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Let K be a closed, convex, and nonempty subset of a real g-uniformly smooth Banach space E, which is also uniformly convex.
For some«x > 0,letT; : K — Ei € Nand A: K — E be family of nonexpansive maps and x-inverse strongly accretive map,
respectively. Let G : K x K — R be a bifunction satisfying some conditions. Let Py be a nonexpansive projection of E onto K. For
some fixed real numbers & € (0,1), A € (0, (qx/dq)l/(qfl)), and arbitrary but fixed vectors x,,u € E, let {x,} and {y,} be sequences
generated by G(,,, ) +(1/1){1= ¥, jo (¥, —%,)) 2 0,V € K, X,y = au+(1-0)(1-a,)x,+0 X1, 03, T; Py, —AAy,),n > 1, where
r € (0, 1) is fixed, and {«,}, {0;,,} € (0, 1) are sequences satisfying appropriate conditions. If F := [n°, F(T;,)] N VI(K, A)NEP(G) # 0,
under some mild conditions, we prove that the sequences {x,} and {y,} converge strongly to some element in F.

1. Introduction

Let E be a real normed space and E* its dual space. For some
real number g (1 < g < 00), the generalized duality mapping

Jg E — 2E" is defined by

Jo ) ={f" € B+ (o f7) = Ix% | £ = 11}, )

where (:,-) denotes the pairing between elements of E and
elements of E*.

For g = 2, ], usually denoted by ] is called the normalised
duality mapping.

Let E be areal Banach space;amap A : D(A) — Eissaid
to be accretive if for all x, y € D(A), there exists jq(x -y) €
]q(x — y) such that

(Ax- Ay, j,(x-y)) 2 0. )

For some real number x > 0, A is called x-inverse strongly
accretiveiffor all x, y € D(A), there exists jq(x—y) € ]q(x—y)
such that

(Ax - Ay, j, (x - y)) = k]| Ax - Ay|". (3)

Observe that a k-inverse strongly accretive map is 1/x-
Lipschitzian.

Let K be a nonempty, closed, and convex subset of E, and
let A : K — E be an accretive mapping. A variational
inequality problem is, searching for x* € K such that for
some j, (v - x*) € Jov = x*)

<Ax*,jq (v—x*)> >0, VveKk. (4)

Let G : K x K — R be a bifunction on a closed convex
nonempty subset K of a real Banach space E; an equilibrium
problem is searching for x* € K such that

G(x",v)>0, VveK. (5)

A set of solutions of the problems (4) and (5) are denoted
by VI(K, A) and EP(G), respectively.

Let P be a mapping of E onto K. Then, P is said to be
sunny it P(Px + t(x — Px)) = Pxforallx € Eandt > 0. A
mapping P of E into E is said to be a retraction if P*=P.If
a mapping P is a retraction, then Pz = z for every z € R(P),
range of P. A subset K is said to be sunny nonexpansive retract
of E if there exists a sunny nonexpansive retraction of E onto
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K. A retraction Pis said to be orthogonal if for each x, x—P(x)
is normal to K in the sense of James [1].

It is well known (see [2]) that if E is a Banach space;
a projection mapping is a sunny nonexpansive retraction
P of E onto K. If E is uniformly smooth and there exists
a nonexpansive retraction of E onto K, then there exists a
nonexpansive projection of E onto K. If E is a real smooth
Banach space, then P is an orthogonal retraction of E onto K
if and only if P(x) € K and (P(x) — x, j,(P(x) — y)) < 0 for
all y € K. It then follows that, for x, y € K, we have (P(x) —
%, 14(P(x) - P(y))) < 0and (P(3) - 3, j,(P() - P(x))) < 0
which implies

1P -PI" < (x= .y, (P)-P(»)). (6

An accretive mapping A is said to be maximal if its
graph GF(A) is not contained in the graph of any other
accretive map. Equivalently, A is maximal accretive if for
every (vy, w) € E X E such that (w —wy, jp(v— vy)) = 0 holds
forallw € Av,v € K; then, w, € Av,. A mapping T with
domain D(T) and range R(T') in E is said to be demiclosed
at p if whenever {x,} is a sequence in D(T') such that x,, —
x* € D(T) and Tx, — p;then, Tx* = p. The following
proposition is known to hold; see, for example, [3].

Proposition 1. Let A : K — E be a k-inverse strongly
accretive map. Let M be defined by
Av + Ngv, €K,
YIRS M (7)
2, v¢K,

where Ngv = {w € E : (w,jq(v— u)) > 0, forallu € K};

then, M is maximal accretive and u € M™'(0) if and only if
u € VI(K, A).

Recently, Maingé [4] studied the Halpern-type scheme for
approximation of a common fixed point of countable infinite
family of nonexpansive mappings in a real Hilbert space.

The present author [3] proved a strong convergence
theorem for family of nonexpansive maps and solution of
variational inequality problems. Kumam and Jaiboon [5]
studied a hybrid iterative method for mixed equilibrium
problem and variational inequality problem in the framework
of a real Hilbert space.

Various numerous authors studied the problem of
approximating solutions of equilibrium and fixed point
problems in the framework of a real Hilbert space; see, for
example, [5-18] and the references contained therein. In
[19], Ceng et al. studied this problem in the framework of a
uniformly smooth and uniformly convex Banach space.

Takahashi and Zembayashi [20] (see also [21-23]) studied
the problem of approximating solutions of equilibrium prob-
lems and fixed points of some nonlinear maps in the frame-
work of real Banach spaces. It is our purpose in this paper to
introduce a new hybrid iterative method for approximating a
common element in the intersection of the set of fixed points
of countable infinite family of nonexpansive mappings, the
set of solutions of variational inequality problem, and the set
of solutions of equilibrium problem in Banach spaces. Our
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theorems extend and improve some recent important results,
and our method of proof in this paper is of independent
interest.

2. Preliminaries

Let S := {x € E : |x[| = 1} denote a unit sphere of the
real Banach space E. E is said to have a Gdteaux differentiable
norm if the limit

tim 2 1= 1 ®)
t—0 t

exists for each x, y € S; E is said to have a uniformly Gdteaux
differentiable norm if for each y € S, the limit is attained
uniformly for x € S. Let E be a normed space with dim E > 2.
The modulus of smoothness of E is the function py : [0,00) —
[0, 00) defined by

X+y|+|x-
bl

€)

The space E is called wuniformly smooth if and only if
lim, _, 4+ (pg(t)/t) = 0. For some constant g > 1, E is called
g-uniformly smooth if there exists a constant ¢ > 0 such that
pe(t) <ctlt > 0.

The modulus of convexity of E is the function &y
(0,2] — [0, 1] defined by

pg (1) := sup <|

8y (€) = inf{l - ““Tyn Al = ] = Le = ||x—y||}.
(10)

E is called uniformly convex if and only if 6z(e) > 0 for all
€ €(0,2].

A Banach space E is said to be strictly convex if [ x—y||/2 <
1forx, y € Ewith x| =1 = |yl and x # y.

It is well known that if E is smooth then the duality
mapping is singled valued, and if E has uniformly Gateaux
differentiable norm then the duality mapping is norm-to-
weak™ uniformly continuous on bounded subset of E. Also,
every g-uniformly smooth space is uniformly smooth and
has a uniformly Gateaux differentiable norm, and every
uniformly convex space is strictly convex.

In the sequel, we will make use of the following results.

Lemma 2 (see Petryshyn [24]). Let E be a real normed linear
space. Then, the following inequality holds:

e+ 21 < el + 2 (3 (e + )
Vx,y€E j(x+y)e](x+y).

(1)

Theorem 3 (see Goebel and Kirk [25]). Let E be a real
uniformly convex Banach space, K a closed convex subset of
E,and T : K — E a nonexpansive mapping. Then, (I —T) is
demiclosed at zero, where I denotes the identity map.

Lemma 4 (see Suzuki [26]). Let {x,} and {y,} be bounded
sequences in a Banach space E, and let {f,} be a sequence
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in [0,1] with 0 < liminf 3, < limsupp, < 1. Suppose
that x,., = By, + (1 = B,)x, for all integers n > 0 and
lim sup(Iy,..1 = Yul = 1%,.01 = x,11) < 0. Then, lim ||y, —x,, || = 0.

Lemma 5 (see Xu [27]). Let {a,} be a sequence of nonnegative
real numbers satisfying the following relation:

a,, <(l-a,)a,+a,0,+y,, n=0, (12)

where (i) {o,} € [0,1], Y o, = 00; (ii) limsup o, < 0; (Gii)
Y, = 0; (n>0), Yy, <oco. Then,a, — 0asn — oo.

Lemma 6 (see Xu [28]). Let E be a real g-uniformly smooth
Banach space for some q > 1; then, there exists some positive
constant d such that

lxc+ 31" < 11+ q (3, ) +d lylT (13)
forall x,y € E and jq(x) € ]q(x).

Lemma 7 (see Kamimura and Takahashi [29]). Let E be a real
smooth and uniformly convex Banach space, and let R > 0.
Then, there exists a strictly increasing, continuous, and convex
function g : [0,2R] — R such that g(0) = 0 and g(|lx— yl) <
lx)? = 2¢x, v+ ||y||2for all x, y € Bg.

The following conditions are required on the bifunction
G : Kx K — R for solving equilibrium problems with
respect to G:

(A1) G(x,x) =0 forall x € K;
(A2) G is monotone; that is, G(x, y) + G(y,x) < 0 for all

x,y €K;

(A3) forall x, y,z € K,limsup, _,+ G(tz+ (1 -t)x,y) <
G(x, y);

(A4) for all x € K, G(x, -) is convex and lower semicontin-
uous.

Lemma 8 (see Blum and Oettli [30]). Let E be a real smooth,
strictly convex, and reflexive Banach space. Let G : KxK — R
be a bifunction satisfying (Al1)-(A4), andletx € E,r > 0. Then,
there exists z € K such that

G(Z,y)+%(y—z,j(z—x))20, Vy e K. (14)

Lemma 9. Let K be a closed convex nonempty subset of a real
uniformly smooth and strictly convex Banach space E. Let G :
K x K — R be a bifunction satisfying (A1)-(A4). Forr > 0
and x € E, defineamap T, : E — K by

T,x = {zeK:G(z,y)
(15)
+% (y-zjz-x) ZO,VyeK}.

Then, the following hold:
(i) T, is single-valued;
(ii) Fix(T,) = EP(G);

(iii) if T, is firmly nonexpansive-type, that is, for x, y € E,

<Trx - Try’j(Trx - Try)> < <X - y’j(Trx - Try)> > (16)

then EP(G) is closed and convex.

Proof. (i) Letz,,z, € T,, then

1 .
G(z1,2,) + - (z,-21,j(z1-2,)) 20,

. 17)
G(z2)) + ; (21 -2, j(2,-21)) 2 0.
Adding these inequalities and using (A2), we get
(z2-21,j(21-2)) 20, (18)
which implies z; = z,. Consider
(ii)
z€F(T,) = z=T,z
1
= G(z,y)+-(y-zjz-2) =0,
r
Vy €K, (19)
& G(z,y)>0, Vyek,
< z € EP(G).

(iii) EP(G) is closed and convex follows from (ii) and the
fact that every firmly nonexpansive map is nonexpansive and

the fixed point set of nonexpansive map is closed and convex.
O

Let E be a real g-uniformly smooth Banach space, and
for some A > O,let] : K - Kand A : K — E
be the identity and «-inverse strongly accretive mappings,
respectively. Then, for the map (I - AA) : K — E, we have
the following estimates:

(T - 24) x = (I - AA) y|*
=[x -y - A(Ax - Ay)|*

<|lx-y|* - A (Ax - Ay, j (x - y)) (20)
+ dq/\q”Ax - Ay“q

< =" - A (gr - dAT") | Ax - A",
If A is chosen such that 0 < A < (qx/dq)l/(qfl), we then have
[T-24)x - (I-2AA) y| < |x -y, (21)

and so (I — AA) become a nonexpansive mapping of K into E.



For L,(1 < p < oo) spaces, we have the following
relation: 15& € (0,2«x/(p - 1)),

(T = A4) x - (1 - 24) y|
=[x - y-A(Ax - Ay)|’
< = y” - 21 (Ax - Ay, j (x - »))

+(p- )X Ax - 4y

(22)

<fx -y -1 (2x - (p-1)A) |Ax - Ay|?

2
< ="

Also if E is a Hilbert space and we choose A € (0, 2«), then
(I = AA) is nonexpansive.

3. Path Convergence Theorems

In the sequel, we assume for each t € (0, 1) that the sequence
{0;}; satisfies ) ;., 0;, = 1 -t and the sequences {«,}, {0, ,}; C
(0,1), satisty ., 0;, = 1 — ..

For a countable family of nonexpansive mappings {T;} of
E, we denoteaset # ; := {i € N : T; # I} (I being the identity
mapping on E).

Let K be a nonempty closed and convex subset of a real
g-uniformly smooth Banach space E and Py a nonexpansive
projection of E onto K. For some real number x > 0, let A :
K — E be ak-inverse strongly accretive mapping. For some
real numbers § € (0,1), A € (0, (qx/dq)l/(q_l)), and r > 0
arbitrarily chosen but fixed and for each t € (0,1), define a
map T, : E — E by u € E, arbitrary and fixed

G(y, )+-<f7 y,j(y=-x))20, VneKk,

Tix=tu+(1-8)(1-t)x+08) 0, T;P (y - AAy), (23)

i1
Vx € E.

Then, T, is a strict contraction on E.
For x',x* € E, y' = T,x', y* = T,x*, we have

”Ttx1 - Ttx2|| <(1-1)@1-9) “xl - xZH

+ 52‘% "TiPK (J’l - AA)’I)

i>1
~T,Pc (¥* - 24°))|
= 1-H-0)|x' - (24)

+8) 0y | TiPe (1= AA) T,x'!

i>1
~T,P (- AA) T,

< (1-1¢) “xl —xz".
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Thus, for each t € (0, 1), there exists a unique z, € E such
that
G (. )+-<'7 y,j(y=2)) 20, Vnek,
(25)
zy=tu+(1-8)(1-1)z,+8) 0, T;P (y - MAy).

i>1

Lemma 10. Let E be a real g-uniformly smooth Banach space
which is also uniformly convex. Let K be a closed, convex, and
nonempty subset of E. Fort € (0, 1), let {z,} be a net satisfying
(25), and assume that F = (;2, F(T;Pc(I-AA)T,) 0. Then,
{z,} is bounded and admits at most one accumulation point in
Fast — 0.

Proof. Let x* € &. Then, using (25), we have
2 - %"’

=({tu-x")+1-)(1-98)(z,—x")

+ SZGi,t (TiPx (T,z, - AAT,z,) - x7),

= (26)
Jz—x")) <t{u-x",j(z, - x"))
+ (1= 1-0) Jz-x" P +8Y 0y |2 - x7
i>1
=t(u-x"j(z,-x"))+(1-1) |z, - x|,
which implies
lze = x*|| < [ju—x"]. (27)

Thus, {z,} is bounded.

Now, assume for the sake of contradiction that x" and x*
are two distinct accumulation points of {z,} in &F; then, there
exists a subnet {z, } of {z,} such thatz, — x' ass — oo,
and so we have the following estimates:

- <ts (w-x")+(1-t)(1-0)(z, —x")

105 0 (TP (2, - A4z, )~ ). (2 - x*)>

i>1

2

*

z, —x

—x*)> +(1-t)

<t <u - x*,j(zts
(28)

so that
"zts - x*”z < <u - x*,j(zts - x*)> , (29)

. !
and sincez, — x ass — 00, we get from (29)
S

| ' 2S<u—x*,j(x'—x*)>. (30)
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Applying similar argument to x* as an accumulation
point of {z,} in F, we also get

'x* —x'"2 < <u—x',j(x* —x')>. 31
Adding these last two inequalities, we get
2|x* - x'“z < 'x* - x'||2, (32)

a contradiction, and thus x' = x*. This completes the proof.
O

Lemma 11. Let E be a real q-uniformly smooth Banach space
which is also uniformly convex. Let K be a closed, convex, and
nonempty subset of E. Let r € (0,1) be fixed and {t,} c (0,1)
such that lim,,_, t, = 0 and lim, , (t,/0;,) = 0 for all
i € N 4. Let{z, } be a sequence satisfying (25), and let F :=
N2y F(T;Pc(I = AA)T,) #0. Then, lim - (T;Pc I -
/\A))T,ztnll =0, forallieN.

nﬁoo"ztn

Proof. Fori € Nand x* € &, we have the following estimates
(using Lemma 7 establishing the existence of g):

g(|(T:Pc 1 -24)T,2, ~ 2, |)
=g (|[x" - TP 1 -AA) Tz, | - [ - 2, ]|)

<"~ (TP 1 -28) Tz, |

-2 <x* ~ (TP (I - AA)) T,z , j (x* - Ztn)>
e e
X <x* ~z, +z, ~(TiPx (1 -AA)) T,z , j (x* - ztn)>

- 2
+|x* -z
n

=2(z, - (TP (I-1A) Tz, ,j(z, —x")).
(33)

Using (25), we have
<Ztn -x%j (Ztn - X*)>
RS TeR)

+(1-¢,)(1-9) <zt” - x*,j(zt“ - x*)> + (Szo-i,n

i>1
< ((T,Pc (I = M) T,z, —z, +2, —x",j(z, —x"))

=t, <u—x*,j(ztn —x*)>

+8Y 0;, (TP (I - AA)) Tz,

i1

‘Ztn’j(ztn ‘x*)>

+(1-1,) (2, - x"j(z, - %))

(34)

which implies

6201.)” <ztn —(T;Pc (I-AA)) T,z , j (ztn - x*)>
i>1 (35)

=t, <u —zt“,j(ztn - x*)>

Using this and (33), we get

220 (IR -24) T, 2,

(36)
<t, <u - ztn,j(ztn - x*)> .
Thus,
g 9(|(1.Pc1-24)) T2, -z, |)
(37)
< ;—" (u-z,j(z, -x)), VieN.

in

Since {z, } is bounded and t,,/0;,, — Oasn — oo, we have
lim, , o, g((T;Px(I - AA))T,2, -z, |I) = 0foralli € N. By
property of g, lim,, _, ., [(T;Px (I - AA))T,z, -z, || = 0forall
i € N. This completes the proof. O

Theorem 12. Let E be a real g-uniformly smooth Banach space
which is also uniformly convex. Let K be a closed, convex, and
nonempty subset of E. Let r € (0,1) be fixed and {t,} ¢ (0,1)
such that lim,, , t, = 0 and lim, , (t,/0;,) = O for all
i € N 4. Let{z, } be a sequence satisfying (25), and let F :=
N2, F(T,Pc(I = MA)T,) #0. If the duality mapping j of E is
weakly sequentially continuous, then {z, } converges strongly to
an element in F.

Proof. Since {z, } is bounded, there exists a subsequence say
{z, } of {z, } that converges weakly to some point z € K.
Ylk n

Using demiclosedness property of [I — (T;Px(I — AA))T,] at
0 fori € N, and the fact that lim; _, . [|(T;Px (I - /\A))Trztnk -

z, || =0, we get that z is a point in . We also observe from
g
(33) that

2
% ]

= <tnk (u—-2z)+ (1 - tnk) (1-9) (ztnk —z)

+820i,nk ((TiPK (I - AA)) T’Zt"k - Z> ’ J (Ztnk B Z)>

i>1
<ty <u - z,j(zt”k - z>> + (1 - tnk) 1-9) ||Ztnk - z"2

+ SZGi,nk

i>1

~t, <u —Z>f<ztnk - z)> + (1 - tnk)|

2
7|

2
-

2

3



which implies

Since j admits weak sequential continuity, the last
inequality implies that the subsequence {z, } converges
e

z, - 2”2 < <u - z,j(ztnk - z)> . (39)

strongly to z, and since {z, } admits unique accumulation
point in &, then it converges strongly to z. This completes
the proof. O

The following corollary follows from Theorem 12.

Corollary 13. Let E be a real L, space, (1 < p < 00). Let K,
{t,}, #, and {ztn} be as in Theorem 12. Then, {Zt,,} converges
strongly to an element of F.

Theorem 14. Let E be a real g-uniformly smooth Banach space
which is also uniformly convex. Let K be a closed, convex, and
nonempty subset of E. Letr € (0, 1) be fixed and {t,;} a sequence
in (0, 1) such that lim,_, t, = 0 and lim, _, (t,/0;,) = 0
foralli € W ;. Let {z, } be a sequence satisfying (25), and let
F = 2, F(T,Pc(I = MA)T,) #0. If for at least one i in N,
T;Px(I — AA)T, is demicompact, then {z, } converges strongly
to an element of F.

Proof. For some fixed j, € N, let T; Px(I — AA)T, be
demicompact. Since limn_,OOIITjOPK(I - )LA)Trztn -z, | =0,
there exists a subsequence say {Ztnk} of {z, } that converges
strongly to some point z € E. By continuity of T; P (I -AA)T,
foralli € N, we have thatz € #. But the sequence {z, } admits
unique accumulation point in &; so, it converges strongly to
z.

The following corollaries follow from Theorem 14.

Corollary 15. Let E be a real L, space, (1 < p < 00). Let K,
{t,}, #, and {z, } be as in Theorem 14. If for at least one i € N,
the map T; Py (I — AA)T, is demicompact, then {z, } converges
strongly to an element of F.

Corollary 16. Let K be a closed, convex, and nonempty subset
of a real Hilbert space H. Let {t,}, #, and {z, } be as in
Theorem 14. Then, {z, } converges strongly to an element of .

4. Iterative Convergence Theorem

We now state and prove the following theorem.

Theorem17. Let E be a real g-uniformly smooth Banach space
which is also uniformly convex. Let K be a closed, convex,
and nonempty subset of E. For some x > 0, let T; : K —
Ei ¢ Nand A : K — E be a family of nonexpansive
maps and a k-inverse strongly accretive map, respectively. Let
G : K x K — R be a bifunction satisfying (A1)-(A4). Let
Py be a nonexpansive projection of E onto K. For some fixed
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real numbers r,8 € (0,1) and A € (0, (q;c/dq)l/(q_l)), define a
sequence {x,} iteratively by x,,u € E andn € N as

1 .
G (ypon) + - =Y j (P —%x,)) 20, Vnek,

Xy = u+(1-08)(1-ay)x, + 8ZUI~,,,T,~PK (40)

i>1

X (yn - AAyn) >

where {«,},{0;,,} C (0, 1) are sequences satisfying the following
conditions:
(i) lim a, =0,

n— 00
(i) Y2, &, = 00,

(111) hmn—>oo Zizl Iai,n+1 - oi,n| =0.

Let F := [, F(T)1 ( EP(G) (| VI(K, A) # 0. If either the
duality map j of E is weakly sequentially continuous or for at
least one i € N, T;Pi(I — AA)T, is demicompact, then {x,}
converges strongly to some element in F.

Proof. Let x* € & then, we claim that ||x,, — x*|| < max{||u —
x*|l, lx; = x* |1} for all n > 1. Tt is clear that the claim is true for
n = 1. Assume that it is true for n = k for some k > 1,k € N.

Then,

Itieer = 7|
<o flu—x"| + (1 -0) (1=08)[x, — x7|

+08) 034 | TP (I = AA) T,x; = TiPc (I = AA) T, x|

i>1
< o flu = x|+ (1= o) [ — x|

< max (Ju "], - 7]}
(41)

Hence, the result, and so {x,,} is bounded. Furthermore, {y,},
{T;Px(y, — AAy,)}, and {Ay,} are each bounded.

We now show that lim,, _, . lx,,; — x,I = 0. Note that
yn = Trxn’ yn+1 = Trxn+1’ SO that

11 =yl = [T01 = T |
(42)

= “xnﬂ - xn” :

Define two sequences {f3,} and {w, } by 3, := (1-8)«,,+0
and w,, := (x,,; — x, + 8,x,)/ B, Then,

SV, . T.P - 1A
w. = ocnu+ Zzzl Gz,n i K(yn yn) (43)

! B
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Observe that {w,} is bounded and that

"wn+1 - wn“ - “xn+1 - xn"
<ol |20 )
n+ n n+
ﬁ Z |01 n+1 Ulnl
n+l j>1
ﬁn+lﬁn |ﬁn ﬁﬂ+1|
(44)

for some positive real number M. This implies

timsup (g~ w,] = [y ~x) <0, (a5)

and by Lemma 4, lim w, — x,|| = 0. Hence,

n—ooll

x| = Bu|w, —x,| — 0 asn— 0. (46)

”xn+1

From (42) and (46), we have

||yn+1 - yn" — 0 asn-— oo. (47)
From (40), we have x,.; - x, = «a,u - x,) +
0 Yis1 0:,TiPx(y, — AAy,) — x,,] which implies
q Zai,n [TiPK (yn - AAyn) - xn]
i>1 (48)

< "xnﬂ - xn“ T, "” - xn" >

and thus lim,, , [ Y., 0;,[T;P(y, — AAy,) — x,1I = 0.
Let {t,} be a real sequence in (0, 1) satistying the following
conditions:

nli_)néotn =0, Zai,n = (1 - tn) >

i>1

||zl>l zn [TPK(

n—>oo t

(49)

—My) =l

n

Let z, € K be the unique fixed point satisfying (25) for
eachn € N, and let z, — z € Fasn — 00. Using (25) and
Lemma 2, we have the following estimates:

2
J=., =l

<la-8@1-t,)(z -x,)

+08Y 0, (T;Pc I - AA)T,z, - TP (I - MA) T, x,
i>1
2

+2t, <u—xn,j (ztn—xn»

+T;Px (I-AA) T, x,—x,,)

. [(1 O (1=t [~ 5] + 51 =) [z - ]

2
+ SZGM [T;Px (I - AA) T,x,, — x,,] ]

i1

+2t, <u - X, J (ztn - xn)>

= |:(1 _tn)

2, =%

2
+16) 0, [TiPc (I = AA) T,x,, - x,] ]

i>1

+2t, <u - X, J (Ztn - xn)> .

(50)
This implies
(u-z,j(x,~2,))
< %” z t,) |z

X(éllzm ,n[TPK(I—AA>TTxn—xn]||> (5D
t

n

62||Zi>1 Oin [TiPx (I - AA) T, x,, — xn]"2
+ =
2t

n

>

and, hence,

lim sup <u z 5 j ( )> <0. (52)

n— 00

Moreover,

(=2, (%= 2,)) = (u-2j(x,-2))

z,) = i (%~ 2))
-2,)),

+<u—z,j(xn

+ <z - ztn,j(x,,
(53)



and since j is norm-to-weak”™ uniformly continuous on
bounded sets, we have

limsup (u—z, j(x,-2)) <0. (54)

From the recursion formula (40) and Lemma 2, we have
the following:

-

a,(u-2)+(1-a,) (1-90)(x,-2)

2

+6Y 0, [T,P (I - AA) T,x,, — TiPc (I - AA) T, 2]

i>1

<

(1-a,)(1-98)(x,-2)

2

+8Y 0, TP (I = AA) T,x,, — TiPi (I - MA) T, 2]

i>1

. 2
+ Z(Xn <Lt —%] (xn+1 - Z)> < (1 - ‘Xn) "xn - Z”
+ 200, (U = 2, j (X1 = 2)) >

(55)

and by Lemma 5, we get that {x,} converges strongly to z €
F.

To complete the proof, we show that z € EP(G) n
VI(K, A).

We start by showing that z € EP(G).

Letx™ € F; then,

”yn_x*“z
[, - T
< <Trxn - Trx*’j(xn - x*)> = <yn - x*’j(xn - x*)>

1 * *
LR Y PR e (B A
(56)

thus,

1 =>"1" < I =% = g (lxu = 2. 7
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Using (40) and (57), we have

s =

a,(u-x)+(1-a,)(1-08)(x,—x")

2
+8Y 0;,, [T;Pc (I - AA) y, - T;Pc (I - AA) x7]

i>1

< ot ||u - x*"2 +(1-a,)(1-0)|x, - x*”Z
+ 6(1 - an) ”yn -x" ”2
< ot ||u - x*"2 +(1-a,)1-0)|x, - x*”2

+ 6(1 - (xn) [”xn - x*"2 - g("xn - yn")] .

(58)
This implies
q (1 - (Xn) g ("xn - yn")
* |2 %2
< ol = 7|7+ [, - X7
(59)

- ”xnﬂ - x*"2 < ‘xn"u - X*HZ

e = x| e = 271+ s = 710

and thus lim,, , . 6(1 — «,)g(llx,, — y,lI) = 0. Using property
of g, we get
lim |x, — y,| = 0. (60)

n— oo

From (60), we have y, — zand j(x,—y,) — Oasn — oo.
Since y, = T,x,,, we have

1 .
G (yn) + - =Y j(a—x,)) 20, VneK, (6)

It follows from (A2) that

<n—mw> >G (1 3,) (62)

and so using (A4), we have G(#, z) < 0 for all € K. For real
numbert,0 <t < 1,and 5 € K, lety, = ty + (1 — t)z. Clearly,
1, € K. So, using (Al) and (A4), we have

0=G(npn) <tG (1) + (1 -1)G(n,2) <tG (1)
(63)

This implies G(#;, 7) > 0, and using this and (A3), we have
that G(z,#) > 0 for all 7 € K; hence, z € EP(G).

Next, we show that z € VI(K, B).

Let x* € Fand b, := Pc(y, — AAy,); then,

"bn - x*"‘l = "PK (yn - AAyn) - PK (X* - AA‘x*)"q
<[y —x" - A(Ay, - Ax")|*

< [y, = x|+ A (d A" - gx) | Ay, — AxT|
(64)
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Using recursion formula (40), we have the following
estimates:

[6in = 2"

o, (u—x")+(1-ea,)(1-0)(x,-x")

q ra
< ocn"u—x ||

+6zoi,n [len - x*]

i>1

(1= a,) (1=8) [, - %"

b (1-a,) 81, — [ < a - 57|
+(1=0,)(1=8) |x, - x"|"+ (1 -e,) 8
[l =1+ A (dA0! - i) Ay, - Ax° ]

< aflu- x*||q +||x, - x* ||q +(1-a,) 01 (dqlq_l - qK)

x| Ay, — Ax™||,
(65)
which implies, by Mean Value Theorem, that
- (1 - (Xn) oA (quq—l - qK) "Ayn - Ax” "q
< flu =2+ e = 2 = v = 7
(66)

< aflu = x|+ g0l = x| = ot = 7l
< ayflu= x4+ g0 [y = x|

where 0,, is some nonnegative real number between |x,, — x|
and ||x,,,; — x| for each n. Since {x,} is bounded, o, — 0,
and [x, — x,.,,I| = Oasn — oo, wehave [|Ay, - Ax"|| - 0
asn — ©o.

We also have the following:

"bn _ x* 2

= "PK (yn - AAyn) - PK (x}l< - /\Ax*)uz

< (a =My, - (x7 = AAX7), j (b, - x7))

= u— x5 (b, = x7)) - A(Ay, - Ax", j (b, - x7))
1 % %

< S lb =1 + 1y =<1 = g (= 3]

—A(Ay, = A", j (B = x7))
(67)

so that

16, = x*I” < s = 17 = 9 (1B, = 3.l
-21(Ay, - Ax", j (b, - x")).

(68)

We then have
||xn+l - x*uz

o, (u—x")+(1-a,) (1-6)(x,-x")

2

+6zai,n [szn - 'x*]

i>1

< oty flu—x" ||2

+(1-a,) (1-0) o, = %"+ (1 - @) 8], - x°°
<ayfu-x"+(1-a,) (1-8) |x, - x|
+(1=)8 [, = - g (I - %)
20 (Ay, - Ax", j (b, - x7))]
= o= x|+ (1=, ooy = - (1~ )

x8g (B, = yul)-20A (1 - &) (Ay, = Ax", j (b= x7)) »
(69)

and so
(1 - an) 8.9 (”bn - yn")
< apfu—x" P+ x5, = %" = Jxun =0 70)
~ 260 (1 - ) (Ay, - Ax", (B, — x))

Asa, — 0,]x, - x,,,| — Oand||Ax, - Ax™| — Oas
n — 00, we get

nlglgo (1 - (xn) 8g ("bn - yn") =0, (71)
which implies
Jim |6, - 3] =o0. (72)
Let
My = 1AV+NKV, veK, (73)
0, v ¢ K.

Then, M is maximal accretive. Let GF(M) denote the
graph of M.

Let (v,w) € GF(M). Since w — Av € Ngvand b, € K, we
have (w — Av, Jjgv = b,)) = 0 by definition of Ngv. Also, as
b, = Px(y, — AAy,) (using property of the projection Py), we
have

<bn_(yn_AAyn)’jq (V_bn)> >0 (74)

and, hence,

<% + Ay, j, (v b,,)> > 0. (75)
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Using this, we obtain the following estimates:

<w> jq (V - bn)> = <AV’ jq (V - bn)>

v

> <Av, Jg (v = bn)>
bn_ n .
_< Ay +Ayn’]q(v_bn)>
bn ~n .
= <AV - T - Ayn’]q (V - bn)>
= (Av-Ab,, j,(v-b,) (76)
+ <Abn - A}’qu (V - bn)>
bn ~Vn .
- < 1 Jq (V - bn)>
2 <Abn - Ayn’jq (V - bn)>

bn_ noo.
- <Ty’]q(v_bn)>’

which implies (w, jq(v —2)) >0 (lettingn — ©00).

Since M is maximal accretive, we obtained that z ¢
M7Y0), and, hence, z € VI(K,A). This completes the
proof. O

The following corollaries follow from Theorem 17.

Corollary18. LetE = L, space (1 < p < 00). Let K, P, 6, A,
r,and T, i =1,2,... be as in Theorem 17. Let A € (0, 2x/(p —
1))), and define sequences {x,} and {y,} by (40). Then, {x,}
and {y,} converge strongly to some element in F.

Corollary 19. Let E = L, space (1 < p < ©0). Let K,
P, 8, A, r,and T, i = 1,2,... be as in Theorem 17. Let
A € (0,2x/(p — 1))), and define sequences {x,} and {y,} by
(40). If for at least one i in N, T;Pi(I — LA)T, is demicompact,
then the sequences {x,} and {y,} both converge strongly to some
element in F.

Corollary 20. Let E = H be a real Hilbert space. Let K, Py, 6,
A r,and T, i = 1,2,... be as in Theorem 17. Let A € (0, 2x),
and define sequences {x,,} and{y,} by (40). Then, the sequences
{x,,} and {y,} both converge strongly to some element in F.

Remark 21. Prototypes of the sequences {«, } and {0; .} in our
theorems are the following:

1 P n
T2 (1)

Vi e N. (77)
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