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We study some qualitative properties of the solutions of a system of difference equations, which describes an economic model.
The study of the local stability of the equilibrium points is carried out. We give some important results of the invariant
and the boundedness of the solutions to the considered system. The global convergence of the solutions is presented and

investigated.

1. Introduction

The increasing study of realistic mathematical models is a
reflection of their use in helping to understand the dynamic
processes involved in areas such as population dynamics,
biology, epidemiology, ecology, and economy. More realistic
models should include some of the past states of these
systems; that is, ideally, a real system should be modeled by
difference equations with time delays. Most of these models
are described by nonlinear delay difference equations; see,
for example, [1-4]. The subject of the qualitative study of the
nonlinear delay population models is very extensive, and the
current research work tends to center around the relevant
global dynamics of the considered systems of difference
equations such as oscillation, boundedness of solutions, per-
sistence, global stability of positive steady sates, permanence,
and global existence of periodic solutions. See [5-18] and the
references therein.

In this paper, we intend to cover some of these global
aspects of the qualitative behavior of a system of a discrete
model in the economy area, where we deal with the studying
of some qualitative properties of solutions of the following
system of difference equations:

X1 = (1—a)x, + Bx, (1 -x,) e i),

Yn+1 = (1 - (X) In t ﬁyn (l - yn) e_(xn+yn)’

n=0,1,...,
¢))

where o and 8 € (0, co) with the initial conditions x, and y, €
(0, 00). We study the boundedness and the invariant of the
solutions of system (1) and also investigate global convergence
for the solutions of system (1).

System (1) is an important type of economic models
which describes a discrete-time map generated by bounded
rationally duopoly game with exponential demand function.
See [19].

The following theorem was presented in [6], and it will be
useful in the investigation of the global stability of system (1).

Theorem A. Consider the following system of difference equa-
tions:

Xn+1 = f (xn’ yn) >

Yn+1 = g(xn’ yn) > (2)
n=0,1,....


https://core.ac.uk/display/205031542?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

Suppose that

(i) f(x;y)is nondecreasingin x and is nonincreasing in y,
and g(x; y) is nonincreasing in x and is nondecreasing

iny,

(i) if my = f(m, My); My = f(M,my); my =
gM,,m,) and M, = f(m,, M,) imply m;, = M, and
m, = M,.

Then, system (2) has a unique positive equilibrium point
(x, ¥), and every solution of system (2) converges to (x, y).

The equilibrium points of system (1) are the solutions of the
following system:

X=(l-a)x+px(1-%x)e ™,

J=(1-0F+p7(1-7)e™?

(3)

or

x=0, a=px1 %) e &,
_ (4)
y=0, a=p(1 —7)6_(X+y).

El-Metwally and Elsadany [19] have shown that system (1)
has the equilibrium points (0, 0), (x, 0), (0, x), and (u, u) where
x and u satisfy « = B(1 — x)e™ and « = P(1 — u)e™,
respectively, and proved that

(i) the equilibrium point (0,0) of system (1) is locally
asymptotically stable if B < o < [ + 2 and unstable
if B> o

(ii) the equilibrium points (x,0) and (0, x) of system (1) are
unstable;

(iii) the equilibrium point (u, u) of system (1) is stable if <

(40% /(@ — 2 + VA — da + 9a2)) /23~ Vidasoed)
and unstable if > (4o /(¢ - 2 +

V4 - 4a + 9a2)) e(l/Z«x)(2+3¢x—m)

2. Boundedness and Invariant

In this section, we concern ourselves with the boundedness
character of solutions of system (1). Under appropriate
conditions, we give some bounded results related to system

(D).

Theorem 1. Assume that {(x,, y,)},c, is a solution of system
(1). Then,

(i) xo = y, implies that x,, = y, foralln=10,1,...,

(i) 1—a+BL1-(xy+ yo)]e ) = 0 implies that x,, = y,
foralln=0,1,...,

(iii) if o + Ble* < 1, then x,, > y, (x,, < y,) foralln =
0,1,... provided that x, > y, (xy < ¥p)-

Proof. It follows from (1) that

xn+yn)] )

©)

Xne1 = Vo1 = (xn - yn) [1 _(X+/3(1 - (xn + yn)) 6_(
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So Cases (i) and (ii) are immediately proved. Now set

fxX)=1-a+B(l-x)e ™. (6)
Then,
flx)=Bx-2)e™ %)
Therefore, f(2) is the absolute minimum of f(x). That is,
f(x)zf(2):1—oc—e£2>0. (8)
Note that (5) implies
Xper = Yo = (% = Yu) f (6 + 7). )
and, hence, (x,,,; — ¥,,,) has the same sign of (x, — y,,) for all
n > 0. The proof is so complete. O

Remark 2. Theorem 1 reduces system (1) into the following
single difference equation:

Xpy1 = %, [1 =+ B(1-x,)] e ™. (10)

Theorem 3. Assume that « + 3/e* < 1. Then, every solution
{(x, ¥ 100 of system (1) with xo > 0 and y, > 0 satisfies that
x, > 0and y, >0 foralln > 0.

Proof. Let H(x, y) be a continuous function defined by
H(xy)=l-a+p1-x)e ™, (11)

Then, system (1) can be rewritten in the form

Xp+1 = an (xn’ yn) > (12)

Y1 = YuH (yn’ xn) .

Now assume that {(x,,, y,)},-, is a solution of system (1) with
positive initial values. Then, it suffices to show that H(x, y) is
positive for all x > 0, y > 0. Observe that

oH gi y) _ Blx—2)e ™,

OH (x, y) )
X,y __ _ —(x+y)

—ay B(l-x)e .

Therefore, H has no positive critical points. Let a and b be
arbitrary positive numbers and consider the domain

D={(x,y):0<x<a,0< y<b}. (14)
Then,
H(O,y)=1-a+Be”?, 0<y<b,
H(x,00=1-a+B(l-x)e™, 0<x<a,
(15)
H(x,b):1—(x+ﬁ(l—x)e_<x+b), 0<x<a,
H(ay)=1-a+B1-a)e ™, 0<y<b
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Using elementary differential calculus, we obtain that the
absolute minimum of each one of the above functions is 1-a—
ﬁ/ez. Therefore, H(x, y) > l—oc—ﬁ/e2 > 0 forall (x, y) € D.
Since a and b are arbitrary positive numbers, we can conclude
that H(x, y) > 0 for all (x, y) € (0, 00)°. O

Theorem 4. Assume that {(x,,, y,)}e, is a solution of system
(1) with (X1 V) € (0, l]zfor some ny > 0. Assume also that
one of the following statements is true.

(i) f<e(l - ).
(ii)e(l1-a) < P<e

(iii) (VB-1)" <
Then, (x,, ,) € (0,1]* for all n > n,.

Proof. Let ny > 0 be such that x,, € (0, 1]. It follows from
system (1) that
Xpa1 S (L=a)x, +f (1 - xno) X,,€ 0, (16)

Xpp1 < (L —a) x, + ﬁ(l —xno)(1

1)
= <l—a—l—g)xn0 +E,
(4 (4

g1 < (1= 0) 2 + B (1=, ) %, (18)

Set w(x) = (1 —a)x + B(1 —x)xe ™ for x < 1. Then, it follows
from (16) that x,, ,; < w(x,, ). Also, we obtain that

w (x)=1-a)+B(x*-3x+1)e™,
w' (x) :ﬂ(—x2+5x—4)e_x =-Bx-1)(x—4)e "

<0 Vxe(0,1].
(19)

Then, w'(x) > w'(1) =1 -« - B/e. If (i) holds, then w'(1) >
0, and hence w(x) is increasing on (0, 1]. Therefore, Xyoa1 <
w(1) < 1. If (ii) holds, then (17) yields X1 < Ble < 1.

Now suppose that (iii) holds. In this case, it follows from
(18) that Xpos1 < p(xno),where p(x) = (1-a)x + Bx(1-x) for
all x € (0, 1]. It is not difficult to see that p(x,) is the absolute
maximum of p(x) on (0,1] where x, = (1 — a + fB)/2f.
According to (iii) and since p(x,) = (1 — a + ﬁ)2/4/3 <
Lx, .1 < p(x,) < 1 Thatis in all cases we obtain that
whenever x,, < 1 gives x,, ,; < 1. So it is easy to prove by
induction that x,, € (0,1] for all n > 1. The proof of y, is
similar and so will be omitted. This completes the proof. [

Theorem 5. For every solution {(x,, y,)}neq of system (1), the
following statements hold.

(i) x, < xno(l—oc)"_”°+([3/eoc)(1—(1—oc)"_”"), nx=ny =0.

(i) y, < yno(l—oc)”_”“+(B/eoc)(l—(1—(x)"_"°), n=ny 0.

Proof. We obtain, for n; > 0, from (1) that

Xp < (1—a)x, + PBx,e "
(20)

Then, it follows by Theorems 3 and 4 that Case (i) is true. The
proof of Case (ii) is similar and so will be omitted. O

The following corollaries are coming immediately from
Theorem 5.

Corollary 6. Assume that {(x,, y,)},c, is a positive solution
of system (1) with (x,, y,) € (0, B/ae)? for ny > 0. Then,
(X, ¥,) € (0, B/ace]® for all n > ny,.

Corollary 7. Every positive solution {(x,,, y,)} e, of system (1)
is bounded. Moreover,

limsup x, < —,
n— 00 xe

(1)

limsup y, < ﬁ
n— 00 e

In Theorem 4, we gave conditions under which every positive
solution {(x,,, y,)}2, of system (1) to be in (0, 11> provided that
(%> Vu,) € (0, 11%. In the next result we show that every
positive solution {(x,, ¥,)} o of system (1) eventually lies in
0,17

Theorem 8. Assume that {(x,,, y,)},2, is a positive solution of
system (1), and assume that one of the following conditions is
true.

(i) B < ae.

(i) 2+ +2¢" —4v—ve’ > 0,1 —a + fe”[1 - v(2e” +
1) +v*¢ ] and (1 - a)v + Bre”” — prPe™ < 1, where

v = Blae.

Then, there exists 1, > 0 such that (x,,, ,) € (0, 1]* for all
n>ny.

Proof. The proof of the theorem, when (i) holds, is followed
by Corollary 7. Now consider that (ii) is true. Then, it follows
from Corollary 7 that for every constant ¢ > 0, there exists
ny > 0 such that x, < Blae+e = y,n > ny. Set§ = 7.
Since § — e " whene — 0 and the inequalities in (ii) hold,
depending on the continuity in v of the left hand side of each
inequality in (ii), one can choose ¢ so small such that

2_
2+y2+Ty—4y20, (22)
1-a+p8[1-(20+1)y+8y*] 20, (23)
(1-a)y+Byd - py’s* < 1. (24)



Now, we obtain from (1) that
X, = (1—a)x, + ﬁxnef(xn+yn) _ ﬁxflef(x”””)
< (1- @) x, + fx e — fox’e ™ (25)
=K(x,), n=x=ny

where K(x) = (1 — a)x + e *(x — 0x%), x < y, and then

K'(x)=1-a+pe™ [0x* - 28+ 1) x+1],

(26)
K" (x) = =P [0x* — (40 + Dx +2(8 +1)].
On the other hand, the equation
Ox* — (48 + )x+2(8+1) =0, (27)

has the positive roots

46 +1+ V882 +1 46 +1 - V882 +1
1= 20 A 20 '

(28)

Observe that x, = 2 + (1/28) — V2 + 1/48% > y if and only if
2+(1/28) - y)2 > 2 + 1/46% which holds by (22). Therefore,
x, > x, > y. Consequently, K" (x) < 0 for all x < y which
yields by (23) that K'(x) > K'(y) > 0. Using the increasing
property of K(x) on (0,y) and inequality (24), we see that
K(x) < K(y) < 1. Since x,, < y, it follows that

X <K(x,)<K(y)<1 Vnxn,. (29)
This completes the proof. ]

Theorem 9. Assume that {(x,,, y,)},2, is a positive solution of
system (1). If either

(1-a+p) <4pe™ (30)
or
ﬁ:y+ﬂ(1—oc)<1, (31)

where v = f/ae, then there exists ny > 0 such that (x,, y,) €
(0, l]zfor alln > n,.

Proof. Assume that y, 8, and the function K(x,,) are defined
as in the previous proof. Then,

K(x,)=(1-a+p)x,-px:6"=K(x,), (32
where K(x) = (1 —a + Bx — [3x282,x < y. Thus,
K'(x)=1-a+f-2pxd" (33)

Hence, K(x) attains its maximum value at x = (1 — & +

B)/235%; that is,

_ —(1-a+f _(l—oc+ﬁ)2
Koo <K( o )- 6
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Also,
2 -x,,
K (x,) = —pde X”<xn—%) +/3f16 +p(1-a)
(35)
<f—8+ﬁ(1—oc), nz=n,.

Similar to the proof of Theorem 8, we can choose ¢ so small
such that our assumptions imply that

(1-a+p) B
1, l1-a) <1 36
2557 < i B -a) (36)
Therefore, we have either

(1-a+ [3)2 -
2362 -

X1 < K (x,) < 1, nxn, 37)

or
5 <K(5) s Eipa-wst nzm,  09)

which is our desired conclusion for x,. Similarly, one can
accomplish the same conclusion for y,. The proof is so
complete. O

3. Global Stability Analysis

In this section, we are interested in establishing conditions
under which the equilibrium points of system (1) are to be
the attractors of the solutions of system (1).

In the following theorem, we investigate the global attrac-
tivity of the equilibrium point (0, 0) of system (1).

Theorem 10. Assume that « > f3. Then, (0,0) is a global
attractor of all positive solutions of system (1).

Proof. Let {(x,, y,)},-, be a solution of system (1). It follows
from system (1) that

Xy = (L= a)x, + fx, (1-x,) e Fntyn)

<(l-a+p)x, < x,,

(39)
Yne1 = (1-a) Yt ﬁyn (1 - yn) e*(x,ﬁyn)
< (1_“+ﬁ)yn < Vn-
Then, there exist x > 0 and y > 0 such that lim, , x, = x

andlim,,_, ¥, = y. Since the only possible values of (x, y) in
the present case are (0,0), lim x, = 0andlim,_, y, =
0. This completes the proof.

n— 00

In the following theorems, we investigate the global
attractivity of the positive equilibrium point (x; X) of system
(1) where x is given by a = (1 - x)e 2.

Theorem 11. Assume that a« + fe > < 1. Then the unique
positive equilibrium point (x;%) of system (1) is a global
attractor of all positive solutions of system (1).
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Proof. Let {(x,, y,)},, be a solution of system (1), and let
x, < X (the case x,, > X is similar, and it will be left to the
reader).

Now there are two cases to consider.

Case 1. Assume that x;, > y,. Then, it follows by Theorem 1
that x, < y, foralln > 1. Since x,, < X, then h(x,) < 0,
where h(x,) = a — B(1 — x,)e”**. Thus, & < B(1 — x,,)e”>*".
Therefore, we obtain from system (1) that

X1 = (1—a)x, + Bx, (1-x,) e ntyn)

> (1 - &) x,, + ax, e e =
(40)

- X0,
=(1-a)x,+ax,e" "

> (1 -a)x, +ax, = x,.

Then, the sequence {x,},°, is increasing, and since it was
shown that it is bounded above, then it converges to the
only positive equilibrium point %, and it follows by the
comparison test of convergence for sequence that {y, }>2, is
also convergent to the only positive equilibrium point y = x:.
Thus, {(x,,, ¥,,)},0 converges to (X; X).

Case 2. Assume that x; < y,. Then, it follows from system (1)
and Theorem 1 that

=%+ Yn)

Yn+1 = (1 _“)yn +ﬁyn (1 _yn)e

> (1 - &) y, + ay,ene”
Int &Yy (41)

=(1-a)y, +ay,e ™
>2(1-a)y, +ay, =y,

The rest of the proof is similar to Case 1, and it will be left to
the reader. O

Theorem 12. Assume that Blae — ) = o’e’. Then, the
unique positive equilibrium point (x; x) of system (1) is a global
attractor of all positive solutions of system (1).

Proof. Let {(x,, y,)},2, be a solution of system (1). It follows
from system (1) that
) e_(xn+yn)

X = (1—a)x, + Bx, (1-x,

(42)
>(1-a)x,+ Bx, (1-x,)e”

Thus, we see from Corollary 7 that

anz[l—a+ﬂ<1—£>e_2]xn2xn. (43)

oe

Then, the sequence {x,}°; is increasing, and since it is
bounded, then it converges to the only positive equilibrium
point X. Similarly, it is easy to show that the sequence {y, } .,
is also convergent to the unique positive equilibrium point
y = X. Therefore {(x,, y,)}, -, converges to (x,x), and then
the proof is so complete. O

Theorem13. Assume that one of the following conditions hold.

(I) 56 < 4¢*(1 - ).

(II) & + B < 1. Then the unique positive equilibrium point
(x,x) of system (1) is a global attractor of all positive
solutions of system (1).

Proof. Rewrite system (1) as follows:
Xpt1 = F(xw yn)
=(1-a)x,+B(1-x,)x,e @,

Vo1 = G(xn’ yn) (44)

= (1 - 0‘) In t /3(1 - yn) yne_(xn+yn)’

n=01,...,
where F(x, y) = (1 —a)x + (1 - x)xe”** and G(x, y) =

(1 -a)y + (1 - y)ye ™ are continuous functions. Now,
consider the system

my = F(mler)’ M, = F(Ml’mZ)’

(45)
my = G (M;,m,), M, = F (my, M,).
Then,
my, = (1—a)m, + pm, (1-m,)e ™),
M, = (1-a) My + BM; (1 - My)e MHm),
(46)
my = (1 — &) m, + fm, (1 —m,)e M),
M, = (1 —a) M, + BM, (1 - M) e ™4™,
Thus, either m; = M, = m, = M, or
a=p(1- ml)ef(mﬁMz),
= B1- M),
(47)
= B3 m)e ™,
a=p(1-M,)e M)
Then, m; = M,, m, = M, and
(1- m1)e_2m' =(1- Ml)e_ZMl =(1- mz)e_zmz
(48)

= (1-M,)e ™™,

Now, since (1 — m,)e *™ = (1 — M,)e ™, then 2 Mimm) =
(1 -M,)/(1 —m,); thatis,

2(M; -my) =log(1-M,)-log(1-m,). (49)

We claim that M; = my; otherwise for the sake of contra-
diction assume that M; > m, (the case where M, < m, is
similar and it will be left to the reader). Then, log(1 — M,) —



log(1 — m,) < 0, which contradicts that the left hand side of
(49) is positive.
Now it easy to see that

BF(x,y) 2 —(x+y)
T:1—04+[3(x —3x+1)e e
OF (x’ }’) _ —xﬁ(l _ x) e—(x+y)
oy ’
(5. Y
oG (x, y —(x+y)
R YA 1- )
™ By(1-y)e
G (x, -
#=1—a+,8(y2—3y+1)e(””.
Thus,
OF (x, ) 2 ~(x+y)
T:I—oc+ﬁ(x —3x+1)e et
(51)

> l—oc+/:c’(xz—3x+1)e_2
= Be*x’ —3fe x+ Pt +1-a

Now, there are two cases to consider.

Case 1. Suppose that 58 < 4e*(1 — ). Therefore, the function
w(x) = Be2x* —3Be *x + Be”> + 1 — a has no real roots.
Thus, 0F(x, y)/ox > 0. Similarly, it is easy to prove that
0G(x, y)/0x > 0. Then, it follows by Theorem A that the
equilibrium point (x,y) = (x,%) of system (1) is a global
attractor of all positive solutions of system (1).

Case 2. Suppose that x + 2 < 1. Since0 < x < 1,3 >3 -x >
x(3-x)=3x—-x%o0r2>3x—-x*— 1, and since & + 23 <
Lthen 1 —a > 28 > 2B = 2Be™™ > B(3x — x* —
De %) Thus, OF (x, ¥)/0x > 0. Similarly, it is easy to prove
that 0G(x, y)/0x > 0. Then, it follows again by Theorem A
that the equilibrium point (x,y) = (x,%) of system (1) is a
global attractor of all positive solutions of system (1). Thus,
the proof is now completed. O
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