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The Bethe-Salpeter wave function x(g” + P, ¢") for two spin-1/2 quarks bound by the exchange of a scalar
meson is examined in the ladder model. We seek the behavior of x as the squared momentum, (g + P)? on
one leg becomes infinite while the squared momentum, g2 on the other leg remains fixed. This behavior is
investigated by making a Wick rotation, expanding x in partial-wave amplitudes x}(g?) of the group O(4), and
then looking for the rightmost poles of x’(g?) in the complex J plane. Our results verify (in the ladder model)
the useful hypothesis that the locations of these poles are independent of ¢ and can thus be computed in the

g*— o limit by using conformal invariance.

1. INTRODUCTION

In this paper we study the Bethe-Salpeter bound-
state wave function for a pion, considered as a
bound state of two spin-3 quarks:

Xasl@ +P7,0)= [ dx x| TP OFE N P)

(see Fig. 1). We adopt the Bethe-Salpeter ladder
model with scalar-meson exchange as a model for
the binding interaction between the quarks (see
Sec. II). The ladder-model kernel is not expected
to be a quantitatively close approximation to the
full Bethe-Salpeter kernel in a g fib¢ quantum field
theory. However, we are interested only in the
qualitative features of the wave function in certain
large-momentum limits. For this purpose the
ladder-model integral operator is a useful re-
placement for the full integral operator in the
Bethe-Salpeter equation because (1) it is simple,
and (2) it shares with the full integral operator
the property of having physical (= canonical +
anomalous) dimension exactly zero in the large-
momentum limit.! Thus one can reasonably hope
that the ladder model gives qualitatively correct.
information about large-momentum limits of the
wave function in a g Jiy¢ theory and, more impor-
tant, that by studying the ladder model one can

FIG. 1. The Bethe-Salpeter wave function.

glean some hints about how to extract the desired
limits from the full Bethe-Salpeter equation. (One
might even hope to learn something about asymp-
totically free gauge theories, which are likely to
prove more relevant to the real world than scalar-
exchange theories, but we restrict ourselves here
to the scalar-exchange theory in order to avoid
problems associated with gauge invariance.) We
seek two pieces of information about x(¢” +P", g¢").
First, we wish to know how x behaves in the
“short-distance” limit g2+, (q+P)2~=, ¢/
(g +P)?=1. This short-distance limit was treated
in some detail in a ladder model by two of the
present authors? and in model-independent anal-
yses by Callan and Gross?® (using the renormali-
zation group) and by the present authors* (using
the operator-product expansion). Thus we will
give only a superficial treatment of this limit
here. The second, and much more elusive, piece
of information that we seek is the behavior of x as
(g +P)?— > with ¢° fixed. This information is im-
portant, for instance, in determining the behavior
of the pion form factor F(Q?) for large @2%%5
The behavior of x when (g +P)? and ¢* are both
large compared to the mass scale of the theory
but (g+P)*>>¢® can be determined by using con-
formal invariance without resorting to the ladder
model (see Callan and Gross,® Menotti® and, for
a more detailed treatment, Ref. 4). However,
conformal-invariance arguments do not apply
when ¢® is not large. When faced with this diffi-
culty in a calculation of, say, the pion form fac-
tor,**5 one has been forced to adopt the confor-
mal-invariance result even for finite ¢® and hope
that the dependence of x on (g +P)? is the same
for finite ¢® as it is for large ¢2. Our purpose
here is to show that this hope is justified, at least
in the ladder model.

The limit (g + P)? -« with ¢? fixed is difficult to
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2634 GOLDBERGER, SOPER, AND GUTH 14

attack:directly, even in the ladder model. The
reason for the difficulty is that ini this limit the
vector ¢g* must be large and point very nearly
along the light cone. However, one does not have
very good control over the Bethe-Salpeter kernel
when the momenta involved are nearly lightlike.
Accordingly, it is found helpful to first make a
Wick rotation of the momentum ¢* and the loop
momentum in the Bethe-Salpeter equation. In the
Wick-rotated, Euclidean world the momentum in-
tegration is well behaved. It is, of course, im-
possible to take the limit ¢+ P — with ¢* and

P? (=-M?) fixed while remaining in the Euclidean
world. However, one can learn about this limit
by expanding x in certain functions G§ of cosf=q4*P
(see Sec. II):

4
x(@ +P%,q")= i: S xie)GHG, P).

I=0  §=1
(These functions are appropriate representation
functions of the rotation group in the four-dimen-
sional Euclidean space.) One can analytically con-
tinue the Bethe-. 2lpeter equation into the complex
J plane and thereby locate (Sec. III) the rightmost
poles in the J plane of the partial-wave amplitudes
x%(g®). These poles determine the behavior of
x(¢’ +P?,q") when cosf =[(q +P)? - ¢°~ P?)/
(2éMq) -~ with ¢® fixed, as one sees by perform-
ing a Sommerfeld-Watson transformation on the
sum, as explained in Appendix A.

One should perhaps note that this translation
from the variables J,¢® back to the momentum
variables (g + P)?,¢® is not necessary for the pion
form-factor calculation of Ref. 4. In that calcula-
tion one also avoids evaluation of a Minkowski
loop integration with large, nearly lightlike mo-
menta by making a Wick rotation and expanding
in O(4) eigenfunctions. The J-plane poles of the
pion partial-wave amplitudes then emerge as
divectly relevant to the asymptotic behavior of
the pion form factor.

The paper is organized as follows. In Sec. II
we introduce the O(4) expansion of the wave func-
tion and rewrite the ladder-model Bethe-Salpeter
equation using the variables J,¢% In Sec. Il we
use the Bethe-Salpeter equation to examine the be-
havior of the partial-wave amplitudes for large
q®, determining both the powers of ¢° that occur
and the locations J,(~) of the J-plane poles in the
q% - limit. In Sec. IV we turn to the more diffi-
cult problem of determining the J-plane structure
of x%(g®) for finite g®. We find that x%(q? still has
poles for finite ¢* and that the positions J,(¢?) of
these poles are independent of ¢° and are in fact
the same as the pole locations J () found in the
g® =~ limit. We also find that the residues as-
sociated with these poles have a simple property

that is needed in the form-factor calculation of
Ref. 4. These conclusions are stated more fully
in Sec. V. The connection between J-plane poles
and large- (g + P)? behavior, via the Sommerfeld-
Watson transformation, is explained in Appendix
A. Certain technical details of the problem of
locating poles are explained in Appendix B.

II. THE LADDER EQUATION AND ITS O(4) REDUCTION

We consider a model in which the “pion” is a
mass-M bound state of a spm-z quark of type A
and a spin-3 antiquark of type B. The object to
be investigated is the Bethe-Salpeter wave func-
tion®

Xas @+ P, @)= [ dx el x0| TP OFP @} PY.
(2.1)

Here |P") is the one-pion state, with P?=—-M?2,
(Our notation’ is that of Ref. 4.)

The wave function obeys the Bethe-Salpeter
equation illustrated in Fig. 2, where S™! is the
full quark inverse propagator and K is the full
two-particle-irreducible four-quark amputated
Green’s function in, say, a g¥y¢ field theory.
Of course, we are unable to deal with the full
equation, so we adopt the ladder approximation
in which S-! and K are replaced by their lowest-
order forms in perturbation theory. The resulting
equation is

(if +iP +m)x(q" +P",q") (i +m)

d*k B
5 [ G )

(2.2)
as illustrated in Fig. 3. Here the vectors ¢” and
P’ have been Wick-rotated® to Euclidean values
q*=iq¢° and k*=ik° real. The vector P* has not
been Wick-rotated since we must keep P?=—- M2,
Thus we take P*=¢M, P'=P2=P3=0,

Let us expand x in representation functions of
the four-dimensional rotation group, O(4), as ex-

<=

FIG. 2. The full Bethe-Salpeter equation.
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FIG. 3. The ladder-model Bethe-Salpeter equation.

plained in Refs. 4 and 2:

x(q"+P”,q")as=i ixf,(qz)cf,(a")w. (2.3)

=0 4=1
The functions G¥ are
GY =iy (- ZiM)J{a"I ooe aul}{ﬁ“. .o ﬁ“.r}
= dyy(~iM)’U (P ) ,
G% = ~ilyy, v Plya(-2iM) (g 2 + =+ §#7-19°}

x{B, +=+B, P}

By
N B . 1 p. A
=3 [q, Py L onB-9), (2.4)
G3 =y y (- 2M){g 1 ++ 'a“"l}{ﬁu»;' uﬁw-;ﬁ“}
I g 5.4 p. g
= (—ZM)Jj[P')’aU'J(P'Q)— a/)'sufr-l(P'q)] ’

G4 = '270:75(‘27:1‘4)"{‘;“1 s ‘;“ ’&a} {Pul‘ : .PH.I}
R 1 ~ A A ~ A A

= .-(_zM)Jm [d’)’sUfzu(P‘ q) - P75UG(P'11)] .
Here §*=¢"/(¢*)"'? and P¥= (B, P2, Po, P4)
=(0,0,0,1)." The braces {} indicate that the
traceless symmetric part of the tensor inside is
to be taken.® The function U j(cosf) is the Cheby-
shev polynomial®®

sin[(J +1)8]

U ,(cosb)= Sind

(2.5)
and U, =dU,/dcosb. As explained in Ref. 2, these
functions are eigenfunctions of the O(4) Casimir
operators (acting on ¢” and the spinor indices)
with eigenvalues (J,,J;)= (3J,3J).

It is a straightforward exercise to transform the
Bethe-Salpeter (BS) equation to the O(4) angular

1. ., 1J+2
3 37 M
1J-1,, 1=+,
4 | T2+ “3T I+ 9
=
0 0
1 J 1J+2
T 3T ™

momentum representation by inserting the O(4)
expansion of the wave functions into the momen-
tum-space BS equation and matching the coeffi-
cients of G%(g) on both sides of the equation.

For the left-hand side of the BS equation one
needs to work out the matrices a;,b;,c; defined
by

(if + 3P +m)G4(Q) g +m)

4
= > [Gh..@a5 (@) + CH@DY @) + G4, @) @)
k=1
Notice that only G’s with angular momentum J -1,
J, and J+1 appear here, since the inverse prop-
agators carry only one unit of angular momentum,
that is, one factor of P*. This is a special feature
of the ladder model.
For the right-hand side of the BS equation one
needs to carry out the angular integration. The
basic integral for this purpose is'

{gul. . .ﬁuL}
wd "
@m) fdﬂ" (g-k)2+u2

1

I T € 75 § I7J TR PR 1)
—Sﬂzqk(L+1)e {g#1e e+ g4 1},

where w=w(g, %) is defined by

q2+ %+ w?

cosh[#d (g,k)]= Sk

, w>0, (2.6)
Thus the functions G are eigenfunctions of the
angular-integral operator with eigenvalues deter-
mined by the number L of ¢’s in G%(q) (L=J +4,
with 4,=4,=0, A,=-1, A,=+1). Having done the
angular integration, we are left with an integral
operator that acts on the partial-wave amplitudes
x%(%%). Let us call this integral operator T':

[TLh](qz)Eiz‘%%ﬂ—l)—: f mdkle;e""*”“’h(kz). 2.7

The resulting BS equation for the partial-wave
amplitudes is

4
0= Z AL x b +BIXE+CI XYL, (2.8)
I=1
where
Tilya, o |
—_— M2 0
0 0
—-M?%q 0
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[ mPrq*- T, 0 0 0
2 2 J
0 m?—-q?-T, - 2mq —2—=—1mq
J+1
BJ'= )
J+2 2 2 JI+2) ,
0 Jaime om ..J+1.--T',‘_1 _—(71—1—)511
2 2 2
L 0 mq -4 m +J+1_TJ+1
-3¢ 39 O m
c,=| ~t9 q¢ Om
m —-3m 0 ¢

o
o
o
o

Notice that the integral operators T'; have been
incorporated into the matrix B;; T f means
[T, flg® as specified in Eq. (2.7).

IIl. SOLUTION FOR LARGE ¢2

The large-q? behavior of x%(g? can be investi-
gated by a simple heuristic method if one is will-
ing to accept as an ansatz certain information
about the general structure of x%(g? that is ob-
tained from a more thorough analysis.? This anal-
ysis shows that x% (g% is a linear combination of
certain elementary amplitudes x%(g®, ) labelled
by an index a:

X5@)~ Y claxi@?,a). (3.1)

o

The elementary amplitudes have the form

N

xi@®,0)~ Y D al(a,N,1)(ing)! g ot I-N
N=0 =0

(3.2)

The “~” in these equations indicates equality
term by term in an asymptotic expansion about
g®>=%. Each of the elementary amplitudes is an
independent solution of the BS equation order by
order in the large —g® expansion. The power
s(a) is determined by a consistency condition, as
we will see. The coefficients a’(a,N,l) for a
given N=N; and J=J are determined by the coef-
ficients for N=N,, 2J +N=2J,+N,. Thus any
given coefficient can be computed (in terms of a
starting coefficient) with a finite amount of com-
putation; we will compute the coefficients
ai(a,0,0) in closed form below. The large-¢°
analysis determines the elementary amplitudes
to any desired order, but does not determine
what linear combination of the elementary am-
plitudes occurs in the complete wave function
x%(¢®). The required ccefficients ¢(a) in Eq. (3.1),

r

as well as the bound-state mass M, are pre-
sumably fixed by demanding suitable infrared be-
havior of x%(¢?).

We will be interested only in the leading be-
havior of each elementary amplitude as g%~
with J fixed, that is, the N=0 term in Eq. (3.2).
This leading part of x%(a,¢®) can be obtained by
inserting the ansatz

x5(q®) = abq st (3.3)

into the BS equation and demanding that the egqua-
tion be satisfied to leading order in ¢ (that is, to
order g-*=s-7).

When the integral operator T, is applied to the
function f(k)=%"3"s-7, the leading behavior of the
resulting function is

e~ E2T5 [ a5, 4]0y

(g/27)

A ey e ey L B (3.4)

(A subtle point connected with this integral is ex-
plained toward the end of Appendix B.)

We now insert the ansatz (3.3) for x%(g®) into the
BS equation (2.8) and use the result (3.4) for T,x.
The leading terms are of order g~1~*~7; we demand
that the coefficient of ¢='~*J vanish. (We are not
concerned with the coefficients of nonleading pow-
ers of g since we wish to determine only the lead-
ing terms in the wave function.) Several terms of
the matrices B; and C;_, can therefore be neg-
lected, as can the entire matrix A,,;. The result
is

4 ~
0=>" (Bial+Citdl ). (3.5)
I=1

The matrices B s and ¢ s have a block diagonal
form
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where
(g/27)° 0
T+1)2- (J+s)2
( 1. (g/27)
(J+1)2= (T +s)?
(g/2m)? J(J+2)
J+1 TJI- (J+8)? T (T+1)2
1 (g/2m)?
J+1 (J+2)2= (J+s)?
C'l'= -% +% ’
—% +%

(9}
1

1]

[= I -]
(=R
SN——

A. Eigenvalue condition for the exponent s

The large-q® BS equation has been derived for
J=2,3,.... For J=0 and J=1 there is a techni-
cal difficulty due to the fact that there are no basis
functions G¥ for J=-1 and also no basis functions
G%,G3 for J=0. Thus the partial-wave amplitudes
x!,, x2, and x5 are as yet undefined. Apparently,
the BS equation (2.8) and its large-¢® form (3.5)
remain true for J=0 and J=1 if we define i, =x2
=x3=0 and thus also a};=a2=a3=0.

Since a_, =0, Eq. (3.5) for J=0 implies that
either a,=0 or Bya,=0. In the case a,=0 the equa-
tion for J=1 implies that either a,=0 or B,a,=0.
Continuing this argument, we conclude that there
must be some integer j, such that a_;=a,=" **
=@y = 0 but

a’J°¢ 0, (3.7)
Bjjoaf,o =0.

The eigenvalue condition (3.7) implies that the

expgnent s must be chosen so that the determinant

of B,,-0 vanishes. As we will see, there are four
J

[20(1-5)+1-s2][2d(1 =s)~ (1 —5)?]

(3.6)

solutions for s, and four corresponding indepen-
dent solutions of the large-¢® BS equation, for
each choice of J,.

B. Solution of the large-g2 BS equation

The large-g® BS equation (3.5) is a rather simple
linear recursion equation and can be easily solved
in closed form. To solve it, one first notes that
because of the block-diagonal form of B and C Je1s
the equation breaks up into two 1ndependent equa-
tions, one for the two-dimensional vector (a%,a?%)
and one for the two-dimensional vector (a%,a?%).
(Chiral invariance as g°~* is responsible for this
simplification.) Each two-dimensional equation
can be further simplified by noting that the ma-
trices ¢, are singular. Thus, for instance, the
two- d1mens1ona1 vector (a%,a J) aP=-, ) tc.af,
must lie in a certain one-dimensional subspace:

a® =g ( (J+1)2- (J+S)2+(g/21r)2)
J J .
—(J+1)2 4+ (J+s)2+(g/2m)?

The coefficients o, are then seen to obey a certain
(one-dimensional) linear recursion equation:

BT =) +1-s2- (g/2m)? I (L~ s) +1 s+ (g/2mE] * /"

This recursion equation is evidently solved by a
combination of four I" functions. The solution of
the equation for (a%,a%) proceeds along similar
lines.

-
Let us examine first the solution for a? with

(@%,a%)#0. One finds (after choosing a convenient
T d
normalization)
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T(J+3s +)T(J+35 +3)

ab:l"(J+§s +3 - (g/2m)2/2(1 —sNI(J + 3s + 5+ (g/27)%/2(1 - 5))’

[(J+3s +3)T(J+3s +3)

(3.8)

2
a;

3
a3=0,

4
a%=0.

The value of the exponent s can be chosen so that
al, ,=a% ,=-++ =0 by choosing s such that
0 [}

Jo+ 35 +3—(g/2m)?/2(1 =s)=0 (3.9)
or
Jo+ 35 +3+(8/2m)%/2(1 - 5)=0. (3.10)

The first choice gives a} =const X (1,0,0,0), while
the second choice gives af,oz const X (0,1,0,0).

There is no O(4) function GZ, so the second
choice is physically possible only for J,=1,
whereas the first choice is possible for J,=0. [In
addition, charge-conjugation invariance in the case
of aw® or G parity in the case of a 7* limits J; to
the values 0,2,4,...in the case of the (1,0,0,0)
solution and to the values J;=1,3,5,...1in the case
of the (0,1,0,0) solution.?]

Equations (3.9) and (3.10) are quadratic equations
for s. Each has one root that lies near s =1 when
g<<1:

3=[(Jo+1)2- (g/z'”)z]l/z—‘]o (3.11)
for a; o« (1,0,0,0) and
s=[(Jy+1)2+(g/2m)2 /2 J, (3.12)

for ay = (0,1,0,0). Each of equations (3.9) and
(3.10) also has a root that lies near s =-1- 24J,,.
We reject this root as unphysical since it implies
an unacceptably singular large-g® behavior of the
BS wave function.? [For instance, the unphysical
root leads, using the methods of Ref. 4, to a pion
form factor F(Q?)~ (Q%)70, with subtractions re-
quired to regularize the form-factor loop integra-
tion if J,=1.]

We now turn to the solution for a¥ with (a%,a%)#0.
One finds after a certain amount of algebra (and
the choice of a convenient normalization)

1 _
a;=0,

2
a%=0,

(3.13)

1 (g/27)" .
“3f=[J+1‘ 22 —s)(J+1 +§s)]““

PaRACE. 1+3s)T(J+2+3s)
TTT(T -, 6NT(T-F.6)) ’

where

TTT(T+Ls 1 L- (g/2m)2 /2L —sHINJ+ 35 +3 + (g/271 ) /2(1 = 8))’

fils)==2-3s
£3{1 +[(g/27)*/s (2~ 5) ][4~ (g/27)[1/2.

The value of the exponent s is to be chosen so that
aj #0; af,o_1=af,0_,2= + « +=0, where, for G-parity
reasons, J, can be 1,3,5,.... Thus we choose

s to be a solution of

fi8)=dy-1. (3.14)

There are four solutions to this equation, as shown
in Fig. 4. As before, we reject the solutions with
s <0 as unphysical. This leaves two physical solu-
tions, one with s =0 and the other with s =2. We
here record these roots in closed form for the
sake of concreteness:

s=(z(J+2)*+3J2
+3{[(J+2)2 - J2P - 4(g/2m)2[4 - (g/2m)2] 1/ 2) /2
~dJ. (3.15)

It should be mentioned that, using the methods
of Ref. 4, one also discovers elementary ampli-
tudes x%(g%, @) with certain integer values for the
exponents s(a): s(x)=5,6,7,.... The heuristic
methods used in the present discussion are not
sufficiently powerful to find these solutions easily.
However, since these solutions fall off so quickly
as ¢° -, we will not need to be concerned with
them.

-4

FIG. 4. The functions f,(s).
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C. Behavior of the solutions in the complex J plane

In the next section we will discuss the amplitudes
x%(g?) as analytic functions of J and will look for
their poles in the complex J plane. As a prelimi-
nary step, let us notice that the explicit solutions
for the large-q® coefficients a? are meromorphic
functions of J, with poles at certain locations in
the left-half J plane.

The solution (3.8) with (a%, a3)# 0 has its leading
(that is, rightmost) pole at

J=—t-3s.

(3.16)

Since s =1 for small coupling constant, this pole
is approximately at J=-~1. Further poles and
double poles are located at J=-3 - 3s — N for N
=1,2,....

The solution (3.13) with (a%,a%)# 0 has its leading
pole at

J=—1-1s. (3.17)

In the case of a solution with s =0, this pole lies
near J=-1. The case of a solution with s =2 will
not be of much interest for us since the leading
pole of such a solution af lies further to the left,
near J=-2. Further poles and double poles are
located at J=-1-3s — N for N=1,2,.... It is also
of interest to note that the pole at J=-1-3s is a
simple pole of a% but a double pole of a3.

IV. POLES OF x}(4?)

In the previous section we wrote a large-g® as-
ymptotic expansion for the partial-wave ampli-

tudes. We found the leading powers of ¢® that oc-
cur and, in addition, discovered poles near J=-1
in the coefficients a? of the leading terms of the
large-q® expansion. Here we turn to the more dif-
ficult question of whether these poles persist in
the full amplitudes x%(¢?).

A. Rearrangement of the BS equation

We begin with the full ladder-model Bethe-Sal-
peter equation (2.8):

4
0= > (A% X5 +BixG+CHxb.) .
I=1

This three-term recursion equation can be re-
duced to a two-term recursion equation because
the matrices A and C are highly singular. We
first multiply the equation by the vector £f,,
=(1,-1,0,0). This vector annihilates the matrix
C .., so we obtain an equation involving only X ,,,
and X ;. Similarly, multiplication by &{,,
=(J,J+2,0,0), which annjhilates A ,,,, gives an
equation involving only x; and X ;.,. Two more
two-term equations follow by multiplication by
£{;y=(0,0,1,0) and by £4,,=(0,0,0,1). As a result
we obtain four equations, which can be written in
matrix form as (after some relabling of the indices

J)

4
> (D X + B =0, .1)

i=1

where

J+1 ., J+3 . o 5
(J+1)m?+q*-T,,,) (J+3)mP—q*=T,,) —(J+3)2mgq —(—Ji%zit—Qqu
D, = ) R
J+3 . q° (J+1)(JT+3) ,
0 Tra" m-F3- Ty ~T(gsr ¢
J+11 ., J+31 2
T2 23 -Mq 0 i
B J
2 2 2 2
m?+q*-T; -m?>+q*°+T; 2mq ——J+12mq T
E.- —(J+2)q (J+2)q 0 (J+2)2m
;=
zm -m 0 q
q2
0 mq -¢* M5 g-Trm

We will want to use the Bethe-Salpeter equation to compute x,, given x,,,. Thus we rewrite Eq. (4.1) in

the form



2640 GOLDBERGER, SOPER, AND GUTH 14

4
Xb= 20 F¥ X s *.2)
j=1
where
F;=-E;"Dy;,, .

The matrix E;™, and thus F;, can be calculated and written in closed form. This is a remarkable stroke
of good fortune, since the matrix elements E¥ contain the integral operators T, and T,,,. Fortunately,
however, E ;! turns out to contain positive powers of these operators only.!?

When computing E™ and then F =~ E™D one must be careful of operator orderings. Let us write T, for
the integral operator defined in Eq. (2.7) and f(g) for the operator that multiplies by the function f(g). Thus,
for instance, with f(g) = (¢*+m?®)™ we write T(¢®+m?)™ for the combined operator

: 1 _(g/2n)? oL+ Dwlk,q) 1
[TL rm? } T2(L+1) —[ *T e ) -

With this notation, the matrix elements of F; are

FE= 2({J++32)) ‘1] [ 2o mPe M2t qz-:mz qTyq+ g(;;;gn:-{;—z”—rhﬁ' ?}n?(qTJq—mThlm)E{m_z TJ-;-].] s

Fr= (JWIZ){_(‘H -2 q2+1m2 Tyt q +1m ¢11T"“q+(J+2) 2 1m (TJ+ 1 T"”q>5§+1—m2TJ] ’

FZ=_ 5((%7{_%3 [qz —-mP+M?~ ?:17[2 qT zq - q;;j:f Troa+ qz:mz @T; q=mT z,,m) qT_,_lm_zTJu] )

F§3=m[j']——$— qumz Trt J-er 7 +1m ;T’*IQ+Flrn_2<T" 611T"“q>q lm T"]

Fy=- 2(2.71:-12)) ”{gﬁ; - qz+1m2 21]_ 79~ (?j:f))q2+lm2 Trut q2+1m2<21i T"q+T"*‘)ZF_+17n_2TJ*1J ’
+ q2+m2 (mT ym “ITJHCI);:%‘V;FTJ};

o W;(%—WQThlq),
Fi= 2(2(7]':12)) ( 1+q2—+}‘7n_2TJ+1>’
Fp= oo ZJZ—JF‘I—M—ZTJ,

J+2)



B. Analytic continuation

We have defined the partial-wave amplitudes x*
for positive integer values of J and have written the
Bethe-Salpeter equation in a form in which it re-
lates x; at J=Nto x; at J=N+1: X;=F;Xsu1-
However, the definition of the amplitudes x;, can
be extended to include complex J by writing x(g?)
as an integral over (q +P)? of the discontinuity of
x(¢" +P?, ¢*) in the mass (g +P)* of one leg.* The
amplitudes so defined are analytic functions of J
in the right half plane and have singularities in the
left half plane at locations determined by the rate
of fall off of the discontinuity of x as (q+P)*~ «.

One notices that the matrix F; in the Bethe-
Salpeter equation, as written in Eq. (4.3), is an
analytic function of J. Thus it is sensible to as-
sume that the amplitudes x’ continue to obey the
equation X, =F;xs, , for complexJ. In principle
one should rederive this equation for complex J,
using the definition of x% for complex J given in
Ref. 4. We have not carried out this program in
detail, but we have verified the crucial step: Let
¥(gv, @ + P”) be a scalar wave function that satisfies
a dispersion relation in the variable (¢ +P)* and
define

4
P (q", qv+PV)=ng {%}%mw(ku’ ku+Pv) )
One can insert the dispersion integral for ¥ on the
right-hand side of this equation and calculate the
(¢ + P)? discontinuity of the output function ¢’ as an
integral over the discontinuity of the input func-
tion . If one then projects the partial-wave ampli-
tude ¢ for complex J according to the definition
of Ref. 4, one finds

@) =1T;0,1(0% ,

where T; is precisely the integral operator that
appears the Bethe-Salpeter equation [ see Eq.
2.1m].

Also, the results of the previous section make
it evident that the analytically continued x% obeys
the Bethe-Salpeter equation with the analytically
continued F;, at least in the g°— = limit. Recall
that we solved the large-¢® version of the BS equa-
tion for integer J and obtained an explicit solu-
tion involving I' functions for the amplitudes a¥.
The solutions are meromorphic functions of J and
are bounded by powers of ]J] as |J|——°° in the
right-half J plane. According to Carlson’s
theorem they are the unique functions of com-
plex J that continue the solutions for integer J
into the complex J plane and share the good |J |
- behavior of the amplitudes x} defined in Ref.
4. Finally we note that these analytically con-
tinued amplitudes do satisfy the large-g¢® BS equa-
tion (3.5) for complex as well as integer J.
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C. Sources of poles

We wish to locate the leading (i.e., rightmost)
singularities of x}. As we will see, the singulari-
ties are poles and the leading poles occur near J
=—1. How do these poles arise? To see the basic
mechanism, let us examine one term in the equa-
tion x;=F X z41:

L J+1 1 1
Xi= 3572 Fam? TrqXser*t* " -

In more detail, this term is

10,2y~ (g/ZTT)2 1 ® Ze_z ~(J+1)wy, 1
XJ’(q )“ 4(J+ 2) qz_'_mz ‘/Q- dk q e kXJ+1(k)
+eee (4.4)

where, we recall, coshw= (¢?+k%+ 1%)/2gk. There
are four possible sources of poles evident in this
equation.

First, x4,, could have a pole. If x%,, has a pole
at J+1=dJ,, then x} will have a “daughter” pole
at J=J,-1. However, let us look for the leading
poles of x%; that is, poles that are not daughters
of other poles one unit to the right.

The second evident source of a pole is the factor
(J+2)™. This possible pole is too far to the left to
be of concern to us, but in other terms in F;x,,,
one finds factors (J + 1) that could produce poles
at J=-1. We will argue in Appendix B that these
pole factors at J=~1 are canceled by zeros as-
sociated with the wave function at J=0. Thus
there are no poles precisely at J=~1.

The third possible source of poles is the pos-
sible divergence of the integral at its 2—0 end.
We show in Appendix B that no such infared poles
occur near J=-1.

Finally, we turn to a mechanism that does pro-
duce poles in x}: the k integration can diverge at
the ultraviolet end. For large &, exp[— (J+1)w]
behaves like (2/¢)"/*'’. In Sec. Il we found how
X5, 1(¥?) behaves as k—: it is a sum of terms of
the form

1 2\ ~ 1 ~3=-s5=(J+1)
XJ+1(k) aJ+1k B

where the smallest possible values of s lie near
s=1. Each such term in the asymptotic expansion
of x%,, leads to a pole term in the integral on the
right-hand side of Eq. (4.4):

(g/z,”)z 1 ® E E>-(J+1) 1 =3-s=(J+1)
4(J+2) g?+m? J, qu q kag. ik

1 g’ g?/@n)
T 2J+s+1g%+m? 4(J,+2)

a;, .. +analytic ,

where J, = — 3 — s is the pole location. With s=1,
we have J, = -1,
Let us consider one more example of how poles
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arise from ultraviolet divergences in the BS equa-
tion. One term in x5(¢?) is
1

_ q o e
Xy=- Frme Truy Erm? TyX¥art .

The integral operator I, = T, [ ¢/(¢*+m?)] T has

the kernel

(C

I;(q, k)= 4(J+1)(J+2_)' 7{

f dP 2 e-(J-rz)w(q,P)-(J-n-l)w(P,k) s

w (P,, P,) is defined in Eq. (2.6). The limiting be-
havior of this kernel as k- = with ¢ fixed as

(g/2m)*
1T+ 1)J+2)

+ald, g)7 + 0k,

where a(J, g) is a not very simple function of J and
q. When I, is applied to a term in x3,, that be-
haves like a%,,k"% 5" /*1) for large %, the result
has a leading singularity at J=J,=-1 - 1s. Be-
cause of the Ink factor in I;(g, %), the singularity
will consist of a double pole term plus a simple
term:

I(q, k)~ g k7 Ink

1 (g/2m)* 1
T +2+s)k 4@+ 1), +2)‘1

I.fx:fhl

1
(Z—Jm s q) + analytlc

/27)?
c= 32(J:§1)1(3a+2) {[‘h’ +4- (g/ZW)Z]aJan

As ¢ —0, one would expect that x%(¢?) behaves
like g¥ where, for integer J, L is the number of
G“’s in the basis function G, that is, L=J+ A,
where A, =4,=0, A;,=-1, and A,=+1. Notice
that the small-g behavior of the residues x}(¢?)
is g’for i=1,2 and ¢g’«~* for =3, as expected.

As g ==, the asymptotic form of the residue of
x} must be the same as the residue at J=.J, of the
asymptotic form a’q 37" of x!, as given in Sec.
I, Egs. (3.8) and (3.16). It is.

The full ¢ dependence of Resx’ can be most
simply understood by defining the Bethe-Salpeter
amplitude with one leg amputated:

X(g*+ P, q") =x(g"+ P, ¢")ig +m) . (4.6)
The partial-wave amplitudes of ¥ are related to
those of x by X% =G¥x%, where G¥ is a certain
matrix given in Ref. 4. One finds that the residue

of X% at J=J, has a pure power-law dependence on
2.

q*
Res¥5(¢*)=(0,0,q"«"'C,0) . @.m
T=Tg

Thus the deviation at modest ¢? of Resx(¢%) from

It should by now be evident how the terms in the
asymptotic expansion of x%, (g% for ¢>~ = act to
produce poles in x%(g?), and how the locations of
these poles and the associated Laurent coefficients
can be calculated. We will spare the reader the
details of this calculation, and simply state the
results.

D. Poles from asymptotic terms with (a!,a2) # 0

Consider first one of the terms in the asymptotic
expansion of x%(g?) with the form a%q~3-7-° with
al = (a%, a%, 0,0) as given by Eq. (3.8) and with s
~1, as given by Egs. (3.11) and (3.12). Each such
term induces a simple pole in x}(¢?) near J=-1 at
J=J,=-%~1%s. The residue at this pole is

J
Res xj(g%) = Res X4 (d®) = ~——f c,

=7, =7,
5 gt

Res x5 ( ———C 4.5

Py q +m2 ) (4.5)

Res x%(¢®)=0,

T=ly

where

[4J +4+ (g/271)%) % ”}

r

its pure asymptotic power law dependence on ¢?
is entirely due to the massive propagator on the
q" leg of the wave function.

E. Poles from asymptotic terms with (a3,a4) #*0

Consider next one of the terms in the asymptotic
expansion of x}(g?) with the form a’q~3-7"s, with
at=(0,0,d3, a%) as given by Eq. (3.13) and with
s~0 as given by Eq. (3.15). Each such term in-
duces a double pole'® near J=~1, atJ=J =~1

1
—~38.

The coefficient of (J+ 1+ %s)2 in the Laurent ex-
pansion of xf,(qz) about J =J,is $¥(¢%), where

. o (g/2m)*(2J,+3)
q +m 216(J,+ 1)%(J, + 2) Trar1 >

(g/2m)*
16(J, +1)%(J,+ 2)

-1 J,+1)g? —(J +2)m?
g +m?®

¥#=-q”

Xa%, .1 (4.8)
yi=0

The ¢~3" 7S terms in x}(g?) also produce single
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pole terms 7*/(J+1+ 3s) in the Laurent expansion
of x} about J=-1 ~3s. The residues 7! are cal-
culable, but we have not calculated them.

F. Contribution from daughter asymptotic terms

As we have seen, the g~%"7"s terms in x%(g?)
with s =0 produce poles and double poles at J
=—1-%s. There is another source of (simple)
pole terms at the same J. Recall from the dis-
cussion at the beginning of Sec. III that for each
“parent” term a’q~%"7"¢ in the asymptotic expan-
sion of x%(q?) there are “daughter” terms that
fall off faster than the parent term by an integer
number of powers of g (except for some possible
factors of Ing). A complete analysis of the daugh-
ter terms is given in Ref. 2, and we rely on that
analysis for the details of the present discussion.

Consider the amplitudes x%(¢?) and x%(g*). The
large-¢® expansion of these amplitudes will contain
terms a’g™3-7-%-! that are daughters of the g3~ 7-¢
terms.” According to our previous discussion of
the effect of asymptotic terms with (a*, a?) #0,
such a daughter term will produce a simple pole
atd=—%-3(s+1)==1-%s. It is possible to cal-
culate the residue of this pole term by first cal-
culating the coefficients 4% of the daughter as-
ymptotic terms, then using Eq. (4.5), but we have
not done so.

No other daughter terms in the asymptotic ex-
pansion of x%(g?) fall off slowly enough to produce
a pole near J=-1.

V. CONCLUSION

Thebehavior of the pion wave function x(g* +",¢") s
as (g +p)®— with ¢° fixed is controlled by the
rightmost singularities in the complex [ O(4)]

J plane of the partial-wave amplitudes x%(4?).
These rightmost singularities play an important
role, for instance, in determining the behavior of
the pion electromagnetic form factor as @%— «.*
The J-plane singularities of x%(¢?) can be studied
in the limit ¢® -~ < by using the requirement of con-
formal invariance at short distances: in the ¢

- limit the leading singularities are poles near

= ~1 whose locations are determined by the
anomalous dimensions of certain operators.*

In order to apply this short-distance information
to the pion form-factor problem, one is led to
adopt a simple but unproven hypothesis®*:5;

(1) the rightmost singularities of x%(q?) are poles;

(2) the positions of these poles are independent of

2,
’
(3) the residues of x%{(g?) at these poles have the
same rates of fall-off as ¢q® -~ < as do the leading
terms in the large-q® asymptotic expansion of
X5(q%)-

On this hypothesis, the pole positions of x%(q?)
at modest ¢? are just those determined by the
large-4® analysis. :

The purpose of this paper has been to test this
hypothesis in a model that is simple enough to
permit calculation, namely, the ladder model with
scalar gluon exchange. We have found that the
hypothesis stated above has survived this ladder-
model test.

(The short-distance analysis of Ref. 4 indicates
that the J-plane poles should be simple poles.
However, in a model like the ladder model in
which the anomalous dimension of the quark field
is zero, some of these poles are expected to
coalesce into double poles. We do indeed find
double poles as expected.)

In the calculation of the pion form factor using
the large-4%, conformal-invariant limit of the pion
wave function, it is found®’* that the contribution
arising from one set of poles of the wave function
vanishes. The poles involved are those at J= -1
- 1s with s=1, as given in Egs. (3.11) and (3.12).
(In the analysis of Ref. 4, these poles are as-
sociated with odd chirality operators like ¥y ) in
the operator-product expansion of two spinor
fields.) The contribution to the pion form factor
from such a pole is proportional to an integral of
the form

f ) dg® % {Res x5(g®) — Res x%(qz)] A(g®)
o] : "=Ja J.—:Ja

+Res x% (qz)B(q"’)} )
Yo

When one replaces Resyx’(g?) by its large-¢® limit
riq=3"5-Ja, one finds a cancellation because 71

- v2=9%=0. One also finds that the exact residue
will obey Resy' — Resx®=Resy*=0, thus giving an
exact cancellation, provided that

Res Xi"(q2) =H‘ij(q2)1,jq-3-s- Iy .

T=dy
Here H¥ is a matrix of a certain form?* such that
multiplication of x}(¢?) by H* corresponds to
multiplication of x(g”+P", ") s On the right by
[F(g*)ig +G(g*)]g g (Thus only the leg of the wave
function that carries modest momentum is modi-
fied.) We find that the residues of x%(¢?) at the
poles in question are related to their large-g?2
limits in the required way in the ladder model.

[ We did not investigate the behavior of the resi-
dues at the other set of singularities of xf,, those
at J= -1~ %s with s=0 as given in Eq. (3.15).]
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APPENDIX A

In this appendix we show briefly how the right-
most poles in the complex J plane of the partial-
wave amplitudes x}(g?) determine the large-(g+P)*
behavior of the Bethe-Salpeter wave function
x{¢"+P%, ¢"). Many of the techniques used here are
discussed more fully in Ref. 4.

Begin with the part of x(¢*+ P”, ¢") that is pro-
portional to y;:

X+ P, )= 3 X5 (@)ivs(= i) U, (2) , (A1)
J=0
where z=§*=43°= - ig"P,/M(¢®)* /2. To begin with,

z is real and —-1< z< 1. We wish to rewrite the
sum in a form in which the limit z -~ « can be in-

vestigated.
First let us break up U; into two parts:
Us(2)=V4(2) = V_;.,(2) , (A2)
where

[ 2+ (22 = 1)1/2] 742

Vs(2)= 20 1)1 72

(A3)

The function V,(z) is defined with a cut along the
real-z axis from z=-= to z=+1. In Eq. (Al) we
choose to evaluate V,(z) and V_;_,(z) just below
the cut. The crucial fact about V,(z) is its large-
z behavior:

V(2)~ (2z)7 asz—-=. (A4)

Next, rewrite the sum involving V;(z) by means
of a Sommerfeld-Watson transformation:

X == 3 X (@ivs(= V(@)
J=0

. . ein/Z ;
+§’Lfde‘1;(q2)l')’5mM VJ-(Z) .

(A5)
Initially, the integration contour circles the posi-
tive real-J axis from J= - i{e. However, we have
arranged our conventions so that the integrand
falls off exponentially as lJ[ —~, Thus the con-
tour can be unfolded so that it runs just to the
left of the imaginary-J axis from — € —i® to
— €+ 1%,

At this point we can let z be large and ask what
happens as z ~ <. Thus the large-z behavior of the
integral can be investigated by moving the integra-
tion contour to the left. When the contour has been
moved past a pole in y} at, say, J=J,, a contribu-
tion

(@) _ 7 1,2 ne’"al2y e q-P
Xro== zys[Rest(q )] sinmd, Vi, iMgq
(A6)
must be included in ;. Apparently the rightmost

[*3

poles yield the leading terms in the (g+ P)% -«
limit.

One must, of course, worry about the “sum”
term in (A5) and also the terms that arise when
the integral is moved past a pole of 1/sinnJ at

J=~1,-2,.... These terms cancel against one
another provided
M2 o(g®) = (1) "M Vx(g?) (AT)

for N=-1,0,1,2,.... These identities are called
the Lorentz symmetry conditions for x}. They are
discussed in more detail in Ref. 4. As we see
here they are the translation into the language of
partial-wave amplitudes of the statement that the
asymptotic expansion of x;(¢"+ P, ¢") does not
contain terms that fall off like [ (¢+ P)?]-¥"2.

In a realistic model in which all fields have
anomalous dimensions, one would not expect
[(g+P)?]-%-2 terms. Thus one would expect
(A7) to hold for all N. In the ladder model one
can have some doubt'® about the validity of these
relations for all N. We prove the validity of some
of the relations in the ladder model in Appendix B.

We have seen how J-plane poles are related to
large-(g + P)? behavior in the part of the wave func-
tion proportional to y;. One can treat the other
parts of the wave functions in an exactly analogous
manner by defining invariant amplitudes F,, F,,
F,, F, as in Ref. 4:

X(@"+P¥, q") =iy F, + il 2, |VsFy+ Py Fyt 4 v Fy.
(A8)
Each F;(q * P, ¢%) can be expanded in partial waves
f5d®):
Fi=; (=) Filg® U, () (A9)
=0

As before, the poles of i determine the large-g*P
behavior of F,;. The poles in the f% can be deter-
mined from the poles in the x% by using*

Xo=M"7f5

- J
X?;-:—(IMI J(J+2 f§+1+f3'-1>7

e et (s J o (A10)
J 2 J=1 J+1 J |

- J+1
Xs=— M J<qf; +me}“>.

APPENDIX B

In Sec. IV we found that x%(4?) has poles on the
real-J axis near J=-1. These poles arise when
the integral operators T; in the BS equation are
applied to the wave functions: for certain values
of J the integrations diverge at their ultraviolet
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ends. We mentioned the possibility of divergences
of the integrals at their infrared ends and men-
tioned the explicit factors of 1/(J+1) that occur
here and there in the Bethe-Salpeter equation.
But we claimed that neither of these mechanisms
produced poles of x%(g?) near or to the right of
J=-1. Inthis appendix we verify that claim.
First let us consider the possibility of a di-

vergence at the £~0 end of one of the integrals
in the BS equation. We first need to know how the
wave functions x%(¢?) behave as ¢*~0. One natural-
ly expects that

X5 (@®) ~Chq?* % (B1)
as ¢>-0, where A, =A,=0, A;=-1, and A ,=+1.
(For integer J, J+ 4,; is the number of factors of
g" that occur in the basis function G%.) This hy-
pothesis can easily be checked by inserting it on
the right-hand side of the Bethe-Salpeter equation
(4.2) and verifying that the same result is repro-
duced on the left-hand side.

Let us now use this result in a typical integral
from the BS equation:

[Traxy..] (@)

_ (g/2n)

® k2 =(J+Lwlg kg, 1 2
T 2@+1) fo wge “ERK () -

The factor exp[ ~ (J + 1)w] behaves like (£/q)7*!

as £~-0 and X}, ,(#?) behaves like 27*1. Thus the
integral has a possible pole at J=-3 arising from
an infrared divergence of the integration. When
one examines all of the integrals in the BS equa-
tion (4.2) in this manner, one finds that the right-
most possible infrared poles are at J=-2. Thus
these possible poles are not of concern to us.

(We suspect that the residues of the possible
infrared poles vanish, but we have not pursued
this question.)

There is one final source of poles near J= -1
that we must dispose of. The integral operator T,
which occurs in several places in the Bethe-Sal-
peter equation (4.2), contains an explicit factor of
(J+ 1) in its definition, Eq. (2.7). In addition, the
BS equation contains a few more explicit factors
of (J+1)™., We will show here that these factors
do not produce poles in x4 at J=~1.

Consider, for example, the term F%? %, , that
occurs in the BS equation (4.2) for x%. According
to Eq. (4.3), F'? contains the operator T, and thus
has superficially a pole at J=~1. However, x5,
must have a zero at J+1=0. To see this, con-

(g/2m)?

[TJMin](‘J) 2(J+Ai+1)q XJ(J+Ag+1)+ 2(J+Ai+1)

sider the original form (2.8) of the BS equation

for the partial-wave amplitudes. When one sets
J=1 in this equation, one notices that it contains
terms C{2x. However, there is no basis function
G2, For convenience in deriving Eq. (2.8) we have
included a purely fictional term GZxZ in the O(4)
expansion of x{g+ P, q), with the understanding that
X2 is to be zero by definition.

After deriving Eq. (2.8) for J=0,1,2,... we
assume that the analytically continued amplitudes
x5 (defined as in Ref. 4) obeys the same equation
for complex J. (This assumption was discussed
in Sec. IV.) On this assumption the analytic func-
tion x3 must have a zero at J=0 in order that the
analytically continued BS equation match the in-
teger-J equation at J=1., Using this method one
finds

X%=0,
Xg=0 (B2)
X1.1 - X%l - (ZWl/q)X-l =0,
The conditions (B2) help to cancel factors of
(J+1)"1, but they are not sufficient. Consider,

for example, the following term in the BS equa-
tion (4.2) for x4:

&E%TJEE:_METJ X1 - (B3)
Each operator T, contains a factor (J+1)™, but we
have no reason to believe that x%,,(k%) has more
than a first-order zero at J+1=0.

In order to find the extra factor of zero needed
in Eq. (B3) we now return to a significant technical
point that was omitted from the discussion of the
large-q® behavior of x%(¢%) in Sec. III. Recall that
the Bethe-Salpeter equation (2.8) contains expres-
sions like T';_,x5 or, more generally,

[75,0,x51 (@)

(g/2m)?

= ® k? “(T+A+1)wla k)i (12
~2(J+Ai+1)f0 dk_q_e x5 (k%) 5

(B4)

where A, =A,=0, A;=-1, and A,=+1. Suppose
we wish to know how T, ,. X% behaves as g -,
given an input ansatz for tfze large-k behavior of
x%. To do this we define the Mellin transform?
of x%:

ON| T drEb () | (B5)

Then, by adding and subtracting a term on the
right-hand side of (B4) we can write

© 2 § . . g\~ a; +1)l R
dr=-le (J'+A,+1)w(q,k)_(_> i k2 .
S 4 s

(B6)



2646 GOLDBERGER, SOPER, AND GUTH 14

As g -, the factor in braces in the integrand
tends to

ok - q)[<§>-wmg +1) _(%> -(.nA,u):' .

Thus the asymptotic form of the integral in (B6)
depends only on the asymptotic form of x(%?).

If we insert x%(k?) ~a’k=3-¢-7 into the integral we
obtain

(g/27)?
Tra+1P-@g+s2?

-l=s=J

as g—~. This is the result recorded in Eq. (3.4).

There remains the term proportional to the
Mellin-transformed wave function %%(6)=J + A; +1.
We demand that the Bethe-Salpeter equation be
satisfied term by term in an asymptotic expan-
sion for large ¢°. But there is no other term in
the BS equation that behaves like ¢g™7*4+2), Thus
consistency requires that

XL(0)=0 at 6=J+4;+1 . (B7)

(Our discussion here has been heuristic. A rigor-
ous derivation valid for integer J is given in Ref.
2.)

The result (B7) provides the extra factor of zero
needed in the expression (B3). Looking at Eq. (B4)
we note that T, AiXiJ contains an explicit factor
(J+4;+1)". However we see from the repre-
sentation (B6) that this factor does not produce
a pole at J+ A;+1=0 because the first term in
(B6) is identically zero and in the second term
the pole is canceled by a zero of the integrand
at J+A;+1=0, Thus in the expression (B3) the
rightmost operator T, is not singular at J=-1
(after we have rewritten it and thrown away the
Mellin-transform term) and the pole of the left-
most operator T; at J=—1 is canceled by the zero
of x%,, at J+1=0.

The reader is now in a position to verify, using

Egs. (B2) and (B7), that all of the factors (J+1)™
in the Bethe-Salpeter equation are canceled.

One can also ask whether the Lorentz sym-
metry conditions on the wave function are satis-
fied in the ladder model. These conditions are*

MIXy - (=1)M7"%xL,; ,=0,
T+2)MIE+J(=1) M T2 ,_,=0,
MG +I(=1)"M™ 772, =0,

for J=0,+1,+2,.... The first few conditions are

0=xg=xa=Xx-1=X21=x%; -

We have already seen [ Eq. (B2)] that x3, x3, and
the combination x%, - x2, - (2m/q)x*, vanish.

One can also show that x*,=0. One uses the
Bethe-Salpeter equation x’=F¥y%,, and applies
the same techniques that were used above to show
that x% has no poles at J=-1. Special care is
needed with the term in x% proportional to T;x3, .
Although x3,, vanishes at J=-1, T, contains a
factor (J+1)™ that would cancel this zero and give
a finite value for x*, if x%, (k) were an arbitrary
function of 2. However, the Bethe-Salpeter equa-
tion supplies the extra dynamical information that
the Mellin transform ¥3,,(0) vanishes at o=J+1,
[see Eq. (B7)]. With this information one finds,
using Eq. (B6), that x*, =0. The information that
X5.1+1)=0 was missing in the perturbative cal-
culation'® of Menotti; this accounts for his ob-
taining a (@®)™ term in the pion form factor.

One can easily check, using the results of Ref.
4, that the Lorentz symmetry conditions derived
here, namely x2=x3=x*, - x2,=x%,=0 are suffi-
cient to guarantee that the ladder-model pion form
factor does not have a (@' term in its asymptotic
expansion for large Q2. It remains an open ques-
tion whether the remaining Lorentz symmetry
conditions are valid in the ladder model.

*Work supported in part by the National Science Founda-
tion under Grant No. MPS 75-22514 and in part by the
U. S. Energy Research and Development Administra-
tion.

!The full kernel is an appropriate amputated four-point
function, with dimension —2-4y,, times two fermion
propagators, each with dimension —1+2y,, where v
is the anomalous dimension of the Fermi field. Thus
d!p times the kernel is exactly zero dimension.
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22. pole factors whose pole locations differ by the anom-~
UThe general form follows from O(4) invariance. To alous dimension 7, of the quark field ¥(). In the lad-
evaluate the coefficient, multiply by Gy Gy, to ob- der model v, =0.
tain 272U, (§ * k) on the left-hand side and 272U (1) on 1156 Ref. 2. No factor of Ing is associated with this
the right-hand side. term.
127his good fortune can be traced to the fact that the 15p. Menotti, Phys. Rev. D (to be published).
formal matrix determinant of £ does not contain the 18The possible doubt arises from the fact that the large-
operators T . . q* expansion of x}(q2) contains some nonleading terms
13The occurrence of a leading double pole in a} seems that fall off like integer powers of g2.
to be an artifact of the ladder model. The operator- TThis is a change of notation from Ref. 4, where for
product expansion of Ref. 4 [see especially Eq. (¢4.12) physical values of P’ we used the notation PV=P?/

of Ref. 4] indicates that a} contains a product of two (PY/2=p¥/(~iM)=(0,0,0, ~1).



