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Abstract We consider elliptic equations of the form (E) —Au = f(x, u) + u, where A is
a negative definite self-adjoint Dirichlet operator, f is a function which is continuous and
nonincreasing with respect to # and p is a Borel measure of finite potential. We introduce a
probabilistic definition of a solution of (E), develop the theory of good and reduced measures
introduced by H. Brezis, M. Marcus and A.C. Ponce in the case where A = A and show basic
properties of solutions of (E). We also prove Kato’s type inequality. Finally, we characterize
the set of good measures in case f(u) = —u” for some p > 1.

Mathematics Subject Classification 35J75 - 60J45

1 Introduction

Let E be a separable locally compact metric space and let m be a Radon measure on E such
that supp[m] = E. In the present paper we study semilinear equations of the form

—Au= f(x,u)+u, (1.1)

where p is a Borel measure on E, f : E x R — R is a measurable function such that
f(G,u) = 0, u < 0, and f is nonincreasing and continuous with respect to u. As for
the operator A, we assume that it is a negative definite self-adjoint Dirichlet operator on
L*(E; m). Saying that A is a Dirichlet operator we mean that

(Au, (u — D) <0, ue D).
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Equivalently, operator A corresponds to some symmetric Dirichlet form (€, D[£]) on
L%(E; m) in the sense that

D(A) c DI&], &(u,v) = (—Au,v), ue D(A),ve D[E] (1.2)

(see [12,23]) The class of such operators is quite large. It contains many local as well as
nonlocal operators. The model examples are Laplace operator A (or uniformly elliptic diver-
gence form operator) and the fractional Laplacian A* with « € (0, 1). Many other examples
are to be found in [12,23].

Let Cap denote the capacity determined by (£, D[£]) (see Sect. 2). It is known (see [13])
that any Borel signed measure 1 on E admits a decomposition

K= U+ Hd

into the singular (concentrated) part i, with respect to Cap and the absolutely continuous
(diffuse, smooth) part s with respect to Cap. The smooth part 114 is fully characterized in
[20].

The study of semilinear equations of the form (1.1) in case u is smooth, i.e. when . = 0,
goes back to the papers by Brezis and Strauss [7] and Konishi [21] In [7,21] the existence
of a solution of (1.1) is proved for u € LY(E;m). At present existence, uniqueness and
regularity results are available for equation (1.1) involving general bounded smooth mea-
sure p and operator corresponding to Dirichlet form (see Klimsiak and Rozkosz [17] for
the case of symmetric regular Dirichlet form and [19] for the case of quasi-regular, possi-
bly non-symmetric Dirichlet form). The case . 7# 0 is much more involved. Ph. Bénilan
and H. Brezis [2] has observed that in such a case equation (1.1) need not have a solution
even if A = A. In [5] (see also [4]) H. Brezis, M. Marcus and A.C. Ponce introduced the
concept of good measure, i.e. a bounded measure for which (1.1) has a solution, and the
concept of reduced measure, i.e. the largest good measure, which is less then or equal to
. In case A = A these concepts are by now quite well investigated (see [2,5]). The sit-
uation is entirely different in case of more general local operators or nonlocal operators.
There are known, however, some existence and uniqueness results for (1.1) in case A is a
diffusion operator (see Véron [28]) and in case A = A% with @ € (0, 1) (see Chen and
Véron [8]).

The main purpose of the paper is to present a new approach to (1.1) that provides a unified
way of treating (1.1) for the whole class of negative defined self-adjoint Dirichlet operators
A and for x from some class of measures M including the class M), of bounded signed Borel
measures on E. In particular, we give a new definition of a solution of (1.1) and investigate
the structure of good and reduced measures relative to (1.1). In case A = A our definition
is equivalent to the definition of a solution adopted in [2,5], so our results generalize the
results of [2,5] to wide class of operators. In fact, they generalize the existing results even
in case A = A, because in this case M; & M and M contains important in applications
unbounded measures. The second purpose of our paper is to give a probabilistic interpretation
for solutions of (1.1).

First, some remarks concerning our definition of a solution and the class M are in order.
Suppose we want to consider problem (1.1) for some class of measures M including L' (E; m).
Considering f = 0in (1.1) we see that then G := —A~! should be well defined on L' (E; m),
i.e. the following condition should be satisfied:

N
Gg=1 lim T,gdt < oo, m-ae., geLVT(E;m). (1.3)
N—oo Jo
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Condition (1.3) is nothing but the statement that the semigroup {7}, ¢ > 0} generated by A
(or, equivalently, the Dirichlet form (£, D[£])) is transient (see [12, Section 1.5]). It is well
known that then there exists a kernel {R(x, dy), x € E} such that forevery g € L1*+(E; m),

/g(Y)R(',dy) = Gg, m-ae.
E
If u is a solution of (1.1) with f = 0 then

u-m(dx) = R o p(dx),

where R o p is a Borel measure defined as

/E ()R o ) (dx) = /E /E ¢(RGx. dy)u(dx), g € B (E).

Therefore R o ;v must be absolutely continuous with respect to the measure m for every
bounded Borel measure w. This condition is known in the literature as the Meyer hypothesis
(L) (see [3]) or the condition of absolute continuity of the resolvent {G, o > 0} (see [12]).

For the reasons explained above in the paper we assume that {7}, t > 0} is transient and
hypothesis (L) is satisfied. It is known that under these assumptions there exists a Borel
function r : E x E — Ry such that

r(x, yym(dy) = R(x,dy), x¢€E.

Using the kernel » we can give our first, purely analytical definition of a solution of (1.1).
Namely, we say that a Borel function « on E is a solution of (1.1) if

u(X)=/Ef(y,u(y))r(x,y)dy+/Er(x,y)u(dy) (1.4)

for m-a.e. x € E. Of course, to make this definition correct we have to assume that the
integrals in (1.4) exist. Therefore the class Ml we consider consists of Borel measures © on
E such that fE r(x,y)|pn|(dy) < oo for m-a.e. x € E. We will show that M, (E) C M.
In general, the inclusion is strict. For instance, if A = A%, « € (0, 1], on an open set
D C R4, then M includes the set of all Borel measures u on E such that §% - © € My,
where §(x) = dist(x, dD). We also show that in case © € M, and A is a uniformly
elliptic divergence form operator on a bounded domain in R? definition (1.4) is equivalent
to Stampacchia’s definition by duality (see [27]).

Unfortunately, definition (1.4) is rather inconvenient for studying (1.1). One of the main
results of the paper says that (1.4) is equivalent to our second, probabilistic in nature definition
of a solution. At first glance the probabilistic definition seems to be more complicated than
(1.4), but as a matter of fact suits much better to the purposes of the present paper. Let
X = ({X;,t > 0}, {Py, x € E}) be a Hunt process with life time ¢ associated with the form
(€, DIE]). We say that u is a probabilistic solution of (1.1) if

(a) f(-,u)-m € M and there exists a local martingale additive functional M of X such that

t t t
u(Xt)=u(X0)—/ f(Xr,u(Xr))dr—/ dA‘rL"—i-/ dM,, t>0, Ps-as.
0 0 0

for quasi every (q.e. for short) x € E (Here A*4 denotes a continuous additive functional
of X of finite variation in the Revuz correspondence with 14),
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(b) for every polar set N C E, every stopping time 7' > ¢ and every sequence of stopping
times {7y} such that 7o 7 T and Ey sup, ., |u(X;)| < oo forx € E\N and k > 1 we
have

Exu(Xq) = Ruc(x), x e E\N,

where E, denotes the integration with respect to probability P, and

Rm@)=[ﬁ@omuww,er-

The above probabilistic definition allows us to develop a general theory of equations of the
form (1.1). Moreover, in our opinion, the theory based on the probabilistic definition is elegant
and simple.

We first prove some regularity results. We show that if u is a solution of (1.1) and © € M,
then Ty (u) € D.[£] and

E(Tk(w), T (w)) = 2klplirv, k=0,

where Ty (1) = min{max{u, —k}, k} and D.[£] is an extension of the domain of the form
& such that the pair (£, D,[£]) is a Hilbert space (see [12]). We also prove Stampacchia’s
type inequality which says that for every strictly positive excessive function p (for p = 1 for
instance) and ju € M, = {pn € M : | lizv., := lp - ullrv < oo},

If Gl pmy < IliTv,p-

We next study the structure of the set G of good measures and the set of reduced measures
relative to A, f. Let us recall that the reduced measure is the largest measure u* € M such
that u* < p and there exists a solution of (1.1) with u replaced by p1*. A measure u € M is
good, if u* = . By results of [17,19], if u. = O, then u is good. In the present paper we
first show that

w — ¥ LCap.

Then we show that, as in the case of Laplace operator, the set G is convex and closed under
the operation of taking maximum of two measures. We also show that u € G if and only if

nw=g—Av

for some functions g, v on E such that g - m, f(-,v) -m € M and Av € M. From this
characterization of G we deduce that for every strictly positive excessive function p,

LY E;p-m)+ Ay (f) =GN M,,
where
Ap(f) ={meMy: f(,Ru) € L'YE; p-m)).

We also show that under some additional assumption on the growth of f (it is satisfied for
instance if | f(x, u)| < c1 + cpe""), for every strictly positive excessive function p,

-Ap(f) :gmMpa

where the closure is taken in the space (M, || - [I7v,p)-
In Sect. 6 we prove the so-called inverse maximum principle and Kato’s type inequality.
In our context Kato’s inequality says that if u is a solution of (1.1) then Au™ € M and

Ly=0)(Au)g < (Au™),, (Aw)f = (Au™),.
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This form of Kato’s inequality for Laplace operator was proved by H. Brezis and A.C. Ponce
in [6].

In the last section we study the set of good measures G for problem (1.1) with f having
at most polynomial growth, i.e. for f satisfying

| f(x,w)| <clul’, x€E,u>0

for some p > 1. For this purpose, we introduce a new capacity Capy, ,, which in the special
case, when A = A% on an open bounded set D C R? with zero boundary condition is
equivalent to the Bessel capacity defined as

Cap2,(K) = inf {112, : 1 € CZ(D), 1 = 1k (1.5)

for compact sets K C D. We prove that if © € M and u* is absolutely continuous with
respect to Cap, 7, where p’ denotes the Holder conjugate to p, then a solution of (1.1) exists,
i.e. n € G. For f of the form

f&ou)y=—uf, xe€eE, u>0 (1.6)

we fully characterize the set G. Namely, we prove that the absolute continuity of u* with
respect to Capy is also necessary for the existence of a solution of (1.1). Thus, in case f
is given by (1.6),

G = {,ueM:u+ <<Cap£p,}.
Moreover,
x _ o+ —
M= McapA‘p’ Mo,

where ME&PA ~ denotes the absolutely continuous part of 1 with respect to Capa .
P

2 Preliminaries

In the paper E is a locally compact separable metric space and m is a positive Radon measure
on E such that supp[m] = E. By (£, D[€]) we denote a symmetric regular Dirichlet form
on L2(E; m) (see [12] or [23] for the definitions). We will always assume that (£, D[£]) is
transient, i.e. there exists a strictly positive function g on E such that

/E|u<x>|g<x>m<dx> < lulle, u e DIE],

where |ulle = /E(u, u),u € D[E]. Asusual, fora > Owe setEy (1, v) = E(u, v)+a(u, v),
u,v € D[E], where (-, -) is the usual inner product in L2(E; m).

By Riesz’s theorem, for every &« > 0 and f € L2(E; m) there exists a unique function
Gof € L2(E; m) such that

Ea(Gaf.8) = (f.8), geL*E:m).

It is an elementary check that {G,, « > 0} is a strongly continuous contraction resolvent
on LZ(E; m). By {T;,t > 0} we denote the associated semigroup and by (A, D(A)) the
self-adjoint negative definite Dirichlet operator generated by {7;}. It is well known that A
satisfies (1.2) (see [12, Section 1.3]). Conversely, one can prove (see [23, page 39]) that for
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every self-adjoint negative definite Dirichlet operator A there exists a unique Dirichlet form
(€, DI[£]) such that (1.2) holds.

Given a Dirichlet form (£, D[£]) we define capacity Cap: 2f — R¥ as follows: for an
open U C E we set

Cap(U) = inf {E(u,u) : u € D[E], u > 1y, m-a.e.}
and then for arbitrary A C E we set
Cap(A) = inf {Cap(U) : A C U C E, U open}.

An increasing sequence {F,} of closed subsets of E is called nest if Cap(E\F,) — O as
n — 00. A subset N C E is called exceptional if Cap(N) = 0. We say that some property
P holds quasi everywhere (q.e. for short) if a set for which it does not hold is exceptional.

We say that a function u on E is quasi-continuous if there exists a nest { F;,} such that u|f,
is continuous forevery n > 1.Itis known that each functionu € D[E£] has a quasi-continuous
m-version.

A Borel measure u on E is called smooth if it does not charge exceptional sets and there
exists a nest {F,} such that |u|(F,) < oo, n > 1. By S we denote the set of all smooth
measures on E.

By S(()O) we denote the set of all measures u € S for which there exists ¢ > 0 such that

/ luldip] < c/Ew,u), ue D[E]. 2.1)
E

For a given Dirichlet form (£, D[£]) one can always define the so-called extended Dirichlet
space D,[£] as the set of m-measurable functions on E for which there exists an £-Cauchy
sequence {u,} C D[E] convergent m-a.e. to u (the so-called approximating sequence). One
can show that for u € D,[£] the limit E(u, u) = lim,— o €Uy, u,) exists and does not
depend on the approximating sequence {u,} for u. Each element u € D,[£] has a quasi-
continuous version. It is known that (£, D[£]) is transient if and only if (€, D,[€]) is a
Hilbert space. In the latter case for a given measure € S(()O) inequality (2.1) holds for every
u € D,[£].

By M), we denote the set of all bounded Borel measures on E and by My ;, the subset of
M, consisting of smooth measures.

Given a Borel measurable function 1 on E and a Borel measure © on E we write

(. m) =/ ndu.
E
By u - u w denote the Borel measure on E defined as
(fou-p)=(f-u,p), feBE)

whenever the integrals exist.

With aregular symmetric Dirichlet form (€, D[£]) one can associate uniquely a symmetric
Hunt process X = ((X:)r>0. (Px)xeE. (Fi)i=0, ¢) (see [12, Section 7.2]). It is related to
(€, D[€£]) by the formula

T, f(x)=E.f(X;), t>=0, m-ae.,

where E, stands for the expectation with respect to the measure P,. For o, > 0 and
f € BT(E) we write

¢
Ry f(x) = Ex/o e f(Xp)dt, pif(x)=Exf(X;), x€E.
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Observe that for o, > 0 and f € L2(E;m),

Rof =Gof, pif =T f m-ae.

For simplicity we denote Rp by R. We say that some function on E is measurable if it is
universally measurable, i.e. measurable with respect to the o -algebra

BYE)= (] B“(E),
HeEP(E)

where P (E) is the set of all probability measures on E and B*(E) is the completion of B(E)
with respect to the measure ji.

A positive measurable function u on E is called «-excessive if for every 8 > 0, (o +
B)Ry+pu <uandaRyu /" uaso — 00.By Sy we denote the set of o-excessive functions.
We put S = Sp.

By Ség) we denote the set of all u € Séo) such that ||(E) < oo and R|u| is bounded. For
a Borel set B we set

op=inf{t >0; X, € B}, Dy =inf{t >0;X; € B}, 13 =0F\B,

i.e. op is the first hitting time of B, D4 is the first debut time of B and tp is the first exit
time of B.

By 7 we denote the set of all stopping times with respect to the filtration (F;);>0 and by
D the set of all measurable functions « on E for which the family

{u(Xe), 1 €T}

is uniformly integrable with respect to the measure P, forq.e.x € E.
For a Borel measure w1 on E and « > 0 we denote by i o Ry the measure defined as

(fsmwoRa) = (R f. 1), f € B(E),
and by P, we denote the measure
Pu(A) = / Pe(A) udx), A€ Fe.
E
In the whole paper we assume that m is the reference measure for X, i.e. for all x € E and

o > 0 we have R, (x, -) < m. It is well known (see [12, Lemma 4.2.4]) that in this case for
every o > 0 there exists a B(E) ® B(E) measurable function

re t Ex E—> RV
such that for every x € E the mapping y > ry(x, y) is a-excessive and
Ry f(x) = / FWra(x, y)ym(dy), xe€E.
E
It is also clear that by symmetry of X, ry(x,y) = ro(y,x) for x,y € E, o > 0. In what

follows we put r(x, y) = ro(x,y), x,y € E. Thanks to the existence of r, we may define
Ry 1 for arbitrary positive Borel measure u by putting

Ry (x) Z/Era(x, y) u(dy).
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It is well known (see [12, Section 5.1] and [3, Theorem V.2.1] that for each u € S there
exists a unique perfect positive continuous additive functional A* in the Revuz duality with
/L, and moreover,

%3
(Rapt)(x) = EX/ e dAl', xeE.
0

3 Linear equations

In this section we give some definitions of a solution of the linear problem
— Au =, 3.1

where p is a Borel measure such that R|u|(x) < oo for q.e. x € E. The class of such
measures will be denoted by M.

In the whole paper we adopt the convention that f g r(x, y)du(y) = 0 for every Borel
measure 4 on E such that [ r(x, y)du™(y) = [pr(x, y)dpu=(y) = co. Wecallu : E —
R U {—o00, o0} a numerical function on E.

3.1 Solutions defined via the resolvent kernel and regularity results

Definition 3.1 We say that a measurable numerical function u on E is a solution of (3.1) if
u(x) = / r(x,y)du(y) forqe.x € E.
E

Let us note that by [3, Proposition V.1.4], if the above equality holds for every x € E,
then u is Borel measurable. Since u € M, u is finite q.e.

Proposition 3.2 M, C M.

Proof Since the form £ is assumed to be transient, there exists a strictly positive Borel
function f on E such that Rf < oo, q.e. From this we conclude that f - m is a smooth
measure. Hence, by [12, Theorem 2.2.4], there exists an increasing sequence { F},} of closed
subsets of E such that | J,,., F, = E,q.e.andsup,.x R(1F, f)(x) < oo (see also comments
following [12, Corollary 2.2.2]). As a matter of fact, in [12] in the last condition sup is
replaced by ess sup with respect to m, however in view of [3, Proposition I1.3.2], it holds true
also with supremum norm. We have

(RIul, 1F, f) < (Iul, RAF, ) < Inlrv - IRAE, Hlloo-

Hence R|u| is finite g.e., i.e. u € M. O

Using Definition 3.1 we can easily prove some regularity result for solutions of (3.1). For
this purpose, for k > 0 set

Ty (u) = max{min{u, k}, —k}, u € R.

Theorem 3.3 Let u € My (E) and let u be a solution of (3.1). Then Ty (u) € D.[E] and for
every k > 0,

E(Tx(u), Ty (w)) < kllpllry-
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Proof For a > 0 and measurable functions u, v on E set
E@(u,v) = a(u — aRyu, v)

whenever the integral exists. By the definition of a solution of (3.1), # - m = p o R. Hence
(R, ) = (u-m, Ryn) = (1o R, Ryn) = (14, RRa1).

Therefore

£ (u, Tiw)) = a(ut, RTe(u) — a Ry RTi(w)) = (e, RTe(u) — (RTe(u) — Ro Te(w)))

= (u, aR T (w)) < klinliTv.

On the other hand, since @ R, is Markovian, we have

E (T (u), Te(w)) < £ (u, Ti(w)).

Consequently,
sup €@ (Ti(w), Te(w)) < kllulry,
a>0
so applying [23, Lemma 1.2.11(ii)] we get the desired result. O

Remark 3.4 (i) By Theorem 3.3, Ti.(u) € D[E] if m(E) < oo, because by [12, Theorem
1.5.2(iii)], D[E] = D.[E] N LA(E; m).

(1) Ty (u) € D[&] if the form satisfies Poincaré type inequality c(u, u) < £(u, u) for every
u € D[£] and some ¢ > 0, because then D.[£] = D[&].

3.2 Probabilistic solutions

In this subsection we give an equivalent definition of solution of (3.1) using stochastic equa-
tions involving a Hunt process X associated with the Dirichlet operator A. We begin with the
following lemma.

Lemma 3.5 Assume that i, v € M and there is g > 0 such that Ryt > Ry v for o > ap.
Then (1 > v.

Proof Since ,v € M, there exists a strictly positive Borel function ¥ on E such that
(R, |0l + [v]) < o0. So, itis clear that it is enough to prove that (nRyr, ) > (nRyr, v) for
every n € C,j(E). Letn € C;(E). An elementary calculus shows that @ Ry (nRY)(x) —
nRY (x) forevery x € E.On the other hand, ¢ R, (nRY ) (x) < |[n]lco R (x), x € E.Hence,
by the Lebesgue dominated convergence theorem,

MRy, )= lim (@Ry(nRY), p)= lim (NRY, aRep) = lim (nRY, aRev)=nRY, v),
o—> 00 o—> 00 o— 00
which completes the proof. O

Theorem 3.6 Assume that @ € M' and pul Cap. Then u = Ry is quasi-continuous and
the process [0, 00) > t — u(X;) is a cadldag local martingale under the measure Py for q.e.
x € E.

Proof Letuy = aRyu, o > 0. Then

¢
Uy (x) = aEx/ e “"u(X,)dr, xcE.
0
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By the Markov property, for every # > 0 and x € E we have

¢
ug(X;) = aEy (/ e_“(r_’)u(Xr)drU-',) , Py-as.
1

By [12, Theorem A.2.5] the processes t — uy(X;),t — u(X;) are cddldg under the measure
P, for every x € E, while by [12, Theorem 4.6.1], u is quasi-continuous. Let us put

¢
N = aE, ( / e u(X,) dr|f,) —ua(Xp), 130,
0
and let N®* denote a cddldg modification of the martingale N%*. Then for every x € E,

t t
e uy(X,) = ug(Xo) — Ol/ e “"u(X,)dr +/ dNX*, t>0, P.-as.
0 0

—at

By the integration by parts formula applied to the processes e*’ and e™*'uy (X) we get

t t
ua(Xt)=ua(X0)—/ dA‘:+/ AM®*, 1>0, Pias.,
0 0
where
t t
Mt = [eerane, af=a [ -ux)dr rzo
0 0

Since u is an excessive function, A is an increasing process and uy(x) ' u(x) for every
x € Easa /" oo. Hence
ug(Xe) S u(Xe), =0, ug(X;-) S u(X-), t>0.

Let [uy (X)], [u(X)] denote the quadratic variations of processes uy (X) and u(X), respec-
tively. By [12, Theorem 4.2.2] there exists an exceptional set N C E such that for every
x € E\N,

[a(X)])i— = ue(X;-), [w(X)]i- =u(X;-), 1€(0,7), Pr-as.

Let ¢;, ¢p denote the totally inaccessible and the predictable part of ¢, respectively. From
[12, Theorem 4.2.2] it also follows that

e (X)]— = ta(Xg—). W(Oly— = u(Xg—), Pras.,
while by the fact that u,,, u are potentials,
[t (X)]g,— = [(X)]g,~ = 0.
By what has already been proved,
ug(Xe) Su(Xy), 120, [ug(X)]i— A [w(X))—, t>0.

By the generalized Dini theorem (see [10, p. 185]), uq(X) /' u(X) uniformly on compact
subsets of [0, 0o0). Observe that for every t > O and q.e. x € E,

E.u(X;) <liminf E uy(X;) < liminf Eyuy(Xg) = u(x).
o—>00 a—>00

Hence u(X) is a supermartingale and lim;_, o, Exu(X;) < oo. Therefore by [25, Theorem
II1.13], for q.e. x € E there exists an increasing predictable process C* with E Cé‘ < 00
and a cddlag local martingale M* such that

u(X) =u(Xo) —Cf + MY, >0, P,-as.
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Since the filtration is quasi-left continuous, M~ has no predictable jumps. Since X is quasi-
left continuous, it also has no predictable jumps, which implies that u(X) has no predictable
jumps, because u is quasi-continuous. Thus C* is continuous. Since u(X) is a special semi-
martingale, there exists a localizing sequence {t;’} C 7 such that for every n > 1,

E, sup |u(X;)| < oo. 3.2)
1<t

By [16, Proposition 3.2], {u(X) — u,(X)} satisfies the so-called condition UT. Therefore
by [16, Corollary 2.8], [u(X) — uy(X)]; — O in probability P, for every + > 0. But
[u(X) —uu(X)] = [M* — M“*]. Hence [M* — M“*]; — 0 in probability Py, which due
to (3.2) is equivalent to the convergence of {M“*} to M~ in ucp (uniform on compacts in
probability). Since uy(X) — u(X) in ucp, A — C* in ucp. In fact, by (3.2), for every
n > 1 we have

E, sup |AY — C)| — 0.
1<t}

By [12, Lemma A.3.3] there exists a process A such that A = C* for q.e. x € E. Of course,
A is a positive continuous additive functional. Putting

My =u(X;) —u(Xo) + A;, 120, (3.3)

we see that M is an additive functional and M* = M, Pi-as. for q.e. x € E. Thus M is
a local martingale additive functional. By [12, Theorem 5.1.4] there exists v € S such that
A = AY. In particular, for every o > 0,

¢
Rov(x) = Ex/ e " dA;
0

for g.e. x € E. Observe that by the resolvent identity, for every a > 0 we have
u=Ry(u+ au). (3.4)

On the other hand, by (3.2) and the integration by parts formula applied to the processes e =%
and u(X;),

X P

x Tk i
u(x) = Exe “% u(Xey) + EX/ e " dA) + ozEx/ e “"u(X,)dr. (3.5)
0 0
It is clear that

X x

T,

T k
Ex/ e " dA; - Ryv(x), o{Ex/ e Y u(X,)dr — aRyu(x)
0 0

as k — oo. From this, (3.4) and (3.5) we conclude that forq.e x € E,

lim Eye % u(X,x) = Ry(p — v)(x).

k—o00 k
By this and [3, Proposition 11.3.2], Ry (. — v) > 0. Since o > 0 was arbitrary, applying
Lemma 3.5 shows that u© > v. Since u_LCap, it follows that v = 0 or, equivalently, that

A" = 0. Therefore from (3.3) it follows that u(X) is a local martingale. ]

Let us recall that a process M is called a local martingale additive functional (MAF) if it
is an additive functional and M is an (F, Py)-local martingale for q.e. x € E.
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Theorem 3.7 Assume that n € M and let u = Ryu. Then u is quasi-continuous and there
exists a local MAF M such that

t t
u(Xt)=u(X0)—/ dA¢d+/ dM,, t>0, Pi-as. (3.6)
0 0

for gq.e. x € E. Moreover, for every polar set N C E, every stopping time T > ¢ and
sequence {tx} C T such that v /' T and Ex sup, .., u(X;) < oo forx € E\N and k > 1
we have
klim Exu(Xy) = Ruc(x), x € E\N. 3.7
— 00

Proof Let w = Ru. and v = Rpuy. It is well known (see [17, Lemma4.3]) that v is quasi-
continuous and that there exists a uniformly integrable MAF MV such that

t 1
U(X,):v(Xo)—/ dA;‘d+/ dM’, t>0, P-as. (3.8)
0 0

for g.e. x € E. By Theorem 3.6, w is quasi-continuous and there exists a local MAF M"
such that

t
w(X;) = w(Xo) +/ dM}, >0, Py-as. (3.9)
0

forq.e.x € E.Let N C E be a polar set such that (3.8), (3.9) hold for x € E\N. Let {t;} be
as in the formulation of the theorem. Then M "™, M™% are both uniformly integrable and
by (3.8) and (3.9),

Tk
ulx) = Exu(Xq) + EX/ dAM, x e E\N.
0

Letting k — oo in the above equation yields

Ru(x) =u(x) = lim E,u(Xg)+ Ruq(x), x € E\N,
k—00
which proves (3.7). Adding (3.8) to (3.9) gives (3.6). ]
Remark 3.8 Under the assumptions of Theorem 3.7, for every o > 0,
lim Eye *%u(Xy) = Rypte(x), x € E\N.
k—o00
To see this we use (3.4) and arguments following it.

We are now ready to introduce the second definition of a solution of (3.1) making use
of the Hunt process X associated with operator A. Solutions of (3.1) in the sense of this
definition will be called probabilistic solutions or simply solutions, because we will show
that our second definition is equivalent to the definition via the resolvent kernel.

Definition 3.9 We say that a measurable numerical function # on E is a probabilistic solution
of (3.1) if

(a) there exists a local MAF M such that for q.e. x € E,

t t
u(Xt):u(X())—/ dA’f"%—/ dM,, t>0, Ps-as.,
0 0

(b) for every polar set N C E, every stopping time 7 > ¢ and every sequence {13} C 7
suchthat tp /' T and Ey sup, <, |u(X;)| < oo forevery x € E\N and k > 1 we have

Exu(Xq) — Ruc(x), x € E\N.
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Any sequence {tx} with the properties listed in (b) will be called the reducing sequence for
u, and we will say that {tx} reduces u.

Remark 3.10 Since u(X) in the above definition is a special semimartingale, there exists at
least one reducing sequence {tj} for u. In fact, the stopping times defined as

T =inf{t > 0; [u(Xy)| >k} Ak, k>1
form a reducing sequence (see the reasoning in the proof of [26, Theorem 51.1]).

Remark 3.11 If @ is a smooth measure then Definition 3.9 reduces to the definition of a
solution introduced in [17]. Indeed, by condition (a),

T
u(x) = Exu(Xq) + Ex/ dAk
0

for q.e. x € E. Therefore letting k — oo and using (b) we see that for q.e. x € E,

¢
u(x) = Ex/ dAk,
0

Note that if A is a uniformly elliptic divergence form operator then by [17, Proposition 5.3],
u is also a solution of (3.1) in the sense of Stampacchia (see [27]). In the sequel we will show
that this holds true for general Borel measures and wider class of operators.

Proposition 3.12 A measurable function u on E is a probabilistic solution of (3.1)if and
only if it is a solution of (3.1) in the sense of Definition 3.1.

Proof Assume that u is a solution of (3.1) in the sense of Definition 3.1. Then by Theorem
3.7, u is a probabilistic solution. Now suppose that u is a probabilistic solution of (3.1). Then
using (a) and (b) of the definition of a probabilistic solution of (3.1) we obtain

¢
u(x) = Rpe(x) + Ex/ dAM = Ru(x) =/ r(x, y) u(dy)
0 E

forqe.x € E. O

4 Semilinear equations

In what follows u € Mand f : E x R — R is a function satisfying the following conditions:
R >yt f(x,y)is continuous for every x € E and E > x — f(x, y) is measurable for
every y € R.

In this section we consider semilinear equation of the form

—Au= f(x,u) + pn. “4.1)

Definition 4.1 We say that a measurable numerical function u on E is a solution of (4.1) if
f(C,u)-m € Mand u is a solution of (3.1) with u replaced by f (-, u) - m + .

We will need the following hypotheses:

(H1) for every x € E the mapping y — f(x, y) in nonincreasing,
(H2) forevery y € R the mapping x — f(x,y) € qu(E; m),
(H3) f(,0)-me M.
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4.1 Comparison results, a priori estimates and regularity of solutions

In the sequel, for a given real function u# on E we write
fu@) = f(x,u(x)), xe€kE.

Proposition 4.2 Assume that iy, o € M, o1 < o, f1(x,y) < f2(x, y)forx € E, y e R
and Y or f? satisfies (H1). Then u1 < us q.e., where uy (resp. u») is a solution of (4.1) with

data ', ul (resp. f%, u?).

Proof Let {tx} be a common reducing sequence for «; and u;. We assume that f I satisfies
(H1). By the Tanaka-Meyer formula (see [25, Theorem IV.66]), for every k > 1,

Tk
(u1(x) — ’/52(95))+ < Ey(u — u2)+(er) + EX/O 1{u1>u2}(Xr)(full - fuzz)(xr)dr

+ " Iy 3
EX/ 1{u1>u2](Xr) d(Ar — Ar‘ )
0

for g.e. x € E. From the assumption 1 < 7 and properties of the Revuz duality it follows
that d AMa < dA“fzi, P,-a.s. for q.e. x € E. By (H1) and the assumptions on f! and f2,

L) = i) = V=) ity = fiiy) + L) (il = fi) <0
Hence
(i (x) —ua())’ < Ex(ur —u)* (Xq), k=1
forq.e.x € E. But
w —u)t = R(fy +p' —p> = fo DT R, + ' —p? = f0)7T
Therefore

(1 (x) — uz(x))™ < limsup Ex(u; —u2)"(Xy,) < R(u!l —u2)™ =0

k—o00
for q.e. x € E, which proves the proposition. O

Corollary 4.3 Under (HI) there exists at most one solution of (4.1).

Proposition 4.4 Let uy, us be solutions of (4.1) with ;1 € M and py € M, respectively. If
f satisfies (HI), then

R fuy = funl(x) = Rlpy — p2|(x), x € E.

Proof Let {tx} be acommon reducing sequence for 11 and u». By the Tanaka-Meyer formula,
Tk
1) = 0] = Exliy = 10l (X) + Ex [ sntun = u)(X) (i — ) X0
0

Tk wl 2
+ Ex/ sgn(up — u2)(Xy) d(Ard - Ard) 4.2)
0

for g.e. x € E. By (H1) the second term on the right-hand side of (4.2) is nonpositive.
Therefore from (4.2) it follows that

Tk 2l
Ex/ |fu1 _fu2|(Xr)dr§Ex|ul _u2|(X‘Ek)+EX/ dA;
0 0

@ Springer



Reduced measures for semilinear elliptic equations involving... Page 15 0f 27 78

for q.e x € E. Letting k — oo we get

¢
E/o | fur = fuo| (X)dr < R|pl —u2] )+ R |l — 13| ) = Ry — pol (x)

for q.e. x € E (see the reasoning at the end of the proof of Proposition 4.2). From this and
[3, Proposition I1.3.2] we get the desired result. O

Proposition 4.5 Let u be a solution of (4.1) with f satisfying (HI1), (H3). Then
RIful(x) =2R|f(,0)[ (x) + R|ul(x), x € E.
Proof We apply Proposition 4.4 tou; = u,uy; =0, w1 = pu, o = —f(-,0). O

Given a positive function p € S, we denote by M, the set of all measures u € M such

that [|ll, < oo, where [|ll, = llp - ieliTv.

Important examples of positive p € S are p = 1 and p = Ry, where 7 is a positive Borel
function on E. Let us also note that if A = A% (with @ € (0, 1]) on an open bounded set
D C R? (see Remark 4.13) then for p = R1 we have My ={peM:8 ue Mpl,
where §(x) = dist(x, 9 D), because by [22] there exists ¢, C > 0 such that

¢8%(x) < R1(x) < C8%(x), x¢€ D.
In the rest of the paper we assume that p € S and p is strictly positive.

Lemma 4.6 Assume that ju, v € M, and Riu(x) < Rv(x) for x € E. Then |||, < [Iv] .

Proof By [3, Proposition I1.2.6] there exists a sequence {h,} of positive bounded Borel
functions on E such that Rh, /' p. For n > we have

(e, Rhp) = (R, hy) < (Rv, hy) = (v, Rhy),

so letting n — oo we get the desired result. O

Proposition 4.7 Let uy, uy be solutions of (4.1) with 11 € M, and py € M, respectively.
If f satisfies (HI) then

1 fur = Fuall Lt g pumy < 1 = 2l
Proof Follows from Proposition 4.4 and Lemma 4.6. O

Proposition 4.8 Let u be a solution of (4.1) with @ € M, and [ satisfying (HI) and such
that f(-,0) € L'(E; p - m). Then

||ﬁll|L1(E;p-nz) S 2||f(7 O)llLl(E;p-m) + ”,u”p
Proof Follows from Proposition 4.5 and Lemma 4.6. O

Theorem 4.9 Let u be a solution of (4.1) with u € My, and f satisfying (HI) and such that
f(-,0) € L'(E; m). Then for every k > 0, Ty (u) € D,[E] and

E (Ti(w), Tiw)) < 2k (I1FC, 0l + lleliry) -

Proof Follows from Theorem 3.3 and Proposition 4.8. O
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4.2 Stampacchia’s definition by duality

In [27] Stampacchia introduced a definition of a solution of (3.1) in case u € My and A is
uniformly elliptic operator of the form

d

a 0
A= _ s
Z axj‘ (a”ax,-)

ij=1

on a bounded open set D C RY. According to this definition, now called Stampacchia’s
definition by duality, a measurable function u € LY(D; m), where m is the Lebesgue measure
on R, is a solution of (3.1) if

(u,n) = (Gn, n), neL>¥D;m).

The above definition has sense, because it is well known that for A as above G has a bounded
continuous version. In the general case considered in the paper the original Stampacchia’s
definition has to be modified, because the measure w is not assumed to be bounded, Gn
may be not continuous for n € L°°(E; m) and moreover, the solution of (3.1) may be not
locally integrable (see [17, Example 5.7]). In [17] we introduced a generalized Stampacchia’s
definition for solutions of (4.1) with Dirichlet operator A and bounded measure x such that
1 < Cap. Here we give a definition for general measures of the class M.

Lemma 4.10 We have M = |J M, where the union is taken over all strictly positive
excessive bounded functions.

Proof Tt is clear that |J M, C M. To prove the opposite inclusion, let us assume that
€ M. Then R|u| < oo, m-a.e. Therefore there exists a strictly positive Borel function n
on E such that (R|u|, n) = (Ju|, Rn) < oco. On the other hand, since the form (£, D[£]) is
transient, there exists a strictly positive Borel function g on E such that ||Rg|lcc < 00 (see
[24, Corollary 1.3.6]). Let us put p = R(n A g). It is clear that p is*** a bounded strictly
positive excessive function. O

Definition 4.11 We say that a measurable numerical function « on E is a solution of (4.1)
in the sense of Stampacchia if for every n € B(E) such that (|u|, R|n|) < oo the integrals
(u, n), (fu, Rn) are finite and we have

Proposition 4.12 Let n € M. A measurable function u on E is a solution of (4.1) in the
sense of Definition 4.11 if and only if it is a solution of (4.1) in the sense of Definition 3.1.

Proof Let u be a solution of (4.1) in the sense od Definition 3.1. Then by Proposition 4.5,
lul + R| ful < R|pl,itis clear that u is a solution of (4.1) in the sense of Stampacchia. Now
assume that  is a solution of (4.1) in the sense of Stampacchia. By Lemma 4.10 there exists
a strictly positive p € S such that u € M. In fact, from the proof of Lemma 4.10 it follows
that we may take p = Rg for some strictly positive Borel function g on E. We have

(u, g1p) = (Rfy, glp) + (R, glp)

for every B € B(E). Hence u = Rf,, + Ru, m-a.e., and the proof is complete. m}
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Remark 4.13 Let a € (0, 1] and let D be an open subset of R?. Denote by (£, D[£]) the
Dirichlet form associated with the operator A% on R? (see [12, Example 1.4.1]), and by
(€p, D[Ep]) the part of (£, D[E]) on D (see [12, Section 4.4]). By A denote the operator
associated with (€p, D[Ep]), i.e. the fractional Laplacian A* on D with zero boundary
condition. If 4 € MY then in Definition 4.11 one can take any function n € Bj(E) as a test
function. It follows in particular that in case of equations involving operator A Stampacchia’s
definition is equivalent to the one introduced in [8, Definition 1.1].

Remark 4.14 In [18] renormalized solutions of (4.1) are defined in case u is a bounded
smooth measure. It is also proved there that u is a renormalized solution of (4.1) if and only
it is a probabilistic solution. Thus, in case w is smooth, all the definitions (renormalized,
Stampacchia’s by duality, probabilistic, via the resolvent kernel) are equivalent.

Remark 4.15 In case A is the Laplace operator on an open bounded set D C R¥, also the so-
called weak solutions of (4.1) are considered in the literature (see, e.g., [5]). A weak SOllLﬁOIl
of (4.1) is a function u € L' (D; dx) such that f, € L'(D; dx) and for every n € C5°(D),

—/uAndx:/ ﬁ,r)dx+/ ndu.
D D D

It is clear that the definition of weak solution is equivalent to Stampacchia’s definition by
duality. It is worth pointing out that in fact the concept of weak solutions is also due to
Stampacchia (see [27, Definition 9.1]).

4.3 Existence of solutions

In [17] (see also [19] for the case of operator corresponding to general nonsymmetric quasi-
regular form) it is proved that if & is smooth then under conditions (H1)—(H3) there exists a
solution of (4.1). It is well known that if A = A and p is not smooth, i.e. u. # 0, then in
general assumptions (H1)-(H3) are not sufficient for the existence of a solution of (4.1). In
this section we give an existence result for (4.1) under the following additional hypothesis:

(H4) there exists a positive Borel measurable function g on E such that g - m € M and
[f(x, )] <gkx),xe€E,yeR.

Letus observe that (H4) implies (H2), (H3). In the paper we have assumed Meyer’s hypothesis
(L), so we may also drop (H1).

Hypothesis (H4) imposes rather restrictive assumption on the growth of f but allows us
to prove the existence of solutions for any ;€ M and any Dirichlet operator A.

Theorem 4.16 Assume (H4). Then there exists a solution of (4.1).

Proof Let o be a strictly positive Borel function on E such that
ri= / (Rg(x) + RIul(x)o(x) m(dx) < oo.
E
Let us define @ : L'(E; 0 -m) — LY(E; 0 -m) by

Q) =Rf(-,u)+ Ru.

Observe that for every u € L'(E, o - m), ||<I>(u)||L1(E;Q,m) < r. It is an elementary check
that ® is continuous. Let {u,} C L'(E; ¢ -m) and let v, = ®(u,,). By [11, Lemma 94, page
306], {v,} has a subsequence convergent m-a.e., which when combined with the fact that
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|| (x) < Rg(x) + R|pn|(x) for x € E implies that, up to a subsequence, {v,} converges in
L'(E; o - m). Therefore by the Schauder fixed point theorem there exists u € LY(E;0-m)
such that ®(#) = u, which proves the theorem. O

5 Good measures and reduced measures

In this section we develop the theory of reduced measures for (1.1) in case of general Dirichlet
operator A and general measure  of the class M. Our results generalize the corresponding
results from H. Brezis, M. Marcus and A.C. Ponce [5] proved in the case where A is the
Laplace operator on a bounded domain in R¢ and y is a bounded measure. Also note that in
[5] it is assumed that f does not depend on x.

In the whole section in addition to (H1)—(H3) we assume that f(x, y) = 0fory <O0.

Definition 5.1 We say that a measurable numerical function v on E is a subsolution of (4.1)
if fy - m € M and there exists a measure v € M such that v < p and

—Av = f(x,v) + .
Theorem 5.2 Assume (HI)—(H3). Let f, = f Vv (—n) and let u,, be a solution of
—Aup = fu(x,un) + 1.

Then u, \ u*, where u* is a maximal subsolution of (4.1). Moreover, the measure u* =
—Au* — f(x,u™) admits decomposition of the form nu* = g + v with v.LCap such that
V= e

Proof Let {t;} be a reducing sequence for u,. By the Tanaka-Meyer formula,
Tk
|“n(x)| =< Ex|un|(er) + Ey / Sgn(un)(Xr)fn(Xh un (X)) dr
0
T
+ Ex/ sgn(un)(Xr) dAwad
0
for q.e. x € E. By (H1),

Tk Tk
ltn ()| + Ey / | fu(Xy, g (X, )| dr < Exlun|(Xy,) + Ex / dAlmdl
0 0

for g.e. x € E. Letting k — oo in the above inequality we get

[ty ()| + R fu (s un)|(x) < Rlp|(x) (5.1
for g.e. x € E. Let v,, w, be solutions of the following equations
—Avy, :fn+('aun)+ﬂ+7 —Awy, :fni(';un)'i'ﬂi~

Of course, vy, w, are excessive functions and by (5.1),
vp = R CLoun) + Rut <2R|ul,  wy = Rf, Coup) + Ru”™ <2R|ul.  (5.2)

By [11, Lemma 94, page 306], from {v, } and {w, } one can choose subsequences convergent
m-a.e. to excessive functions v and w, respectively. By (5.2) and [ 14], there exists vy, v, € M™
such that v = Rvi, w = Rv;. By Theorem 3.7 the function 7 = R|u| is quasi-continuous.
Therefore if we put 8! = inf{r > 0 : h(X;) > k} A ¢, then 6,1 /¢, Pe-as.forq.e. x € E.
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From Theorem 3.7 it also follows that 2(X) is a special semimartingale. Therefore there
exists a sequence {8,%} C 7 such that (S,% /" Candforqe.x € E,

E, sup [h(X;)| < oo.

1<87

We may assume that 7y = (Sli = 8,%. Since by Proposition 4.2, u,(x) > uy4+1(x), n > 1, for
g.e. x € E, there exists u™ such that u,, \( u*, q.e. Therefore letting n — o0 in the equation

Tk Tk
up(x) = Exun(er) + Ex/ Jn (X, un (X)) dr + Ex/ dAﬁd
0 0
and using (H1)-(H3), (5.1) (and the fact that 7z = 8,1 = 8,%) we get

Tk Tk
u*(x) = Exu*(xtk) + Ex/ fXr u™ (X)) dr + Ex/ dAﬁd
0 0

for gq.e. x € E. Observe that u™ = v — w = Rv, q.e., where v = v; — vy. Therefore by
Theorem 3.7,
lim E,u*(Xy) = Rvq(x) (5.3)
k—00

forq.e. x € E. By (5.1) and Fatou’s lemma, f (-, u™)-m € M. Hence u* is a solution of (4.1)
with u replaced by u* := g + v.. What is left is to show that u™ is the maximal subsolution
of (4.1). By the construction of u*, u,, > u*. Therefore by condition (b) of the definition of a
probabilistic solution of (4.1) and Lemma 3.5 (see also Remark 3.8) we have u < ., which
when combined with the fact that 1; = 114 shows that u* < u, i.e. that u* is subsolution
of (4.1). Suppose that v is another subsolution of (4.1). Then there exists 8§ € M such that
B < wand v is a solution of (4.1) with u replaced by 8. Since 8 < p and f,, > f, applying
Proposition 4.2 shows that u, > v g.e., hence that u™ > v g.e., which completes the proof. O

Let u € M. From now on by u*, u* we denote the objects constructed in Theorem 5.2.
By Theorem 5.2, u* < p. It is known (see [2]) that it may happen that u* # u, i.e. that
there is no solution of (4.1) under assumptions (H1)—(H3).

Definition 5.3 (a) We call u* the reduced measure associated to .
(b) We call © € M a good measure (relative to A and f) if there exists a solution of (4.1).

In what follows we denote by G the set of all good measures relative to A and f'. Of course,
u*eq.
Proposition 5.4 Let i € M. Then
(i) u* =u
(i) w—p*LCap, (W)a = pa,
(i) ANSCG,
(iv) u* is the largest good measure less then or equal to |4,

V) "l < ul,
(vi) if u,v e Mand u < v, then u* < v*,

Proof Assertions (i) and (ii) follow from Theorem 5.2. (iii) follows from [17]. Let v € G
and v < w. Since v € G, there exist a solution v of (4.1) with u replaced by v. Since v < p,
the latter means that v is a subsolution of (4.1). Therefore by Theorem 5.2, v < u™ q.e. From
this, condition (b) of the definition of a probabilistic solution and Remark 3.8,

Ryve < Ry (™)
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forevery « > 0. Hence v, < (u*). by Lemma 3.5. On the other hand, since v < w, vg < uq.
By (i), (#*)q = pa. Consequently, v = ve +vg < (U")e + g = (W) + (WF)a = p*.
To prove (v), let us observe that —u~ € G, because —Rp ™~ is a solution of (4.1) with u
replaced by —u ™. Hence, by (iv), —u~ < w*, from which we easily get (v). To show (vi),
let us observe that u* € G, and by (i), u* < v. Hence u* < v* by (iv). O

Proposition 5.5 A measure u € M is good if and only if the sequence {f,(X, u,(X))}
considered in the proof of Theorem 5.2 is uniformly integrable under the measure dt ® Py
form-a.e. x € E.

Proof From the proof of Theorem 5.2 we know that f;, (X, u, (X)) — f(X, u*(X)),dtQ Py-
a.e. form-a.e. x € E and

¢ ¢
up(x) = Re + Ex/ Jn(Xr s un (X)) dr + Ex/ dAlrid (5.4)
0 0

forq.e.x € E.If { f,(X, u, (X))} is uniformly integrable then letting n — oo in (5.4) shows
that forq.e. x € E,

¢ ¢
u*(x) = Rue + Ex/ f(Xr, u (X)) dr + Ex/ dAfde»
0 0

i.e. 0 is a good measure. If o € G then there exists a solution u of (4.1), i.e.

¢ ¢
u(x) = Rpe + Ex/ JXr u(X,r))dr + Ex/ dAy
0 0

forq.e. x € E.Of course, u is a subsolution of (4.1), so by Theorem 5.2, u = u* and u,, \| u.
By this and (5.4),

¢ ¢
E, / Xy un (X)) dr — Ex / F Xy u(X,)) dr
0 0

for gq.e. x € E. Since f,(X,u,(X)) — f(X,u(X)), dt ® dPy-a.e. for qe. x € E and
Ju(X, un (X)) < 0, applying Vitali’s theorem shows that the sequence { f,, (X, u, (X))} is
uniformly integrable under the measure dt ® Py for q.e. x € E, and hence for m-a.e. x € E.

m}

Proposition 5.6 IfveM, ue Gandv < pu, thenv € G.

Proof Let {u,} be the sequence of functions of Theorem 5.2 associated with p and let {v,}
be a sequence constructed as {u,} but for u replaced by v. By Proposition 4.2, v, < u,, q.e.
Consequently, f, (-, u,) < f(-,v,) <0q.e.Since u € G, we know from Proposition 5.5 that
the sequence { f;, (X, u, (X))} is uniformly integrable under the measure dt ® P, for m-a.e.
x € E. Therefore {f,(X, v,(X))} has the same property. By Proposition 5.5, this implies
that v € G. O

Corollary 5.7 If u € Mand u* € G, then u € G.
Proof Follows immediately from Proposition 5.6 and the fact that i < p*. O
Corollary 5.8 If 1, o € G, then 1 VvV uy € G.

Proof Let i = 1V pa.Since g < pu, uo < pand uy, o € G, it follows from Proposition
5.4(@v) that u; < p* and uy < p*. Hence u < p*. On the other hand, by Proposition 5.4(i),
w*<pu,sop=p*ie ueq. O
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Corollary 5.9 The set G is convex.

Proof Let py, ua € G. Then p; VvV ua € G by Corollary 5.8. But for every r € [0, 1],
tir + (1 —t)pua < pr VvV u2, so by Proposition 5.6, tpuy + (1 —t)us € G, t € [0, 1]. ]

SetG, =G N M,.
Theorem 5.10 We have

@) Nl —p*ll, = minyeg, [l — v, for every p € M,

(i) if 1, po € Mand w1 Lo, then (1 + u2)* = pj + u13,
(i) (u AV)* = u* Av*and (u Vv v)* = u* v v* forevery u,v e M,
(iv) (u* —v*)*T < (u—v)T forevery u,v € M.

Proof 1t suffices to repeat step by step the reasoning from the proofs of Corollary 6 and
Theorems 8-10 in [5]. ]

Theorem 5.11 Let u € M. The following conditions are equivalent:

(i) peg,
(i) ut g,
(i) uc €6,
(iv) u = g — Av for some functions g, v on E such that g -m € M and f(-,v) -m € M.

Proof That (i) is equivalent to (ii) follows from Corollaries 5.7 and 5.8. That (ii) implies (iii)
follows from the fact that . < u* and Proposition 5.6. Suppose that . € G. Since ug € G
and 4™ = g V e, it follows from Corollary 5.8 that u+ € G. Thus (iii) implies (ii). Of
course (i) implies (iv). Suppose now that (i) is satisfied. Then

—Av=fCv)+p—g— f(v).

Hence u — g — f(-,v) € G, and consequently (u — g — f(-,v)). = te € G, because we
already know that (i) implies (iii). Hence 1 € G, because we also know that (iii) implies (i).
O

Set
L(E;m)={f € B(E): f-m e M}

A(f) ={neM: f(. Ru) € L(E;m)}, A, ={u € Mp; f(-,Rp) € L'(E; p-m)}.
Corollary 5.12 We have

1 6+MNSCg,
(i) A(f)+ L(E;m) =g,
(i) A,(f) + LY (E; p-m) =G,.

Let us consider the following hypothesis:
(A) forevery @ € [0, 1), ¢ > O there exist a(c, ), B(c, ) > 0 such that
[f(x,0u+o)| <ale,)|f(x,u)|+ B(c,0), xe€E, ueck.

Theorem 5.13 Let p € L'(E; m). If (A) is satisfied then A,(f) = G,, where the closure is
taken in the space (M, || - |l p).
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Proof First we show that G, is a closed subset of (M, || - ||,). Let {i,} C G, be a sequence
such that ,, — pin (M,, ||-1|,) for some u € M,. Let u, denote a solution of (4.1) with u
replaced by u,, and let i be a strictly positive Borel function on E such that Ry < p, m-a.e.
Let us observe that

(Rlpn — |, V) <l — mllp, n,m > 1. (5.5)
By Proposition 4.4,

(R|fu,, _fu,,,|»W) < lun — wmlly, n,m=>1. (5.6)
Adding (5.5) to (5.6) gives

/ lun (x) — wm ()Y (x) m(dx) < 2l|un — pmllp, n,m > 1.
E
Therefore there exists u € L' (E; Y -m) such that u, — u in LY(E; ¥ -m). By the definition
of a solution of (4.1),
U, = Rfu,, + Ru,, m-a.e.

By (5.5) and (5.6) the right-hand side of the above equation converges in L' (E; v - m) to
Rf, + Ru. Hence

u=Rf,+Run, m-ae.,

which implies that u € G,, and hence that G, is closed. Therefore A,(f) C G,, because
A, (f) C G, by Theorem 5.11. Now suppose that i € G,,. Then there exists a solution u of
“4.1). Let6, = (1 — %) and let {F},} be a nest such that c(n) := |[R(1g, f(-, u))|loo < 00
(such a nest exists, because f (-, u) € M, C M). Let u, = —6,Au — 1, f (-, u). By (A),

Lf (s R ()| < a(e(n), 6)| f (x, u(x))| + B(c(n), 0,), x € E. (5.7

By Proposition 4.8, f, € L'(E: p - m). Therefore from (5.7) it follows that ,, € Ay (f).
Since it is clear that ||, — |, — 0, we have u € A,(f), which completes the proof. O

6 Inverse maximum principle and Kato’s inequality

In this section we consider the linear equation (3.1). The following theorem generalizes the
inverse maximum principle proved by H. Brezis and A.C. Ponce in [6] in case A is the Laplace
operator on a bounded domain in R¥.

Theorem 6.1 Let u € M and u be a solution of (3.1). If u > 0 then u, > 0.

Proof Assume that u > 0. Let {7z} be a reducing sequence for u. By the definition of a
solution of (3.1), for every a > 0,

lim Eye”*%u(Xy) = Rapte(x)
k— 00

forqg.e.x € E.Inparticular, Ry i.(x) > Oforq.e.x € E,andhence, by [3, PropositionIl.3.2],
Ry e > 0 everywhere. That p, > 0 now follows from Lemma 3.5. O

Proposition 6.2 Assume that @ € M. Let u be a solution of (3.1) and let ¢ be a positive
convex Lipschitz continuous function on R such that ¢ (0) = 0. Then Ap(u) € M. Moreover,

[Ap)l, = Lip(@)llp-
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Proof Let {t} be a reducing sequence for u. By the definition of a probabilistic solution of
(3.1),

t t
u(Xy) = u(Xo) —/ d Al +/ dM,, t>0
0 0

for some local MAF M. By the It6-Meyer formula,
t
p)(Xy) = ) (Xo) — / ¢ (u(X,))dAy

0

t t
[ ans [ ucoydm, 1= 6.1

0 0
for some increasing process A, where ¢’ is the left derivative of ¢. Let A? denote the dual
predictable projection of A (one can find a version of A” which is independent of x; see [9]).
Since A? is predictable, it is continuous, because the filtration (F;) is quasi-left continuous.

Therefore there exists a positive smooth measure v such that A? = AV. For q.e. x € E we
have

¢ Tk
E, / dAY = Tim E, / dAY < lim (EX(p(u(ka))-l-Ex /
0 k— 00 0 k— o0 0

Tk
Lip(g) lim (Ex|u(xrk>| + Ey / dA'r“d‘) < 2 Lip(¢) R (x).
— 00 O

Tk

¢ (X)) dA,“d)

IA

Thus v € M. Write
vi(x) = Rv(x), wva(x)=Ru, (), xe€k

and observe that
t t

o) (X)) + 01 (X1) + v2(X) Zw(u)(x)+v1(x)+v2(x)—/ dA**M/ My, =0
0 0

for some local MAF M. Set w = ¢ (1) + v1 + v. From the above equation and the fact that
w > 0 it follows that w(X) is a supermartingale. Therefore w is an excessive function. On
the other hand,

w < |@@)| +vi +v2 < Lip(p)|u| + Rv + R, < Lip(p)R|p| + Rv + Rptg.

Therefore by [14, Proposition 3.9] there exists a positive § € M such that w = RB. This
implies that Ap(u) = f — v — u; € M. By (6.1) and the assumptions on ¢,

Tk

) (x) = Expu)(Xy) + Ex/ k ¢ u(X,)) dAy — Ex/ dA;
0 0

Tk
< Lip(p) (Ex|”|(th) + Ex/ dA‘r“d‘)
0

for g.e. x € E. Letting k — oo and applying Lemma 4.6 we get the desired result. O
The following version of Kato’s inequality was proved by H. Brezis and A.C. Ponce [6]

(see also H. Brezis, M. Marcus and A.C. Ponce [5]) in case A is the Laplace operator on a
bounded domain in RY).
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Theorem 6.3 Let u be a solution of (3.1). Then Au™ € M and
101 (Au)g < (Au)y, (6.2)
(Au)} = (Au™).. (6.3)

Proof By Proposition 6.2 and (6.1), Au™ € M and there exist positive v,/ € M such that
v 1 Cap, | «<Cap and

—AuT =v+ Lysoypa — 1.
By the resolvent identity, for every o > 0 we have
u=Ry(pu+oau), ut =Ry (v + 1pusoypa —1 —|—au+) .
It is clear that
Rq (v + 1ysoppa — I + au*) < Ry(u+auw)t.
Hence
Ry (v + Lpusoyta — 1) < Re [(u + au)® —au™] < Ryp™.
By Lemma 3.5,
V4 Lysoua — 1 < pt

Taking the diffuse part of the above inequality we get (6.2). Taking the concentrated part we
get
v<put. (6.4)

On the other hand, since ut — u > 0, it follows from Theorem 6.1 that
(v+ 1usoyta =1 — ), = 0, (6.5)

which implies that v > uj. When combined with (6.4) this gives (6.2). ]

Remark 6.4 Applying in the proof of Theorem 6.1 the [t6-Meyer formula with right derivative
of the function u — u™ we obtain (6.5) with 1;,~0) replaced by 1(,>0;. As a result, we get
(6.2) with 1,0y replaced by 1(,>0;.

7 Equations with polynomial nonlinearity

In this section we give a necessary and sufficient condition on p ensuring the existence of a
solution of (4.1) with f satisfying the condition

|fx,u)| <cuP, xe€E,u>0 (7.1)

for some constants ¢ > 0, p > 1. We also calculate the reduced measure in the case where
f(x,u) = —u”.Inour study a primary role will be played by a new capacity Cap, ,, which
we define below.

Let p > 1. By the Riesz-Thorin interpolation theorem one can extend the semigroup
{T;,t > 0} from L2(E; m) N LP(E; m) to L?(E; m). We denote the extended semigroup
by {T,p,t > 0}, whereas by {RY,« > 0} we denote its resolvent. Let (Ap, D(A)p)) be
the operator generated by {7'7}. It is well known that D(A,) = Rf(L”(E; m)). We set
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Dy(Ap) = Rf (LPT(E; m)).Eachelementof D (A)) is defined pointwise via the resolvent
kernel. Let V), denote the space D(A ) equipped with the norm

lullv, = 1ApullLrEm) + lullLrEm)-
We define the capacity of B C E as
Cap, ,(B) = inf{llnlll‘;p :n € Dy(Ap), n = 1p}.

It is an elementary check that Capg,, , is subadditive and increasing (see, e.g., [1, Proposition
2.3.6]). We say that u € V), N M if for every n € V,,

(n, w) < clinllv,.

In the rest of the section we assume that p > 1. By p’ we denote the Holder conjugate to
p.

Proposition 7.1 If u € Vp’ NM™ then w is a good measure relative to the function f(u) =
— u|p’.
Proof Let u be a solution of the equation

I —Au=npu.

Thenu € LP’(E; m)NL(E; m).Indeed, the factthatu € L(E; m) follows from the inequality
Ru < Ru. Now, for f € LP"T(E;m) setn = RY . Then

/ufdm :/ u(l — Ap)ndm :/(I—Ap)undm :/ ndu
E E E E
<clnllv, =c¢ (A pnllLrEzmy + 10l LrcEmy) < 2¢l fllecg:m),

which shows that u € L”/(E; m). That p is a good measure relative to f(u) = —|u|”/ now
follows from Theorem 5.11. O

Lemma 7.2 Letu € Dy (Ap). Then for every . > 0,

Capy (= 2) <27 ully, .

Proof Let B = {u > A}. Then A~'u > 13, so the required inequality follows immediately
from the definition of Cap, ,,. O

Lemma 7.3 Letu € M;. If w < c-Capa,p for some ¢ > 0, then pu € V[;.

Proof Letn € V5. By ourassumptions on y and Lemma7.2, forany n € V" with |||y, = 1
we have

o] oo
/ ndp < p(E)+ > 2 (n 2 2°) < pu(E) + ¢ Y25 Capy, (02 2°)
£ k=0 k=0

o0
< w(E) +cy 2KmPH < oo,
k=0

which proves the lemma. O
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Lemma 7.4 Let 1 € /\/l;f and ju L Capy p,. Then there exists a decreasing sequence {G}
of Borel subsets of E such that

n]i?go CapA,p(Gﬂ) = 07 l’lll>n;0 M(Gﬂ) = 07 IE\Gn M= zncapA,p , h= 1.

Proof Itis enough to repeat step by step the proof of [12, Lemma 2.2.9], the only difference
being in the fact that we choose the sets B, appearing in the proof of [12, Lemma 2.2.9] as
Borel sets. O

As a corollary to Lemma 7.4 we get the following proposition.

Proposition 7.5 A measure i € M7 satisfies u < Cap A,p f and only if there exists an
increasing sequence {E,} of Borel subsets of E such that 1g, - 1 € V[; NM™T forn € N and

I‘L(E \ Unzl E”) =0.
Theorem 7.6 Assume (7.1). If p € Mand = < Capy , then p € G.

Proof By Theorem 5.11 we may assume that u > 0. By Lemma 4.10 there exists a strictly
positive bounded excessive function p such that u € M;, and by Proposition 7.5 there exists
a sequence {{,} C VI’J, N M such that lim,_ o0 || ftn — wllp = 0. Therefore it is enough to
show that u,, € G. But this follows from Proposition 7.1. O

Corollary 7.7 Assume that u € M and an let f(x,u) = —uP, x € E,u > 0. Then u € G
if and only if u* <« Capy .

Proof Sufficiency follows from Theorem 7.6. Suppose that i1 € G. By Theorem 5.11, u™ €
G. By Proposition 5.6 and closedness of G we may assume that u™ is bounded. Assume that
Capy,p(B) = 0 for some Borel set B C E. Then there exists a sequence {n,} C V¥ such
that ||n, ||Vp, — 0, sup,,>| nn < c for some ¢ > 0 and n, > 1p. Let u be a solution of (4.1)

with p replaced by u*. Then u € L?(E; m) by Proposition 4.8. Therefore

wt(B) < (M, 1) = Wl ) + (u, —Apnn)
< @P )+ lullzoEm 1A pnall  pr gomy < WP m0) + llLoEmInallv,,

for every n € N, which forces ™ (B) = 0. O

Corollary 7.8 Let the assumptions of Corollary 7.7 hold. Let /’Lazp denote the absolutely
A,p'

continuous part, with respect to Cap 5 ', of the measure wt. Then
% _ o+ R

no= MC“PA_,,/ no.
Proof 1t suffices to repeat step by step the proof of [5, Theorem 16]. O

Remark 7.9 Let us note that from [1, Proposition 2.3.13] (see also [15]) it follows that for
all p > 1, o € (0, 1] and open bounded set D C R4,

c1Cap} ,(B) < Cap, ,(B) < cxCapl ,(B), B C D,

where A = A% on D with zero boundary condition (see Remark 4.13) and for a compact
K C D the capacity Capﬁp(K) is defined by (1.5).
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