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Abstract

In this paper, we define a new class of Reich type multi-valued contractions on a
complete metric space satisfying the g-graph preserving condition and we study the
fixed point theorem for such mappings. In addition, we present the existence and
unigueness of the fixed point for at least one of two multi-valued mappings. The
results of this paper extend and generalize several well-known results. Some
examples illustrate the usability of our results.

MSC: 47H04; 47H10

Keywords: fixed point theorem; multi-valued mapping; graph preserving; Reich
type contraction

1 Introduction

The classical contraction mapping principle of Banach states that if (X, d) is a complete
metric space and f : X — X such that d(f(x),f(y)) < ad(x,y) for all x,y € X, where « €
[0,1), then f has a unique fixed point. The Banach fixed point theorem plays an important
role in studying the existence of solutions of nonlinear integral equations, system of linear
equations, nonlinear differential equations, and proving the convergence of algorithms in
computational mathematics. The Banach fixed point theorem has been extended in many
directions; see [1-17]. Fixed point theory of multi-valued mappings plays a central role in
control theory, optimization, partial differential equations, and economics. For a metric
space (X, d), we let CB(X) be the set of all nonempty, closed, and bounded subsets of X.
A point x € X is a fixed point of a multi-valued mapping 7 : X — 2% if x € Tx. Nadler [18]
has proved a multi-valued version of the Banach contraction principle which we state as
the following theorem.

Theorem 1.1 Let (X, d) be a complete metric space and T : X — CB(X). Assume that there
exists k € [0,1) such that H(Tx, Ty) < kd(x,y) for all x,y € X. Then there exists z € X such
that z € Tz.

Reich [19] generalized the Banach fixed point theorem for single-valued maps and multi-
valued maps as the two following theorems.

Theorem 1.2 Let (X, d) be a complete metric space and letf : X — X be a Reich type single-
valued (a, b, c)-contraction, that is, there exist nonnegative numbers a, b, cwitha+b+c <1
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such that

d(f(x),f(9)) < ad(x,y) + bd(x,f (x)) + cd(y.f ()
foreach x,y € X. Then f has a unique fixed point.

Theorem 1.3 Let (X,d) be a complete metric space and let a mapping T : X — Py(X),
where Py(X) is the set of all nonempty closed subsets of X, be a Reich type multi-valued
(a, b, ¢)-contraction, that is, there exist nonnegative numbers a, b, c with a + b + ¢ <1 such
that

H(Tx, Ty) < ad(x,y) + bD(x, Tx) + ¢cD(y, Ty)
foreach x,y € X. Then there exists z € X such that z € Tz.

In 2008, Jachymski [20] introduced the concept of a contraction concerning a graph,
called a G-contraction, and proved some fixed point results of the G-contraction in a com-
plete metric space endowed with a graph and he showed that the results of many authors
can be derived by his results.

Definition 1.4 Let (X,d) be a metric space and G = (V(G), E(G)) a directed graph such
that V(G) = X and E(G) contains all loops, i.e., A = {(x,x) | x € X} C E(G). We say that a
mapping f : X — X is a G-contraction if f preserves edges of G, i.e., for every x,y € X,

%)) €EG) = (f(x).f() € EG)

and there exists « € (0,1) such that, for x,y € X,

(x’y) €EG) = d(f(x),f()/)) = ad(xry)~

Jachymski showed in [20] that assuming some properties for X, a G-contraction f : X —
X has a fixed point if and only if there exists x € X such that (x,f(x)) € E(G). The re-
sults of Jachymski were generalized by several authors (see, for example, Bojor [3]; Chifu
and Petrusel [6]; Samreen and Kamran [13]; Asl et al. [2]; Abbas and Nazir [1]). Recently,
Tiammee and Suantai [21] introduced the concept of g-graph preserving for multi-valued
mappings and proved their fixed point theorem in a complete metric space endowed with
a graph.

Definition 1.5 [21] Let X be a nonempty set and G = (V(G), E(G)) be a graph such that
V(G) =X, and let T: X — CB(X). T is said to be graph preserving if it satisfies the follow-
ing:

if (x,7) € E(G),then (u,v) € E(G) for allu € Tx and v € Ty.

Definition 1.6 [21] Let X be a nonempty set and G = (V(G), E(G)) be a graph such that
V(G)=X,andlet T: X — CB(X), g: X — X. T is said to be g-graph preserving if it satisfies
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the following: for each %,y € X,
if (g(x),g(y)) € E(G),then (1,v) € E(G) for all u € Tx,v € Ty.

By using the concept of ‘g-graph preserving’ introduced by Tiammee and Suantai [21]
and the concept of a Reich type multi-valued contraction defined by Reich [19], we define
a new class of Reich type multi-valued contraction on a complete metric space satisfying
the g-graph preserving condition and then we shall study the fixed point theorem for such
mappings. Moreover, we establish some results on common fixed points for two multi-
valued mappings. The results of this research extend and generalize several well-known
results from previous work.

2 Main results
Let (X, d) be a metric space. Denote CB(X) the set of all nonempty closed and bounded
subsets of X. For a € X and A, B € CB(X), define

d(x)A) = lnf{d(xxy) |y € A},

D(A,B) = inf{d(x,B) | x € A}.
Also, define

H(A, B) = max { supd(x,A), sup d(x, B) ] .

xeB xeA

The mapping H is said to be a Hausdor{ff metric induced by d. The next lemma will play

central roles in our main results.

Lemma 2.1 Let (X,d) be a metric space. If A,B € CB(X) and x € A, then for each € > 0,
there is b € B such that

d(a,b) < H(A,B) + €.

We start with the new class of Reich type multi-valued (e, B, y)-contraction on a com-
plete metric space.

Definition 2.2 Let (X, d) be a metric space, G = (V(G), E(G)) be a directed graph such that
V(G)=X,g:X — X,and T : X — CB(X). T is said to be a Reich type weak G-contraction
with respect to g or a (g, o, 8, y)-G-contraction provided that

(1) T is g-graph preserving;

(2) there exist nonnegative numbers «, 8, y with @ + 8 + ¥ <1 and

H(Tx, Ty) < ad(g(x),g()) + BD(g(x), Tx) + yD(g(»), Ty)
for all x,y € X such that (g(x),g(y)) € E(G).

Example 2.3 Let N be a metric space with the usual metric. Consider the directed graph
defined by V(G) = X and E(G) = {2n-1,2n+1):n e N} U {(2n,2n+2):ne N-{1}} U
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{2n,2n+4):ne N-{1}} U {(2n,2n) : n e N-{1}} U {(1,1),(6,4)}. Let T : X — CB(X) be
defined by

{2k, 2k +2} ifn=2k-1,keN,
1} ifn=2kkeN,

n

and g: N — N be defined by

2k ifn=2k+2,keN,
gn)=132k-1 ifn=2k+1,keN,
2 ifn=1,2.

We will show that T'isa (g, «, 8, ¥ )-G-contraction witha = 0, 8 = %, y = % Let (g(x),g(y)) €
E(G).If (g(x),g(») = 2k —1,2k +1) for k € N, then (x,y) = (2k + 1,2k + 3), Tx = {2k + 2,2k +
4}, and Ty = {2k + 4,2k + 6}. We obtain (2k + 2,2k +4), (2k + 2,2k + 6), (2k + 4,2k + 4), 2k +
4,2k + 6) € E(G). Also, D(g(x), Tx) = 3, D(g(y), Ty) = 3, and

H(Tx, Ty) = max{ sug d(a, Tx), :uj{) d(b, Ty)
acTy eTx

= max{ sup d(a, {2k + 2,2k + 4}), sup d(b, {2k + 4,2k + 6})]
acTy beTx

=max{2,2}

=2
1.1

<0d(g(x),g(»)) + ;3 +30

<0d(g(x),g() + %D(g(x), Tx) + %D(g(y), Ty).

If (g(x),g(y) = (2k, 2k + 2) or (2k,2k + 4) or (2k, 2k) for k € N — {1}, then Tx = Ty = {1} and
(1,1) € E(G). It follows that

H(Tx, Ty) = max{ su%) d(a, Tx), :up db, Ty)
acTy elx

-0
< 0d(g(x),g) + %D(g(x), Tx) + %D(g(y), Ty).

If (g(x),g(»)) = (1,1), thenx =y =3, Tx = Ty = {4, 6}, and (4,4), (4,6), (6,4),(6,6) € E(G). It
follows that

H(Tx, Ty) = max{ su;) d(a, Tx), su;) d(b, Ty)}
aeTy eTx

=0

< 0d(g(x),g(»)) + %D(g(x), Tx) + %D(g(y), Ty).
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If (g(x),g(y)) = (6,4), then x =8, y = 6, and Tx = Ty = {1} and (1,1) € E(G). Note that
d(g(x),g(y)) =2, D(g(x), T8) =5, D(g(y), T6) = 3, and so

H(Tx, Ty) = max{ sug d(a, Tx), :up db, Ty)
aeTy eTx

-0
<0d(g(x),g(») + %D(g(x), Tx) + %D(g(y), ).

It follows that T is a (g, 0, %, %)—G—contraction.

Property A For any sequence {x,},cn in X, if x,, — x and (x,,, x,,41) € E(G) for n € N, then
there is a subsequence {x,, },, en such that (x,,,x) € E(G) for n; € N.

Lemma 2.4 Let (X,d) be a metric space with the directed graph G, g1, g» : X — X be surjec-
tive maps and, for i = 1,2, T; : X — CB(X) be g-graph preserving satisfying the following:
there exist nonnegative numbers o, B, y with a + B + vy <1 such that, for all x,y € X, if
(@), 220)) € E(G), then

H(Tyx, Thy) < ad(g1(x),£2(9)) + BD(&1(x), Tix) + yD(g2(9), T2y),
and if (g2(x),g1(y)) € E(G), then
H(Tyx, Try) < ad(g(x),81(9)) + BD(g(x), Tax) + yD(21(9), T1y).
If
(A) there exists xg € X such that (g1(xo), u) € E(G) for some u € Tyxg, and
(B) if (@1(x),22() € E(G), then (z,w) € E(G) for all z € Tix, w € Tyy, and if
(@), 21(9) € E(G), then (b,r) € E(G) for all b € Tox, r € T1y,

then there exists a sequence {xi}renuioy in X such that, for each k € N,

gi(xok) € Toxor, £ (xox1) € Tixok_2,

(91 (%2k-2), &2(%24-1)) (g2(24-1), &1 (%21)) € E(G),

and {S(xx)} is a Cauchy sequence in X where

agilxy)  ifkis even,
Oxr)  ifkisodd.

Sxe) =

Proof Since g, is surjective, there exists x; € X such that g,(x1) € T1x¢ and (g1(x0), g2(x1)) €
E(G). By Lemma 2.1, there exists x; € X such that gi(x;) € Tox; and d(ga(x1),g1(x2)) <
H(T1xg, Tox1) + (a + B).

By (B), it follows that (g2 (x1), g1(x2)) € E(G). By assumption,

d(g2(x1),41(x2)) < H(T1x0, Tox1) + (o + B)
< ad(gi(x0), &2 (%1)) + BD(g1(%0), Tixo) + y D(ga(x1), Tax:)
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+(+8)
< ad(gi(x0),g2(01)) + Bd(g1(x0), £2(x1)) + yd (g2 (1), &1 (%2))
+ (o + B).

Hence,

(1 - y)d(g2(x1), & (x2)) < (o + B)d(g1(x0), &2 (%1)) + (o + B).

It follows that

d(g1),g1(®2)) < (ol‘f f  d(@r(ao) o) + = f
= nd(gi(x0), g2(x1)) + 1, (1
where n = @ <1

Next, by Lemma 2.1, we can choose x3 € X such that g, (x3) € T1x, and
d(g1(x2), g2(x3)) < H(Tox1, Tixa) + (@ + ).
By (B) again, it follows that (g1 (x2), £2(x3)) € E(G). By assumption again, we have

d(g1(x2), @2(x3)) < H(Toxy, Trxa) + (@ + B
< ad(g (1), 81(x2)) + BD(g2(x1), Tox1) + ¥ D(g1(%2), Tixz)
+(a+B)n
< ad(g(x1),81(%2)) + Bd(g2(x1),21(x2)) + yd(g1(%2), &2 (x3))

+(a + B)n.
Hence,
11— y)d(gi(x2),&(x3)) < (o + B)d(g2(x1),81(x2)) + (e + B)n.
It follows that
d(g1(x2), £2(x3)) < nd(g2(31),81(x2)) + 1.
By the inequality of (1), we have
d(gi1(x2),g2(x3)) < n’d(g(x0),g2(%1)) +2n°.
Continuing in this fashion, we obtain sequences {xx} and {S(xx)} with the property that

g1(xx) ifkiseven,
S(xr) =
g(x) ifkisodd,
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and for each k € N,

&i(xok) € Toxor, £ (xox1) € Tixok_2,

(91 (%2k-2), &2 (%24-1)) (2 (24-1), &1 (%21)) € E(G)

and

d(S(er), S(xin)) < 1*d(gi(x0), 2(31)) + kn*.

Since n < 1, we have

o]

D (Ad(Se), S(x:1))) < d(gi(x0), g2x1)) D u* + Y kn* < oo

k=0 k=0 k=0

It is straightforward to check that {S(xx)} is a Cauchy sequence in X. O

Theorem 2.5 Let (X, d) be a complete metric space with the directed graph G, g, : X —
X be surjective maps and, for i = 1,2, T; : X — CB(X) be g-graph preserving satisfying the
following: there exist nonnegative numbers o, 8, y with o + B + y < 1 such that, for all
%y €X, if (@(x),2()) € E(G), then

H(Tx, T»ry) < ad(g1(x),£(9) + BD(g1(%), T1x) + yD(g2(), T2y),
and if (g2(x), ;1 () € E(G), then
H(Tox, T1y) < ad(g(x), &) + BD(22(x), Tax) + yD(&1(), T1y).

If the following hold:
(1) there exists xo € X such that (g1(xo), u) € E(G) for some u € Tix;
(2) if (@(x),22() € E(G), then (z,w) € E(G) for all z € Tix, w € Tyy and if
(g@2(%),&1(9) € E(G), then (b,r) € E(G) forall b € Tyx, r € T1y;
(3) X has Property A,
then there exist u,v € X such that g1(u) € Tyu or g&(v) € Tyv.

Proof By (1), let xyp € X be such that (gi(x0),g2(x1)) € E(G) for some gy(x;) € T1xo. By
Lemma 2.4, there exists a sequence {¥¢}kenugo; in X such that, for each k € N,

g1(x2x) € ToXok_1, & (wox-1) € Tixok2,

(&1 (%2x-2), @2 (%2x-1))» (€2 (%2k1), g1 (%21)) € E(G),

and {S(xx)} is a Cauchy sequence in X where

g1(xx) ifkiseven,
g(x) if kisodd.

Sxe) =
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Since X is complete, the sequence {S(xx)} converges to a point w for some w € X. Let
u,v € X be such that g; () = w = g3(v). By Property A in (3), there is a subsequence {S(x,)}
such that (S(xx, ), g1(#)) € E(G) for any n € N. We claim that g1 (1) € T1u or g,(v) € Thv. Let
A ={k, | k, is even} and B = {k; | k,, is odd}. Since A U B is infinite, at least A or B must be
infinite. If A is infinite, for each g5 (xx,+1), where k, € A, we have

D(g2(v), Tav) < d(g2(v),2(x,41)) + D(g2 (61, 11), Tav)
< d(g2(v), & (xk, 1)) + H(T1xx,, Tav)
< d( (), & (xx,1)) + @d (g1 (&, ), 8(1) + BD (& (%), Tikx,)
+yD(g:(v), T2v)
<d(g), gz(xknu)) +ad(gi(xk,), &) + Bd(gi(xk,), &2 (k1))

+yD(g(v), Tov).

‘We obtain

D(gx(v), Tov) < ﬁ [V &2 1)) + (151, ), 22(1) + B2 (xt, ) @25t )) |-

Since {g(xx,)} and {ga(xx,.1)} are subsequences of S(x;,), they converge to g>(v) as n — 00,
and hence D(g,(v), Tv) = 0. Since T,v is closed, we conclude that g,(v) € T,v. Similarly, if
B is infinite, we can show that gi(#) € T1u, completing the proof. Note that if A and B in
Theorem 2.5 are both infinite then g (v) € Tov and g1 (1) € Tiu. O

The following example illustrates Theorem 2.5.

Example 2.6 Let (X, d) be a metric space where X = [0,1] and d is a usual metric on R.
Consider the directed graph G = (V(G), E(G)) defined by V(G) = X and

- foanan (o3 (10 ()
A E)CDEHEL

Let T,S: X — CB(X) and g1,2 : X — X be defined by

3} ifx=1,
Tx=1{0,3} ifxe(0, 1)\{2,[},
{3} ifx= o,z,f,

S e {i} ifx= 0,4,2,
{0,7} ifx€(0,1)\ {3, 1},

a®) =x* and gx) =« forallxeX.

It is clear that S, T are g, g,-graph preserving, respectively. It is straightforward to check
that the conditions (1), (2), (3) of Theorem 2.5 are satisfied. Next, we will show that, for all
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x,y € X, if (g1(x), £2(») € E(G), then

H(Tx,Sy) < ad(g1(x),£2(9)) + BD(g1(x), Tx) + yD(g2(»), ),

and if (g (x), 21(y)) € E(G), then

H(Sx, Ty) < ad(g(x),£1(9)) + BD(g2(x), Sx) + yD(21(9), Ty),

wherea=0,8=y = %

If (1(x),22(9)), (22(x), 21(y)) € E(G) \ {(1,1)}, then H(Tx, Sy) = 0 = H(Sx, Ty). So the above
inequalities are satisfied.

If (g1 (%), 2 (») = (1,1), then g&1(x) = 1, g2(y) = 1, which implies that x =1 and y = 1. Thus
we have Tx = % and Sy = i and hence

ol (3} i)
<00+3(3)+3(3)

= ad(gl(x),gz(y)) + ,BD(gl(x), Tx) + yD(gg(y),Sy).

If (g2(x), &1(y)) = (1,1), then g»(x) =1 and g1(y) = 1, which yields x =1 and y = 1. Thus we
have Sx = i and Ty = % and hence

e =n({3}.31])

1
4
1/3 1/1
)10
3\ 4 3\2
= ad(g(x),21(»)) + BD(g(x), Sx) + yD(@1 (), Ty).

By Theorem 2.5, there are u,v € X such that g1(#) € Tu or g>(v) € Sv. In this example,
choose u = i. Since g, (u) = u, we have u € Su = {u}.

From Theorem 2.5 one deduces the next two corollaries.

Corollary 2.7 Let (X,d) be a complete metric space with the directed graph G, g: X — X
be a surjective map, and Ty, T, : X — CB(X) be g-graph preserving satisfying

H(Tyx, Toy) < ad(g(x),g(»)) + BD(g(x), Tix) + yD(g(y), T2y)

forall x,y € X with (g(x),g(y)) € E(G). If the following hold.:
(1) there exists xg € X such that (g(xo), u) € E(G) for some u € Tyxo;
(2) X has Property A,

then there exists u € X such that g(u) € Tiu or g(u) € Tou.
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Proof Set g1 = g = g. Then this corollary follows immediately from Theorem 2.5. O

Corollary 2.8 Let (X, d) be a complete metric space, G = (V(G), E(G)) be a directed graph
such that V(G) = X, and let g : X — X be a surjective map. If T : X — CB(X) is a multi-
valued mapping satisfying the following properties:

(1) Tisa (g o,B,y)-G-contraction;

(2) theset X1 ={x € X | (g(x),y) € E(G) for somey € Tx} #¥;

(3) X has Property A,
then there exists u € X such that g(u) € Tu.

Proof Set T} =T, = T and g; = g» = g. Then the result follows directly from Theorem 2.5.
O

A partial order is a binary relation < over the set X which satisfies the following condi-
tions:

(1) x <x (reflexivity);

(2) ifx <yandy <x, then x = y (antisymmetry);

(3) if x <yandy <z, then x < z (transitivity),
for all x,y € X. A set with a partial order < is called a partially ordered set. We write x < y
ifx<yandx#y.

Definition 2.9 Let (X, <) be a partially ordered set. For each A,BC X, A < Bifa < b for
anyacA,beB.

Definition 2.10 [21] Let (X, d) be a metric space endowed with a partial order <,g: X —
X a surjective map, and 7 : X — CB(X). T is said to be g-increasing if for any x,y € X,

gw)<gly) = Tx<Ty.
In the case g is the identity map, the mapping 7 is called an increasing mapping.

Theorem 2.11 Let (X,d) be a metric space endowed with a partial order <, g: X — X be
a surjective map and T : X — CB(X) be a multi-valued mapping. Suppose that
(1) T is g-increasing;
(2) there exist xg € X and u € Txq such that g(xo) < u;
(3) for each sequence {xx} such that g(xx) < g(xk+1) for all k € N and g(xy) converges to
g(x) for some x € X, then g(xx) < g(x) for all k e N;
(4) there exist nonnegative numbers o, B, y with a + B + y <1 such that

H(Tx, Ty) < ad(g(x),g()) + BD(g(x), Tx) + yD(g(), T)

forall x,y € X such that g(x) < g(y);
(5) the metric d is complete.
Then there exists u € X such that g(u) € Tu. If g is injective, then there is a unique u € X
such that g(u) € Tu.

Proof Define G = (V(G), E(G)), where V(G) = X and E(G) = {(x,y) | x < y}. Let x,y € X be
such that (g(x),g(y)) € E(G). Then g(x) < g(y) so by (1) it implies that Tx < T¥. For each
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u € Tx, v € Ty, we have u < v, thus (4,v) € E(G). That is, T is g-graph preserving. By as-
sumption (2), there exist xg € X and u € Tx, such that g(xo) < u. So (g(xo), #) € E(G) and
hence the property (1) in Corollary 2.7 is satisfied. Moreover, we obtain the property (2)
of Corollary 2.7 from the assumption (3). Set 71 = T, = T, then the T3, T, are g-graph

preserving mappings satisfying
H(Tyx, Try) < ad(g(x),g(y)) + BD(g(x), Tix) + yD(g(y), T>y)

for all x,y € X with (g(x),g(y)) € E(G). Therefore, from the result of this theorem follows
Corollary 2.7.

Assume that g is injective. Let u,v € X be such that g(x) € Tu and g(v) € Tv. Suppose
that g(u) # g(v). Without loss of generality, assume that g(u) < g(v). Since g(u) € Tu and
g(v) € Tv, it follows that D(g(u), Tu) = D(g(v), Tv) = 0 and hence

d(g(),g(v)) < H(Tu, Tv)
< ad(g(u),gv)) + BD(g(w), Tu) + yD(g(v), Tv)
<d(g(u),g(v)).

This leads to a contradiction. Thus g(u) = g(v). Since g is injective, we have u = v. d
We obtain the following result by considering g(x) = x for all x € X.

Corollary 2.12 Let (X,d) be a metric space endowed with a partial order < and T : X —
CB(X) be a multi-valued mapping. Suppose that
(1) T isincreasing;
(2) there exist xg € X and u € Txq such that xq < u;
(3) for each sequence {xi} such that xi < %1 for all k € N and xx converges to x for some
x € X, then xy < x for all k e N;

(4) there exist nonnegative numbers o, B, y with o + B+ y <1 such that
H(Tx, Ty) < ad(x,y) + BD(x, Tx) + y D(y, Ty)

forall x,y € X such that x < y;
(5) the metric d is complete.
Then there is a unique u € X such that u € Tu.
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