeric pads were placed between
the roller supports and the lower surface of the specimens and
between the loading device and the top surface of the specimens.
During experimental measurement, the ultimate load which makes
crack propagate or makes the reinforced concrete beam fail in
fiber, in concrete, or at the interface between them can be achieved
according to instrument reading. Virtual crack closure technique
(VCCT).

a+ Aato a + 2Aa is identical to the energy required to close
the crack between locations i and k.

For a crack modeled with two dimensional, four-node
elements, as shown in Figure 4, the work AE required to close
the crack along one element side therefore can be calculated
as follows

AE = % [X;Au; + Z,Aw)], (5)

where X; and Z; are the shear and opening forces at the
nodal point i and Ay; and Aw, are the shear and opening
displacements at node / as shown in Figure 4. Thus, forces and
displacements required to calculate the energy AE to close the
crack may be obtained from one single finite element analysis.

However, Figure 3(a) shows that the dominant separation
mode at the central crack of the concrete beam should
be mode I crack. The term of shearing force X; and of
shear displacement Auy; can disappear in (5), only the terms
for opening force and displacement leave in the equation.
Meanwhile, in Figure 3(b), both opening and shearing effects
must be taken into account when calculating SERR for the
crack failure that occurred at the interface between concrete
and CFRP and the failure at the bottom of CFRP.

2.4. Calculation of SERR Based on VCCT. In this section, we
discuss the scheme employed to calculate SERR from finite
element analysis based on VCCT. The finite element model
has firstly been created in ABAQUS software [15]. Because
the calculation for SERR based on VCCT only involves the
nodal forces and nodal displacements at the element side,
more refined mesh or special treatment element types are not
necessary for the discretization in FEM at the crack tip. The
fewer elements with four-node plane strain elements are used
at the crack tip.
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TABLE 1: The value of SERR for various numbers of elements.

Numbers of elements 300 600 1000 1400

SERR from FEA 10.404 9.819 9.232 9.047
Relative error 15.3% 8.83% 2.32% 0.265%

The details of mesh configuration around the crack tip
are also expressed as in Figure 4. The location of i is the
crack tip. In ABAQUS software, in order to obtain the value
of nodal force at node i, it needs define elements 1 and 2
as one element set using command “ELSET, and using “EL
PRINT command to output the nodal force. Since the node
i is shared by elements 1 and 2, the total nodal force at node
i in Z direction is the sum of the contribution at node i by
element 1 and that at node i by element 2. The displacements
in Z direction at node / can also be known in finite element
analysis. Thus, SERR at the crack tip based on VCCT using
finite element analysis can be easily calculated.

In this case, the load applied on the concrete beam is
5000 N, and the crack length is 20 mm, taken into (2)-(4),
the value of SERR G is 9.024]J/m?. In order to check the
mesh dependency on computation, four various numbers
of elements, 300, 600, 1000, and 1400, are used to discrete
the plain concrete beam in FEA. The calculated SERR for
different numbers of elements is summarized in Table 1.
Comparison between the value for SERR from FEA and the-
oretical calculation indicates that 1400 elements are the best
choice which results in the minor error with the theoretical
one.

3. Results and Discussion

3.1. The Effect of Main Crack Propagation. Firstly, the effects
of crack propagation for the main crack seam (the location
illustrated as in Figure 3(a)) on the overall strength of the
plain concrete beam (i.e. without externally bonded CFRP
at the bottom of the beam) are studied as follows. The
finite element analysis for the concrete beam under three
different loading case is performed in advance, and then the
calculation method the same as that previously described in
Section 2.4 is employed to calculate the value of SERR. The
initial crack length is taken as 20 mm. We model the main
crack propagation by means of varying the lengths of cracks,
20, 25, 30, 35, and 40 mm to simulate crack growth in service.

Figure 5 shows the plot of the calculated SERR for various
load cases against the crack propagation of the main crack.
Suppose that crack extends under the load from 20 mm to
40 mm. It can be seen from the figure that SERR for any case
ofload can increase slightly with the main crack propagation.
The bigger the magnitude of SERR is, the closer it approaches
G of the concrete material. It implies that the strength of the
beam decreases with the increase of SERR. For a certain fixed
crack length, the value for SERR also increases with the load,
which indicates that the bigger load applied at the concrete
beam can reduce the loading capacity and make the concrete
beam closer to the critical load.

According to Section 3.1, SERR will increase with the load
applied to the beam and also with the crack propagation.
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FIGURE 5: The plot of calculated SERR against the main crack
propagation.
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FIGURE 6: The comparison of SERR between the different load and
the critical case.

Figure 6 shows a comparison made between the value of
SERR for various loads and the critical SERR. For the crack
length of 20 mm, the crack propagation will not occur even
it the load exceeds 5000 N. However, as the crack length
increases, the magnitude of load at which SERR exceeds G;¢
decreases significantly indicating that the load capacity of the
beam weakens.

3.2. The Prediction for the Critical Load. According to Fig-
ure 6, it can be seen that for a given length of crack, the
ultimate load applied at the plain concrete beam can be
predicated in theory. Figure 7 shows the calculated SERR for
various loads at the crack length of 20 mm. The formula that
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FIGURE 7: The calculated SERR for different load at the crack length
of 20 mm.

calculates the ultimate load could be derived based on curve
fitting. Consider

G = 0.3665P> + 0.0008P — 0.0018. (6)

The magnitude of ultimate load can be calculated when
the value of G > Gy¢. Then we can derive the magnitude of
load is 5580 N which makes the initial crack propagates. It is
close to the value of 5752 N observed from the experimental
measurement [11, 16] indicating the validity and accuracy of
the method used to calculate the value for SERR.

3.3. The Determination for Location of Potential Crack. In this
section, we focus on the case in which the plain concrete
beam was strengthened with CFRP externally bonded at the
bottom surface to the beam. Under the load, there exist many
cracks possibly initiated at the end of the CFRP or at the
interface between concrete and CFRP. Such potential cracks
in turn significantly influence the stability of the main crack.
Consequently, the determination for the location of potential
crack seems enormously important to investigate the increase
or decrease in strength of a concrete beam bonded externally
with CFRP.

As illustrated in Figure 3(b), the length of CFRP bonded
at the bottom of the concrete beam is taken as L, = 0.2m,
the initial crack length a, is 20 mm, and the length of the
total concrete beam is L = 0.4 m. For the convenience of
comparison with experimental measurements, the load
applied to the beam is P = 20 KN. Due to the symmetry of
the model, half of the concrete beam was considered and
performed in finite element analysis. According to [11], the
maximum tensile stress for concrete material is 5.15 MPa. In
terms of strength theory for brittle material, the concrete is
considered to break or debond when the maximum tensile
stress under the load in concrete beam exceeds the critical
stress, 5.15 MPa. Figure 8 shows the distribution of maximum
tensile stress in concrete beam, while the dark black region
stands for the stress greater than critical stress value, that is,
potential crack initiation.
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FIGURE 8: The distribution of the maximum tensile stress in the plain
concrete beam strengthened with externally bonded CFRP.
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FIGURE 9: The potential crack initiation in concrete beam with CFRP.

Seen from the figure, the potential crack possibly occurs
at three sites, near the main crack (denoted as A), at the
interface between concrete and CFRP (denoted as B), and at
the end of CFRP (denoted as C), respectively. For CFRP, it will
not break through since the maximum tensile stress in CFRP
is much smaller than its critical tensile stress, 4640 MPa.
Subsequently, suppose that the strength of bonding between
concrete material and epoxy resin and the bond force
between expoxy resin and CFRP are sufficient enough to
resist the tensile stress. The initiation of crack should occur
at the side of the concrete beam. Therefore, the distribution
of the potential crack in the concrete beam is sketched as
in Figure 9. For the convenience of subsequent description,
the main crack in the middle of the concrete beam, the crack
probably initiated at the end of the CFRP, and the debonding
cracks at the end of the CFRP are labeled as main crack 1,
inclined crack 2, and delamination crack, respectively.

Cracks 1, 2, 3 illustrated in Figure 9 are possible to coexist
at the same time, or one of them or both of them exist one
time. Meanwhile, they will probably influence another to
decrease the strength and the stiftness of the concrete beam.

3.4. The Effect of Main Crack Propagation on the Strengthened
Beam. In order to investigate the effect of the main crack
propagation on the performance of the strengthened beam,
it is supposed in this section that the main crack only exists
but the other cracks such cracks 2 and 3 did not.

Employing the similar method calculating SERR as
previously described, SERR for the strengthened concrete
beam is calculated, and the variation of SERR versus the
main crack propagation in illustrated in as Figure 10. The
horizontal line in figure with the value of 11.22 J/m? represents
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the critical SERR for concrete material at which the concrete
can probably break off. It can be seen from Figure 10 that
when concrete beam is strengthened by CFRP, the SERR can
significantly increase with the applied load, showing that the
loading capacity of the beam is improved.

As theload increase to the extent at which SERR is greater
than critical value, crack propagation will occur at the main
crack. We can also find that the concrete beam strengthened
with CFRP cannot sufficiently sustain the applied load at the
initial stage of loading, because the main crack does not start
to propagate and the subsequently increased load are mainly
carried by concrete beam itself.

However, as the main crack extends to some certain
length, CFRP begins to carry the load and the maximum ten-
sile stress in CFRP starts to increase. As shown in Figure 10,
for each load, SERR slightly increases as cracks extend but
it decreases rapidly with crack propagation, and the case for
load of 20 KN strongly supports this point.

Figure 11 shows the comparison of SERR between before
and after strengthening for various loads, 3000, 4000, and
5000 N, respectively. From the figure, we can easily see that
the strengthening beam with CFRP significantly improves the
performance of the concrete beam, supported by the SERR for
strengthened beam smaller than that without strengthening.
The value of SERR for the beam with CFRP is almost 1/10
of that without CFRP. It is CFRP that decreases the value of
SERR and increases the strength and stiffness of the concrete
beam.

3.5. The Effect of Main Crack Propagation on Inclined Crack

3.5.1. The Determination for the Inclined Angle. Observed
from Figure 9, as load applied at the midspan of the CFRP
concrete beam increases, the deflection at the bottom of the
concrete beam continually increases and CFRP bonded at the
bottom of the beam starts to sustain the tension force. Since
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the strength of CFRP is sufficient enough, it will not break due
to a strength problem. The concrete material at the end of the
CFRP can probably fail, and the inclined crack can initiate at
this site. According to experiment observation, the direction
of crack propagation makes an angle with the horizontal axis
of a beam.

Based on the predication for crack path in bimaterial
composites plate under uniform mechanical load and tem-
perature load, suppose that an inclined crack can propagate
along the direction of angle with the horizontal axis by the
length of Aag, as illustrated in Figure 12.

The SERR for inclined crack extended by Aa can be
calculated as follows:

Gi(a—a+Aa,0) = Asin®0 - Bsin 6 cos 0 + Ccos’6,
Gp(a— a+Aa,0) = Acos’6 + Bsin 0 cos 6 + Csin’6,

G(a+Aa,0)=G (a— a+Aa,0)

+Gp(a—a+Aa0)=A+C,
(7)

in which

F/ (uf 2 (ud - u"
2tAa y Y ( Y )’) (8)

FIGURE 12: The finite element mesh configuration at the tip of crack
with an angle against horizontal axis extended by the length of Aa.

in which F;, F; (i = f,h) are the x and y components of
nodal force at the node i before the crack extends by Aag,
and u’, u; (i = e, f,g,h) are the x and y components of
displacement at the node i once crack extends by Aa.

Combined with the results from finite element analysis
for concrete beam, the SERR of G, Gj, and Gy; can be easily
calculated from (7)-(8). In terms of brittle fracture mechanics,
the inclined crack always extends along the direction at which
Gy = 0 when G; > Gy Since the angle is unknown, now an
arbitrary angle is assumed and the angle is desired if it just
makes Gj; = 0.

First, we forced G;(0) to be zero to find a solution of the
angle:

Gy (9) = Acos®0 + Bsin 6 cos 6 + Csin*6 = 0. 9)

In this case, the length of CFRP is 0.2 m, the initial length
of crack is 20 mm, and the load is 20 KN. Substituting such
known parameters into (7)-(9), we can obtain the solution to
the angle, 0 = 45° along which the inclined crack extends.

3.5.2. The Effect of Main Crack Propagation on Inclined Crack.
In this section, the effects of main crack propagation on the
inclined crack for various lengths of inclined crack have been
discussed. Figures 13(a)-13(f) show the variation of SERR
calculated at the inclined crack 2 with the propagation of
main crack, (a) for the inclined crack length of 0 mm, (b) for
1mm, (c¢) for 2mm, (d) for 3mm, (e) for 4 mm, and (f) for
5 mm, respectively. The increase in the inclined crack length
means the progressive propagation of inclined crack as the
load. The SERR calculated at the inclined crack is a good
choice to reflect the influence of main crack propagation on
the inclined crack and on the overall stiffness and strength of
the concrete beam.

It can be seen from Figure 13 that for each given length
of inclined crack, the value for SERR increases as the main
crack grows, approaching the critical SERR of the concrete
material and showing that the inclined crack with main
crack propagation tends to crack. On the other hand, as
illustrated in Figure 13(a), the value for SERR firstly appears
to be a decrease as the main crack propagates, and then it
seems to be an increase with the propagation of main crack,
which implies that stress concentration exists in the concrete
material at the end of the bonded FRP. As the main crack
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FIGURE 13: The plot of SERR against main crack propagation for various length of inclined crack. (a) 0 mm of inclined crack length, (b) 1 mm
of inclined crack length, (c) 1 mm of inclined crack length, (d) 2 mm of inclined crack length, (e) 3 mm of inclined crack length, and (f) 0 mm
of inclined crack length.
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does not propagate, the value for SERR at the end of the plate
seems to be larger while it will decrease rapidly when main
crack starts to propagate. Next, the phenomenon of stress
concentration at the end of plate has been effectively released.
Meanwhile, as the main crack progressively propagates to a
fixed crack length, the magnitude of stress at the crack tip of
the main crack can dramatically decrease due to the tension
of FRP externally bonded at the bottom of the concrete
beam. At this time, CFRP begins to become tensile more than
before and it considerably releases the stress concentration
occurring at the main crack. The higher tension in CFRP due
to its high stiffness and modulus can effectively prevent the
main crack in concrete beam from propagating continually.
However, SERR for inclined crack in turn increases slightly
because the tensile stress in CFRP drastically increases the
concentration of stress at the end of CFRP, building up the
risk of crack propagation. With the inclined crack proceeding
to propagate, the value for SERR at the inclined crack tends
to increase slightly regardless of the applied load, seen from
Figures 13(a)-13(f), showing that the propagation of inclined
crack makes the SERR for itself much closer to the critical
value and increases the risk of crack formation.

4. Conclusion

The concrete beams with and without CFRP strengthened
are considered to investigate the improvement in loading
capacity and analyze the failure mechanism of the concrete
beam. The main conclusions can be drawn as follows.

(1) Strain energy release rate (SERR) for a specified
crack has been chosen as an indicator to show the
strengthening effect of CFRP bonded at the bottom
of concrete beams. The strain energy release rate are
calculated at an interest crack based on virtual crack
closure technology (VCCT) using FEM to determine
whether the mechanical properties of the beam are
strengthened by being externally bonded with CFRP.

(2) For plain concrete beam without being strengthened
by CFRP, the calculated SERR for any case of load
can increase slightly with the main crack propagation.
The bigger the magnitude of SERR is, the closer it
approaches G, of the concrete material. It implies that
the strength of the beam decreases with the increase
of SERR.

(3) For plain concrete beam externally bonded with
CEFRP, the value for SERR can significantly increase
with the applied load, showing that the loading
capacity of the beam is improved. However, as the
main crack extends to some certain length, the value
for SERR slightly increases as cracks extend, but it
decreases rapidly with crack propagation.
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