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We study the sampling theorem for frames in multiwavelet subspaces. Firstly, a sufficient condition
under which the regular sampling theorem holds is established. Then, notice that irregular
sampling is also useful in practice; we consider the general cases of the irregular sampling and
establish a general irregular sampling theorem for multiwavelet subspaces. Finally, using this
generalized irregular sampling theorem, we obtain an estimate for the perturbations of regular
sampling in shift-invariant spaces.

1. Introduction

At the present time the sampling theorem plays a crucial role in signal processing and
communication, as it establishes an equivalence between discrete signals and analogue
(continuous) signals. For a band-limited signal, the classical Shannon sampling theorem
provides an exact representation by its uniform samples with a sampling rate higher than
its Nyquist rate. But there exist several problems. Firstly, real-world signals or images are
never exactly band-limited. Secondly, there is no such device as an ideal (antialiasing or
reconstruction) low-pass filter. Thirdly, Shannon reconstruction formula is rarely used in
practice (especially with images) because of the slow decay of the sinc function. Therefore,
this classical Shannon sampling theorem has been generalized to many other forms.
Extensions of Shannon sampling theorem to scalar wavelets can be found in [1-
5], but a scalar wavelet cannot have the orthogonality, compact support, and symmetry
at the same time (except the Haar wavelet). It is a disadvantage for signal processing.
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Meanwhile, multiwavelets have attracted much attention in the research community, since
multiwavelet has more desired properties than any scalar wavelet function, such as
orthogonality, short compact support, symmetry, high approximation order, and so on. The
first orthogonal multiwavelet with symmetry, approximation order, and compact support
was presented by Geronimo et al. [6]. In addition, the sampling theorems for multiwavelet
subspaces were studied in [7-10]. The authors of [7, 9] presented the construction of
compactly supported orthogonal multiscaling functions that are continuously differentiable
and cardinal. The scaling functions thereby support a Shannon-like sampling theorem.
However, the multiwavelets of [7, 9] do not have symmetry. It is not good for digital signal
processing and image compression. They also did not study the sampling theorem for frame
in multiwavelet subspaces, which is very important in application.

A reconstruction from more general sets of points is necessary if the measurements
cannot be made at uniform points. Hence, irregular sampling is also useful in practice.
In [11], the authors obtained a Feichtinger-Grochenig iterative algorithm based on the
quasiinterpolation projection procedure to recover signals from irregular samples for
multiwavelet subspaces. However, the maximal allowable gap between two sampling points
needed for reconstructing a function from its samples was not obtained, which was supposed
to exist in theory. The authors of [10] generalized the multiwavelet sampling theorem by
reproducing a kernel and derived an estimate for the perturbations of uniform noninteger
sampling in shift-invariant spaces, but their results just based on the Riesz basis.

In our paper, we will show a sufficient condition for regular sampling theorem to hold
in multiwavelet subspaces for frames. Notice that a reconstruction from more general sets of
points is necessary if the measurements cannot be made an uniform; we establish the irregular
sampling theorems in multiwavelet subspaces. Finally, an estimate for the perturbations of
regular sampling in shift-invariant spaces is derived.

This paper is organized as follows. Section2 contains some definitions in this
correspondence. Also, we review some relative notations. In Section 3, we discuss general
uniform noninteger sampling and obtain a sufficient condition for uniform noninteger
sampling theorem to hold. In Section4, an irregular sampling theorem in general
multiwavelet subspaces is established. Finally, by applying the result in Section 4, we estimate
the perturbations of uniform noninteger sampling in shift-invariant spaces.

2. Preliminary

We now introduce some notations used in this correspondence.
C(R) is the space of continuous function.
The shift-invariant closed subspace Vj generated by {¢1, ¢, ..., ¢, }

Vo =span{¢;(-—k): 1<i<rkeZ} c L*(R). (2.1)

For a function f € L?(R), we denote by ( f) the minimal closed shift invariant subspace
that contains f.
Let

£=[fi, fari fi] (22)
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denote vector (we denote vectors and matrices in this paper in boldface). The integration
[ f(x)dx is defined as

T
f f(x)dx = [J‘ fi (x)dx,f fa(x)dx, ... ,f fr(x)dx] . (2.3)
R R R R
The Fourier transform of vector f is defined by
f(w) =f f(x)e ™ dx. (2.4)
R
The inverse Fourier transform of vector f is written by
i = 5 [ fwed 25)
x) = 27 ) w)e w. .

Zs(x,w) = ez f(x + n)e”™ is the Zak transform of function f. The Zak transform
of vector f is defined by

Ziew) = |25, (x,w), Zp, (x, ), ..., Zg (x, )] " (2.6)

A collection of elements {¢;(- — k) : 1 <i <r, k € Z} in a Hilbert space H is called a
frame if there exist constants A and B, 0 < A < B < oo, such that

Al < S S i~ <BIFI 2 VfeH. @)

keZ i=1

If {¢i(- —k) : 1 <i<r k€ Z}is aframe for H, then there exists a dual frame {(;l;k}kez
for {¢i(- —k) :1<i<r,k € Z} [12, Theorem 5.6.5].
For f € H,we can write

Ef= {wERle(w)>O},

—~ 2
Gy(w) = Z|f(w+2.n'k) ,
kez (2.8)
1, te Ef,
XE; =
0, thf.

Let
D= [p1, P2, $r],

S (2.9)
D=1 -
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The reproducing kernel is defined as

7

at,) = > S gt -K)du(- - k)
1=1 keZ B (210)
= S o (t - k)D(- - k),

keZ

where * denotes the Hermitian conjugate. Put t = n + a,,. Then

qn+am,) = > S di(n+ am - K)Pi(- - k)
I=1 kezZ ~ (2.11)
= > 0 (n+ay - k)D(--k),

keZ

wherel<m<r,n€Z, ay,€|[0,1)is constant,and a; #a; fori#j,i,j=1,2,...,r.

Let A C R, Max{A} means the largest number in subset A, and Min{A} means the
smallest number in subset A.

For f,g € L*(R), let bracket function [f, g] be the function defined a.e. by [f, g](¢) =

Dkez fE+K)g(E+K).

3. General Uniform Sampling Theorem

The main purpose of this section is to study the regular sampling theorem for frame in
multiwavelet subspace.
Firstly, we start with some useful lemmas.

Lemma 3.1. Let f,g € L>(R). If (f) L (g) and |h|,|s| € (f)a(g) forall s € (f),h € (g), then
[s,h] =0 a.e.

Proof. Suppose that { f(- — k)} is a frame sequence in L?>(R). Let s € (f), then there exists a
sequence {¢;};cz € > such that s = 3., cif (- — ).

Define
1, s2>0,
X(s) = { (3.1)
-1, s<0.
We have
Is| = x(s)s
= X(S)écif(' — ) (32)

= > x(s)af(-—1i).

i€Z
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It is easy to check that {y(s)ci}cy € I? and |s| L (g); thus |s| € (f). Similar to the above
argument, for all h € (g), we get |h| € (g).
Suppose that (f) L (g) holds; by |s| € (f) and |h| € (g), we can obtain

o<
T

f Z|s(x +k)-h(x+ k)ldx
T

kezZ

> s(x+k)-h(x+k)|dx

keZ

(3.3)
= f |s(x) : h(x)|dx
R
< (sl [k
=0.
It implies that [s, h] = 0 a.e. The proof is completed. O

Lemma 3.2. Let { f;} C L%(R), then the following two assertions are equivalent:

i€{1,2,..r)

a) for any {c},., € P, i € {1,2,...,7}, 3) Skez ¢} filx — k) converges pointwise to a
continuous functzon;

(®) {f)ica,...y € C(R) and sup, 31 Syey |filx - k)P < +oo.

Proof. (a)=(b). It is easy to see that for all i € {1,2,...,7}, fi € C(R). For each x € R, since
Sio1 Skez € filx — k) is convergent for each {c} } € I?, clearly, Yo |fi(x - k)|* < co. For each
x € [0,1], define

Tyc = zr: Zc;;fi(x -k), Vc= {c}c} e’ (3.4)

i=1 keZ

Then T, is a bounded linear functional on 12 with the norm || Ty || = (25 Siez fi(x = K)[H)Y2
For any {c}} € I?, define g(t) = X1_; Syez cifi(t — k). Since g(t) is continuous on R, we have

sup |Txc| = sup |g(x)| < +oo. (3.5)
x€[0,1] x€[0,1]

By the Banach-Steinhaus theorem [13], sup,(o 1 ITx|| < +oo, that is, S Skez I filx = k)| is
bounded on R.

(a)=(b). By the Cauchy inequality, 3'/_; 3,7 ¢} fi(x — k) in convergent uniformly on
R, so the limit function is continuous. O

Lemma 3.3. Let {¢;i(-—k) : 1 <i<r k€ Z} bea frame for Vo with bounds A and B. If (¢;) L ($;)
foralli,j € {1,2,...,r},i#j, then {¢;(: k) ez 15 a frame for the subspace (¢;).
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Proof. Suppose that {¢i(- — k) : 1 <i < r,k € Z} is a frame for the subspace V;, then there
exist constants 0 < A < B < oo such that

AP <SS ditx = k) < B £ (3.6)

r
ey keZ

Notice that (¢;) L (¢;) foralli,j € {1,2, ...,r}, i#j;if f € (¢;), then (f,¢;(x —k)) = 0.
Hence,

ANFIP < ST ditx - R0)) < B|| £ (3.7)

kezZ

By the definition of Frame, {¢;(- — k) } .., is a frame for the closed subspace (¢;). Then we get
the desired result. O

Lemma 3.4. Let f € L*(R) and f € C(R), then there exists a set E € R, |R\ E| = 0 such that for
any x € E and for all {ck ey € P, Siez ok f (x — k) converges pointwise to a continuous function.

Proof. By f € L*(R), then [. ;.7 |f(x —k)[*dx < oo. Hence there exists aset E € R, |[R\ E[ = 0
such that sup,_; >z |f (x—k)|* < co. Notice that f € C(R); using Lemma 3.2, clearly, for any
{ck ez € 2, 3k e f (x — k) converges pointwise to a continuous function in set E. O

From the above lemmas, we have the following result.

Theorem 3.5. Let {¢pi(- —k) : 1 <i < r,k € Z} be a frame for Vy. Suppose that ¢;, 1 < i < r are
continuous functions, (¢;) L (¢;) foralli#j,i,j€{1,2,...,r}, and

supi 3 ¢itx - k)| < +oo. (3.8)
x€R =1 kez
Then
£ty = fR £(5)q(t,5)ds (39)

holds for each f € Vyand t € R.

Proof. Suppose that {¢;(- —k) : 1 <i <1,k € Z} is a frame for Vo and (¢;) L ($;), i#j, then,
by [14, Proposition 3.1] and Lemma 3.3, there exist constants 0 < A; < B; < oo such that

-~ 2
Aixey (@) € 3 |$ilw +2nm)|” < Biyp, (@), ae. (3.10)

nezZ
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From Lemma 4 in [15], we have the dual frame (INn for {¢i(-— k) :1<i<r ke Z}, where $i is

defined by

¢i(w)

~ , wEEy,
$i(w) = | Gy, (w) ’
0, w ¢ E¢i .
Hence, forall1<i<r,
‘:51 (w) = ()bl ((,(J)
< @; <
holds.
So, it follows that
~ = . 1 ~ .
Pi(x) = ¢i(w)e " dw < = ¢i(w)e " dw =
wEeR i J weR
~ = . 1 ~ .
G0 = [ oz o [ fiw)e o -
w€eR i J weR
From above results, obviously, if
sup >’ > |i(x - k)|* < +oo,
x€R =1 kez
then
r ~ 2
supz Z |<;bl~(x - k)' < +o0.
x€R i=1 kez
Hence,

qt,s) = 3. S it — k), pi(s - k)

1=1 keZ

= > @ (t- k)D(s - k)

kez

converges to g(t,-) in L>(R) for any f € Vyand t € R.

1 ~
Xl‘d)i(X),

1 ~
E(,bz(x)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
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By (¢:i) L (¢;) foralli,j € {1,2,...,r},i#], it is easy to check that {(iN)i(' -k):1<i<
r,k € Z} is a dual frame for {¢;(- — k) : 1 <i < r, k € Z}; then we have

£ = X S {F6)dils - R it~ )

I=1 kez

= <f(S),Z St —K), ils - k)>
I=1 keZ (3.17)

- <f(s), S ot (t - k)d(s - k)>
kez

- [ serat,5s

R
forany f € Vp and t € R. So we get the desired result. O

Based on these facts, the following sampling theorem is established.

Theorem 3.6. Let {¢;(- — k) : 1 <i <,k € Z} be a frame for Vo. Suppose that (¢;) L (¢;) for all
i,je{1,2,...,r},i#j, and ¢;, 1 <i <r are continuous such that

supi S| git = k)| < +oo. (3.18)

teR i=1 kez

If there exist constants A; and B;, 0 < A; < B; < +o0 such that

AixEy, (W) < AI* <Bixg, (w), ae weR, (3.19)

where (ﬁ’f(w) = 3 ez i(n)e ™, then there exists a frame {s;(- —k) : 1 <i < r,k € Z} of Vy, for
i,jef{l,2,...,r},i#j

fO=3S fn+amsmt-n), feVi, (3.20)

neZ m=1

holds, where the convergence is in L*(R).

Proof. Define the function gi(t, s) by g(t,s) = Siey ¢i(t — k) k)(i),(s - k), where (ﬁ- is defined by
(3.11). From Lemma 3.3, it is easy to see that {¢;(- — k) } ¢, and {(,bl = k) } ez are the frames
for the subspace (¢;).

Notice that

Gi(n,w) = ¢; (W)tih(w)
(3.21)

Aix5¢i (w) < |$§‘(w)| < BiXE,p,- (w), ae. wéeR
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From the proof process of Proposition 3.1 in [14], {gi(n,)},., = {4i(0,- = n)},,., is a frame for
the subspace (¢;). Similar to the above argument, obviously, for1 <m < r, {gi(n + am,)},c, =
{i(0,-—n—ay;)},c, is the frame for the subspace (¢;). Hence, for all f; € V;,for allm €
{1,2,...,r}, there exist constants 0 < C" < D" < co such that

CHI AP < X 1 firqitn + am, )| < DI il (3:22)
nez
Thus, we have
fi(s) = D2 {fi(s), qi(n + am, 9))Gi(n + a, s), (3.23)
nez

where g;(n + a,,, s) is the dual frame for g;(n + a,,, s).
From above results, we get

Zcmlllel <3 S (o ain+ ams)) <2Dm||f,|| (3.24)

i=1 nezZ

where m € {1,2,...,r}.

Notice that ‘i’z — k) ez 14i(0,- = am) }nezme(1,...r) ANA {Gi(0,- — 1)}, are the
frame for subspace (¢;); by [16, Lemma 3] we have Eg, = Eg,(0,-n-a,,) = Eg;(0,-n) (exceptanull
measurable set).

By Lemma 3.3, it follows that for all f € V;, f = 3.7, f; holds, where f; € V;. Again by
Lemma 3.3, we have V; L V}, 1 <i#I <r, then,

= (55 50) - S50 7) - SR - Sl e

i=1 I=1 i=1 i=1

From (3.23) and (3.25), for all m € {1,2,...,r}, we get

. m\T 2 . m1’ 4 2
Min {C; }i:1||f|| :Mm{ci }izlznfi”
i=1

< Z;C”'Ilfill2 < Z} él(fi,qi(n +am )|’

(3.26)

r T

33 fiqi(n+ am )P < S0 £l

i=1 nezZ i=1

r 4 2 r 2
<Max{D}"}_, Y || fill” = Max{D"} || I
i=1
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For

(f(t),qi(n+a;,t)) = f > filt)gi(n + ay, t)dt
R =1

= 3 ; i t)d
l_Zlfsza)q (n+ a; t)dt 627)

= f fi(t)gi(n + a;, t)dt
R
= (fi(t), gi(n + a;, 1)),

notice (3.26), we have
win 1) 1717 = Min{ct) S
< il
<y il(fi,qi(n +a;,))|?

neZ i=1

> Y fatn+an ),
neZ i=1

(3.28)

Z Z|<ff‘7i(” + ai,-)>|2 = Z |{fi,qi(n + ai,')>|2
neZ i=1

neZ i=1

LetC = Min{C;.'};l, D = Max{Df};l, then for all f € V), there exist constants number
0 < C £ D < oo such that

CIFIZ < 3 D Nf qiln +ai, )| < D f]I> (3.29)

i=1 neZ

Hence, according to the definition of frame, {gi(n+a;,s) : 1 <i <r,n € Z} is the frame for the
subspace Vy. Let g(n + a;, s) = 3|_; qi(n + a;, s); by Theorem 3.5, clearly, (f(s),q(n + aj, s)) =
f(n+a).
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Notice that
r 2 2
‘ <f(S), qu (11 + ai, S)> ir S)>
1=1 (3.30)
< Y Nfs) an+ai )|
1=1
Using (3.27) and (3.22), then
. 2
S Sl amra )= 3 <f<s>quz<n+ airS>>
i=1 nezZ i=1 nezZ =1
<SS SHFE), an+ ai )]
i=1 neZ 1=1
= [(fi(s), qi(n + ai,9))|”
i=1 neZ 1=1
<3 (o)
=1 i=1
<S Max{D;' ie(1,2,..., r}}||f1||2
1=1
<Max{Max{Dj i€ (1,2,...,r}} ;1 (1,2} I
=D'|IfII"
(3.31)
For fi € (¢1), fp € (¢p), by Lemmas 3.1 and 3.4, notice that for all I € {1,2,...,r},
{filn+ai)},c, € 2, then ez filn+a;) fp(n+a;) =0, forallie {1,2,..., r}, 1 #p. Hence,
S S fam+an )P =X S (fam+a,))) ((f.q(n + ai,)))
i=1 nezZ i=1 nezZ
= Z Z <Z<fl/41(n + ﬂi,')>> < (fp,qp(n+ ai/')>>
i=1 neZ \ I=1 p=1
. (3.32)
Z > Dl fran+ai )|’
i=1 neZ I=1
>M1n{M1n{C" ...,r}}:16{1,2,...,1’}}||f||2

>C|If|”
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holds. From (3.31) and (3.32), we get that {g(n + a;,s) : i =1,2,...,r,n € Z} is the frame for
the subspace Vj. Then there exists a dual frame {s;(- — k) : 1 <i < r,k € Z} of {g(n+ a;,s) :
i=1,2,...,r,n € Z} such that

f= i DAfrqn+ai,))si(—k) = Zr:, > f(ai+n)si(-—k), VfeV. (3.33)

i=1 nez i=1 nezZ
The proof is completed. O

4. General Irregular Sampling Theorem

In many realistic situations, we try to reconstruct a continuous signal f € V, by using its
discrete samples {f(n + a, + 6);) : 1 < m < r,n € Z}. Obviously, the samples cannot be
arbitrary; we must discuss the values 67, of deviation from the uniformly noninteger points.
The following theorem studies this problem.

Based on the results in Section 3, we get the irregular sampling theorems.

Theorem 4.1. Let {¢;i(-—k) : 1 <i <1,k € Z} be a frame for V,y with bounds A and B. Suppose that
(¢i) L{(p;) foralli,je{1,2,...,r},i#], and ¢;, 1 <i<r are continuous such that

supi 3¢t k)|* < +oo. (4.1)

te€R =1 kez

Moreover, suppose that there exist constants A; and B;, 0 < A; < B; < +oo such that

AixE,, (w) <

$;(w)| < Bixg, (w), ae weR (4.2)

If there exists a sequence {61, :n € Z,m=1,2,...,r} and two constants C and D, 0 < C < D < oo
such that

Ci S |fn+an)| < iZ|f(n+am+6,'}1)—f(n+am)|2SDi Nfn+an)| (43)

m=1neZ m=1neZ m=1neZ

holds for any f € Vy. Then, there exists a frame (s, (t) : 1 <m < r,n € Z} for Vg such that for any
few,

f) =D, D f(nt am+85)sma(t) (4.4)

neZ m=1

holds, where the convergence is both in L*(R) and uniform on R.

Proof. From the argument of Theorem 3.6, it is easy to see that {q(ai,- — n),q(az,- — n),
v qar, =)}z = {qin+ay,-),qn+az,),...,qn+ar,-)},., is a frame for the closed
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subspace Vj of L*(R). Hence, there exist two constants C; and C,, 0 < C; < C, < oo such
that

CIFIP < S S+ aw )= SIfe+ a0 <GlFIE, VfeVe  @5)

nezZ k=l neZ k=I

By (4.3), we have

callf’ < X il(fﬂ?(" ract 6N =3 ilf(" +ae+60) " < DG fI%. (46)

neZ k=1 neZ k=1

Then, {g(n+ a1 +67,%),q(n+ax+63,%),...,q(n+a, + 06}, }n is also a frame for the closed
subspace Vy of L*(R). So, there exists a dual frame {s;(- - k) : 1 < i < r,k € Z} of
{gin+a;+067,-):1<i<r ke Z} such that

FO =3 S Fn+ am+65)smlt—n) (47)

neZ m=1

for any f € V. O

Theorem 4.2. Let {¢;i(-—k) : 1 <i<r k € Z} bea frame for Vy with bounds A and B. Suppose that
(¢i) L(pj) foralli,je{1,2,...,r},i#], and ¢;, 1 <i<r are continuous such that

sup Y. S| ¢i(t - k)|* < +oo. (4.8)

teR =1 kez

Moreover, suppose that there exist constants A; and B;, 0 < A; < B;j < +oo such that

Aix,, (@) < |9} (w)| <Bixg, (w), ae weR (4.9)

If there exists a sequence {6}, :ne€ Z,m=1,2,...,r} and a constant 0 < 6 < 1 such that

zr; S |fn+am+6p) - fn+ an)|* < 922 S |fn+ am)|* (4.10)

m=1neZ m=1neZ

holds for any f € Vi, then, there exists a frame {S,,,(t) : 1 < m < r,n € Z} for Vy such that for any
f eV

f#) =D, D f(n+am+67)smn(t) (4.11)

nezZ m=1

holds, where the convergence is both in L*(R) and uniform on R.
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Proof. 1f

N N fn+am+6L) - fn+an)|? <Y S| f(n+an)|, (4.12)

m=1nez m=1nezZ
then

(1-6)> Slfn+an <3 S 1ftn+an+63)
m=1nezZ m=1nez
(4.13)
< (1 +92)Z S\ f(n+am)|.
m=1nezZ

By Theorem 4.1, we get the desired result. O

5. Perturbation of Uniform Noninteger Sampling in
Shift-Invariant Spaces

Our objective is to find explicit formulas or algorithms to calculate the ranges of the
perturbations of uniform noninteger sampling in shift-invariant spaces. In order to establish
the algorithm for perturbations of uniform noninteger sampling for frame in shift-invariant
spaces, we need to introduce the function class Lﬁm[a, b] (A >0, 0 € [0,1), 0 € [a,b] C
[-1,1]) defined and used in [10].

Definition 5.1. Lﬁm[a,b] (A > 0and o € [0,1), 0 € [a,b] C [-1,1]) consists of all the
measurable functions f, for which the norm

~ sup Sklf(k+o+r0) - f(k+0)| .

T (5.1)
{re}Clab] sup, |kl

I1f

L4, [ab]

Theorem 5.2. Let {¢i(-—k) : 1 <i <1,k € Z} be a frame for V,y with bounds A and B. Suppose that
there exist constants A; and B;, 0 < A; < B; < +oo such that

AiXE,, (w) < $;‘(w)| < Bixg, (w), ae weR (5.2)

Moreover, suppose that (¢;) L (P;) foralli,j € {1,2,...,r},i#j,and ¢;, 1 < i < r are continuous
such that

supzr: 3 ¢i(t - k)|* < +oo. (5.3)

teR =1 kez

Then, for any {61} C [-60,00] N [a,b], 1 <m <r,n € Z, thereis a frame { Sy, } of Vo such that

f&) =D f(n+am+65)sm(t—n) (5.4)

neZ m=1
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holds in L*(R) for any f € Vy if

1/2 1/1
6o < [ ——C . (5.5)
Zm:l ”‘ibm L3, [ab]

Proof. Notice that {¢;(- —k) : 1 <i < r,k € Z} is a frame for V), then, for all f € Vj, there
exists a square summable sequence {c?,} such that f =3, ., 3" _| " ¢,u(- —n) holds in L?(R).
Similar to the argument of Theorem 5 in [10], let

A=Zi|f(n+am+6:’n)—f(n+am)|2

neZ m=1

2

Zi Zicf(¢i("+am+5ﬁl—k)—¢i(n+am—k))

neZ m=1|keZ i=1

> ZZZZZcfc;(@(nmmw;—k)—¢,»(n+am—k)) (5.6)

neZm=1kez i=1 leZ j=1

X (pj(n+ay+06,,—k)—¢j(n+ay-k))

= ZiZicﬁ‘c}Z i<¢i<n+am+6fn—k> — i(n+ ap—k))

kez i=1 leZ j=1 neZ m=1

X (pj(n+ am + 6, —k) - pj(n+an—k)).

Take

aiy = 3 S (i + am + 8~ k) i+ am - K))
neZ m=1 (57)

x (pi(n+ am + 6y, — k) — pj(n+ a, —k)).

Then, ax,i;; = aijx; holds forany k,l € Z,1<1i,j <r,and

r

1 T T 2 T T 2
= E |ak,i;1,]~| <C1k> + (Z Zlakri?lrj |> (Cﬁ) (5.8)
kez i=1 \ leZ j=1 leZ j=1 \keZ i=1
2 s 2
|ak,i;l,j|> () < < sup Y Zlak,i;l,j|> > > ()"
=1 kezl<i<r jez j=1 keZ i=1

1l

P

m

N

-

11 ~
—
{—\
m

N

-

] ~
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Moreover

sup S Slaril < sup XSS S i+ an + 60— K) - diln+ ay— k)|

keZ1<i<r ez j=1 keZ1<i<r €7 j=1 neZ m=1

X |Pj(n+am+065—1)—Pj(n+ay-1)|

= sup Zzr:|¢i(n+am+6:,’1—k)—¢i(n+am—k)|

keZ1<i<r neZ m=1 (59)

x 33 |pj(n+ am + 65 —~1) — pj(n + am —1)|

leZ j=1
2
n 2
am[a,b]> <sup|6m| >
n,m

< (z’:lnqsm

Hence

<

2 2
[ab]> <sup|6fn|1> . (5.10)

From the argument in Theorem 3.6, {q(n + a;,-) : n € Z,1 < i < r} is a frame for the
closed subspace Vj. By (3.25), then

EDWNC )<Z||¢m

S Sfmra)f=3 S+ a2 ClfIP 2 cgufni- (5.11)

i=1 nezZ i=1 nezZ

Again from the proof process in Theorem 3.6, obviously,

I£ill1P > D1 fo gilk + ai, ) |

kez
= 2ol
kez
2

Z ch(,bz (k —lkw

keZ leZ

¢1Z

kezZ

ZA%ZW

keZ

23r (5.12)

*

2

*
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holds, where || f||, is defined by

20T 1/2
”f”*:(L If(t>|2> : (5.13)

then

r

S Sl = CMin{a2, 43, 42) 3 3 ()’ 514

i=1 neZ i=1 keZ

By Theorem 4.2, we only need to show that

, 2 2
<Z | ¢m | Lgm[u,b]> <Supl6,’i1l*> < 6°C. (5.15)
m=1 nm
This is exactly implied by (5.5). We get the desired result. O

6. Conclusion

Multiwavelets have orthogonality, regularity, short compact support, symmetry, and high
approximation order. It is not possible in the scalar wavelet case. In our paper, we study the
sampling theorem for frames in multiwavelet subspaces and obtain the sufficient condition
under which the regular sampling theorem holds. Notice that the measurements may
not be made at uniform points; we establish an irregular sampling theorem for frame in
multiwavelet subspaces. Finally, an estimate for the perturbations of regular sampling in
shift-invariant spaces is derived.
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