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ambient space need not be ordered and does not have to be complete. Then, this
result may be applied in a wide range of different settings (metric spaces,
quasi-metric spaces, pseudo-metric spaces, semi-metric spaces, pseudo-quasi-metric
spaces, partial metric spaces, G-spaces, etc.). Finally, we illustrate how this result
clarifies and improves some well-known, recent results on this topic.

1 Introduction

Fixed point theory plays a crucial role in nonlinear functional analysis since, among other
reasons, fixed point results are used to prove the existence (and also uniqueness) of so-
lution when solving various types of equations. The Banach contraction principle is con-
sidered to be the pioneering result of the fixed point theory, and it is the most celebrated
result in this field. The simplicity of its proof and the possibility of attaining the fixed point
by using successive approximations let this theorem become a very useful tool in analysis
and in applied mathematics. The great significance of Banach’s principle, and the reason
it is possibly one of the most frequently cited fixed point theorems in all of analysis, lies
in the fact that its proof contains elements of fundamental importance to the theoretical
and practical treatment of mathematical equations. After the appearance of this result in
Banach’s thesis in 1922, a great number of extensions (in many occasions, as well-known
as the original result, such as those by Krasnoselskii and Zabreiko, Edelstein, Browder,
Schauder, G6hde, Kirk, and Caristi; a comprehensive study can be found in [1]) have been
proved in various different frameworks (see [2, 3] in partial metric spaces, [4-7] in G-
metric spaces, [8, 9] in fuzzy metric spaces, [10, 11] in intuitionistic fuzzy metric spaces,
[12, 13] in probabilistic metric spaces and [14, 15] in Menger spaces).

In recent times, one of the most attractive research topics in fixed point theory is to prove
the existence of a fixed point in metric spaces endowed with partial orders. An initial re-
sult in this direction was given by Turinici [16] in 1986. Following this line of research, Ran
and Reurings [17] (and later Nieto and Rodriguez-Lépez [18]) used a partial order on the
ambient metric space to introduce a slightly different contractivity condition, which must

be only verified by comparable points. Thus, they reported two versions of the Banach

©2014 Roldén-Lépez-de-Hierro and Shahzad; licensee Springer. This is an Open Access article distributed under the terms of the

L]
@ Sprlnger Creative Commons Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution,

and reproduction in any medium, provided the original work is properly cited.


https://core.ac.uk/display/204767773?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://www.fixedpointtheoryandapplications.com/content/2014/1/218
mailto:nshahzad@kau.edu.sa
mailto:naseer_shahzad@hotmail.com
http://creativecommons.org/licenses/by/2.0

Roldén-Lépez-de-Hierro and Shahzad Fixed Point Theory and Applications 2014, 2014:218 Page 2 of 24
http://www.fixedpointtheoryandapplications.com/content/2014/1/218

contraction principle in partially ordered sets and applied them to the study of some ap-
plications to matrix equations. Their proofs involved combining the ideas of the iterative
technique in the contractive mapping principle with those in the monotone technique.
This approach led to a very recent branch of this field, with applications to matrix equa-
tions and ordinary differential equations. The literature on this topic has exponentially
risen in recent years. To mention some advances on this topic, we highlight the following
ones. Firstly, in order to guarantee the existence and uniqueness of a solution of periodic
boundary value problems, Gnana-Bhaskar and Lakshmikantham [19] (and, subsequently,
Lakshmikantham and Ciri¢ [20]) proved, in 2006, the existence and uniqueness of a cou-
pled fixed point (a notion introduced by Guo and Lakshmikantham in [21]) in the setting
of partially ordered metric spaces by introducing the notion of mixed monotone property.
Later, the notions of tripled fixed point, quadruple fixed point and multidimensional fixed
point were introduced by Berinde and Borcut [22], by Karapinar and Luong [23] and by
Berzig and Samet [24] (see also [25]), respectively.

But the two main ingredients of all extensions are, basically, the same that we can find
in the Banach contraction principle: a complete metric space and a self-mapping verifying
a contractive condition. Although modern versions use, in many cases, different kind of
mappings, the more intensively studied condition is based on the idea that the distance
between the images of any two points (comparable or not) is upper bound by the product
of a constant (small enough) and the distance between those points. The main aim of this
manuscript is to provide a result powerful enough to guarantee that a nonlinear operator
T has, at least, a fixed point, even when we consider that a measure mapping does not have
to be an underlying metric structure on the ambient space X and the binary relationship
is not necessarily a partial order on X. To do this, we present a result which can be applied
in the following adverse conditions: the framework is a set X provided with a preorder
and a measure mapping d : X x X — R that does not necessarily verify any of the four
classical properties of a metric space (in fact, it need not be one of the following metric
structures: a metric, a pseudo-metric, a quasi-metric, a pseudo-quasi-metric or a semi-
metric). Furthermore, d has not to be symmetric and the triangular inequality must only
be verified by a kind of comparable points. Even if d would verify some of the classical
properties of a metric, (X, d) would not be a complete space. In this setting, none of the
theorems proved until now can be applied to guarantee that a nonlinear operator (even
if it is a contractive mapping) has, at least, a fixed point. We illustrate our results with a
particular example. Finally, we show that they extend and improve some well-known fixed
point theorems.

2 Preliminaries

Preliminaries and notation about coincidence points can also be found in [25]. Let # be a
positive integer. Henceforth, X will denote a nonempty set and X” will denote the product
space X x X x -+ x X. Throughout this manuscript, m and k will denote nonnegative
integers and i,j,s € {1,2,...,n}. Unless otherwise stated, ‘for all »’ will mean “for all m > 0’
and ‘for all / will mean ‘foralli € {1,2,...,n}. Inthe sequel, let F: XN — Xand T,g: X — X
be three mappings. For brevity, T'(x) will be denoted by Tx.

Definition 2.1 A binary relation on X is a nonempty subset R of X x X. For simplicity,
we will write x < y if (x,7) € R, and we will say that < is the binary relation. We will write
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x < y when x < y and x # y, and we will write y > x when x < y. We will say that x and y
are <-comparable if x X y or y X x.

A binary relation < on X is transitive if x < z for all x,7,z € X such thatx < yand y < z.
A preorder (or a quasi-order) < on X is a binary relation on X that is reflexive (i.e., x < x
for all x € X) and transitive. In such a case, we say that (X, <) is a preordered space (or a
preordered set). If a preorder < is also antisymmetric (x < y and y < x implies x = y), then
< is called a partial order, and (X, <) is a partially ordered space.

All partial orders and equivalence relations are preorders, but preorders are more gen-
eral. From now on, (X, <) will always denote a preordered space.

Definition 2.2 A metric on X is a mapping d : X x X — [0, oo[ satisfying

(M)  d(x,x) =0; (M) dx,y)=0 = x=y
(Mz) d(y,x)=d(x,y); (M) dx,y) <d(z,%) +d(z,y)

for all x,y,z € X. If d is a metric on X, we say that (X, d) is a metric space.

The function d is a premetric if it satisfies (M,); a pseudo-metric if it satisfies (M), (M3)
and (M,); a quasi-metric (or a nonsymmetric metric) if it satisfies (M), (M) and (My);
a quasi-pseudo-metric if it satisfies (M;) and (My); and a semi-metric if it satisfies (M),
(M3) and (M3).

Remark 2.1 We point out that there exist different notions of premetric that are not uni-
versally accepted. For instance, Kasahara [26] used the term premetric to refer to a quasi-
pseudo-metric defined on a subset of X x X. However, Kim [27], in the same issue as
Kasahara, preferred using the term quasi-pseudo-metric (see also Reilly et al. [28]). For
our purposes and for the sake of clarity, we prefer using the previous definitions because

we consider that it is a more modern nomenclature.

Definition 2.3 A fixed point of a self-mapping 7 : X — X is a point x € X such that
T (x) = x. A coincidence point between two mappings T, g : X — Y isa pointx € X such that
T (x) = g(x). A common fixed point of T,g : X — X isa point x € X such that T'(x) = g(x) = «.

Remark 2.2 If T,g: X — X are commuting and xo € X is a coincidence point of T and g,
then Tk, is also a coincidence point of 7" and g.

Definition 2.4 If (X, %) is a preordered space and T, g : X — X are two mappings, we will
say that T is a (g, <)-nondecreasing mapping if Tx < Ty for all x,y € X such that gx < gy.
If g is the identity mapping on X, T is nondecreasing (w.r.t. ).

3 Anillustrative example
Let I be the real interval ]-2,1] and let X =1U {2, 3,4,5, 6,7} provided with the following
binary relation:

either x=y,
forx,yeX, xxy < or {x,v} =1{2,3},
or (x,y eland x <y).

Page 3 of 24
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Define d : X x X — [0, 00[, for all x,y € X, by

0, if {x,y} = {2,3} or {x,} = {4,5},
0.5, ifx=y=5,

dlx,y) =11, if (x,5) = (6,7),
2, if (x,y) = (7,6),

|x—y|, otherwise.

Let g the identity mapping on X. Define T : X — X by

5 ifxel,
b .f b b b b
Tx = 0 ifx€{2,3,6,7) for all x € X.
-1, ifx=4,
1, ifx=5,

Then the following statements hold. Proofs can be found in Appendix 2.

1. The binary relation < is a preorder on X, but it is not a partial order on X.

2. The measure mapping d does not hold any of the four classical properties
(M7)-(My) that define a metric space. Indeed, it is not a metric on X, neither a
premetric nor any of the following: a pseudo-metric, a quasi-metric,

a pseudo-quasi-metric, a semi-metric or a partial metric.

3. Even if d would verify some of the metric properties of Definition 2.2, (X, d) would
not be a complete space.

4. T isnota d-contraction (that is, there is no k € [0,1) such that d(Tx, Ty) < kd(x,y)
for all x,y € X) because d(T4, T5) =d(-1,1) = 2, but d(4,5) = 1.

Therefore, none of the theorems proved until now can be applied to the quadruple (X, <,

d,T) in order to guarantee that T has a fixed point.

4 Test functions

One of the most important ingredients of a contractivity condition is the kind of involved
functions. Recently, many classes of families have been introduced, like altering distance
functions, comparison functions, (c)-comparison functions, Geraghty functions, etc. In
this section, we present the kind of functions we will use and we show how other classes
can be seen as particular cases.

Definition 4.1 (Agarwal et al. [29]) We will denote by F the family of all pairs (v, ¢),
where ¥, ¢ : [0,00) — [0, 00) are functions, verifying the following three conditions.

(F1) ¥ is nondecreasing.

(F,) If there exists ¢, € [0, 00) such that ¢(fy) = 0, then £ = 0 and ¥~1(0) = {0}.

(F3) If {ax}, {bx} C [0, 00) are sequences such that {ax} — L, {bx} — L and verifying L < by
and ¥ (by) < (¥ — ¢)(ax) for all k, then L = 0.

Example 4.1 If k € [0,1) and we define ¥ (¢) = ¢ and () = (1 — k)¢ for all ¢ > 0, then
(i, or) € F. Furthermore, V¥ (£) — @i (¢) = kt for all £ > 0.

Notice that axiom (F,) does not necessarily imply the well known condition ¥ (¢) =0 <
t =0 < ¢(f) = 0. Furthermore, we do not impose any continuity condition neither on
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nor on ¢. In order to prove that the family F is very general, next we will show a variety of
pairs of functions in F that have been previously considered by other authors in the past.

A function ¢ : [0, 00) — [0, 00) is lower semi-continuous if ¢(t) < liminf,_, o, ¢(¢,) for all
sequence {t,} C [0,00) such that {t,} — ¢t. Similarly, ¢ is upper semi-continuous if, in the

same conditions, ¢(z) > limsup,,_, ., ¢(t,).

Definition 4.2 (Khan et al. [30]) An altering distance function is a continuous, nonde-

creasing function ¢ : [0, 00) — [0, 00) such that ¢(¢) = 0 if and only if £ = 0.

Proposition 4.1 If ¢ is an altering distance function and {a,,} C [0, 00) verifies {¢p(a,)} —
0, then {a,,} — 0.

The following lemma shows some examples of pairs in F.

Lemma4.1 (see [29]) Letr, ¢ : [0,00) — [0, 00) be two functions such that Vs is an altering
distance function.

1. If g is lower semi-continuous and ¢~ ({0}) = {0}, then (¥, ¢) € F.

2. Ifg is continuous and verifies 1 ({0}) = {0}, then (¥, ¢) € F.

3. If Y and ¢ are altering distance functions, then (¥, ¢) € F.

Notice that the condition ¢ < is not necessary.

Proof We prove item (1). Conditions (1) and (F,) are obvious. Next, assume that
{ar}, {bx} C [0,00) are sequences such that {ay} — L, {bx} — L and verify L < by and
Y (bk) < (¥ — ¢)(ax) for all k. Therefore, ¥ (br) < (¥ — @)ax) = ¥(ax) — ¢(ax) < ¥(ax).
Hence 0 < g(ax) < ¥(ax) — ¥ (bi) for all k. Letting k — oo and taking into account that
Y is continuous, we deduce that limy_. o @(ax) = 0. As {ax} — L and ¢ is lower semi-
continuous, we deduce that ¢(L) < liminf,_,; ¢(¢) < limg_, o ¢(ax) = 0. Hence L = 0. The
other two items immediately follow from item 1. O

Example 4.2 (see [29])

1. Ifa,b >0 and we define ¥ (¢) = at and ¢(t) = bt for all £ > 0, then (¥, @) € F. The
case a > b is usually included in other papers, but the case a < b is new.

2. Ify(t) =¢(t) =t +1forall £ >0, then (¥, p) € F. Notice that, in this case, (F3)
holds because it is impossible to find such kind of sequences since
1<1+br=v(br) < —¢)ax) = 0. In this case, the condition () =0 <t =0
does not hold.

Corollary 4.1 Let ¥, ¢ : [0,00) — [0,00) be two functions such that \ is an altering dis-
tance function and ¢ is upper semi-continuous verifying —({0}) = {0} and ¢(t) < ¥ (t) for
allt>0. Then (V, ) € F, where ¢ = — ¢.

Proof It follows from item 1 of Lemma 4.1 because ¢ = ¢ — ¢ is lower semi-continuous
and verifies ¢~1({0}) = {0}. O

A function « : [0,00) — [0,1) is a Geraghty function if the condition {«(t,)} — 1 implies
that {¢,} — 0.
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Lemma 4.2 (Agarwal et al. [29]) If o is a Geraghty function and we define V(t) = t and
o) =1 -a@)t forallt >0, then (Y, ) € F.

In [31], the authors used a contractivity condition as follows:

v (d(Tx, ) < B(v(dx.9))) - ¥ (d(x.)),
where  is an altering distance function and g is a Geraghty function.

Lemma 4.3 If is an altering distance function and B is a Geraghty function, then (v, (1 -
Boy)-¥)eF.

Proof Let o =(1— B o) -y, thatis, (t) = (1 - B(y(¢)))¥(¢) for all £ > 0. Notice that the
image of B o v is contained in the image of 8, which is in [0,1). Therefore, S(/(s))¥ (s) <
¥ (s) forall s > 0 (if ¥ (s) = 0, both members are equal, and if ¥ (s) > 0, then S(¥ (s)) - ¥ (s) <
@(s) since B(Y(s)) < 1).

(F1) Since ¥ is an altering distance function, then it is nondecreasing.

(F2) Assume that there exists £y € [0, 00) such that ¢(¢y) = 0. Then (1 - B(¥ (£))) ¥ (¢) =
0. Since 1 — B(¥ (ty)) > 0, then v (¢y) = 0, which means that ¢y = 0. In such a case, ¥ 1(0) =
{0} because it is an altering distance function.

(F3) Let {ax}, {br} C [0, 00) be sequences such that {a;} — L, {bx} — L and verify L < by
and ¥ (by) < (¥ — ¢)(ay) for all k. Since v is continuous, limy_, oo ¥ (ax) = limy_, o ¥ (by) =
¥ (L). Moreover,

Y (bi) < ¥(ar) — plax) = ¥ (ax) - [V (aw) — B(v (@) (a)] = B (v (a)) ¥ (ax).

Let us show that L = 0 reasoning by contradiction. Suppose that L > 0. Since v is nonde-

creasing,

0 <y (L) <y (bx) < B(¥(ar)(ax) < V().
In particular, ¥ (a;) # 0 and

¥ (br)
¥ (ax)

<B(Y(@)) <1 forallk.

Letting n — oo, we deduce that {8(y(ax))} — 1. Since B is a Geraghty function, (L) =
lim,, oo ¥ (ax) = 0, which contradicts that /(L) > 0 because L > 0 and ¢ is an altering
distance function. O

In [32], the authors used a contractivity condition as follows:

¥ (d(Tx, Ty)) < ¥ (N(x,9)) — 9(N(x,)),

where N(x,y) = max (d(x,y), d(x, Tx), d(y, Ty), M)y

2

¥ is continuous and ¢ verifies that {¢(¢,)} — 0 implies that {z,} — 0.
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Lemma4.4 Lety,¢:[0,00) — [0,00) be two functions such that s is an altering distance
function and ¢ verifies the following condition:

if {t,} C [0,00) and {go(t,,)} — 0, then {t,} — 0. (2)
Then (V,¢) € F.

Proof (F1) Since v is an altering distance function, then it is nondecreasing.

(F2) Assume that there exists ¢y € [0, 00) such that ¢(ty) = 0. Letting ¢, = £, forall n > 1
and applying (2), we deduce that £y = 0. In such a case, 1 ~1(0) = {0} because it is an altering
distance function.

(F3) Let {ax}, {bx} C [0,00) be sequences such that {ax} — L, {bx} — L and verify L <
by and ¥ (by) < (¥ — ¢)(ax) for all k. Hence 0 < ¢(ax) < ¥(ax) — ¥ (by) for all k. Letting
k — oo and taking into account that ¥ is continuous, we deduce that limg_, o ¢(ax) = 0.
By condition (2), L = limy—, o ax = 0. O

A comparison function is a nondecreasing function ¢ : [0,00) — [0,00) such that
lim,_, o0 ¢"(¢) =0 forall £ > 0.

Lemma 4.5 If ¢ is a continuous comparison function, and we define V¥ (t) = t and ¢(t) =
t—¢(t) forallt > 0, then (Y, p) € F.

Proof 1t is clear that every comparison function ¢ verifies ¢(¢) < ¢ for all ¢ > 0. In such a
case, if ¢ is continuous, then ¢(0) = 0, so ¢(t) < ¢ for all £ > 0. Moreover, if ¢(¢) = t, then
t=0.

(F71) Since ¥ is an altering distance function, then it is nondecreasing.

(F2) Assume that there exists ¢y € [0,00) such that ¢(ty) = 0. Then ¢(to) = o, so £y = 0.
In such a case, 1 71(0) = {0} because it is an altering distance function.

(F3) Let {ax}, {br} C [0, 00) be sequences such that {a;} — L, {bx} — L and verify L < by
and ¥ (by) < (¥ — ¢)(ay) for all k. Therefore

br =V (b)) < (¥ — @)(ax) = plax) < ax.

Letting kK — 00, we deduce that limy_, ¢(ax) = L. Therefore, as ¢ is continuous, ¢(L) =
limy_, o ¢(ax) = L, which is only possible when L = 0. O

In [33], Berzig et al. introduced the notion of pair of generalized altering distance func-
tions, which is a pair (¥, ¢), where ¥, ¢ : [0,00) — [0, 00), verifying the following condi-
tions:

(al) o is continuous;

(a2) v is nondecreasing;

(a3) lim,_ o ¢(t,) =0 = lim, v £, = 0.

The condition (a3) was introduced by Popescu in [34] and Moradi and Farajzadeh in
[35]. Notice that the above conditions do not determine the values v/ (0) and ¢(0). If ¢ < ¥
in (0, 00), then (¥, ¢ = ¥ — ¢) € F. This is the case of Lemma 4.4.

After we have shown many different contexts in which some pairs of F appear, we
present some of their useful properties.
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Lemma 4.6 (Agarwal et al. [29]) Let (V,¢) € F.
1. Ift,s€[0,00) and y(t) < (Y — ¢)(s), then either t <sort=s=0.Inany case, t <s.
2. Ift€[0,00) and ¥(t) < (¥ — @) (t), then t = 0.
3. If{ar}, {bi} C [0, 00) are such that y(ax) < (Y — @)(bi) for all k and {by} — 0, then
{ar} — 0.
4. If{ar} C [0,00) and Yr(ara) < (¥ — @)(ak) for all k, then {ax} — 0.

Remark 4.1 In [36], Berzig introduced the class of shifting distance functions, which are
pairs of functions v, ¢ : [0,00) — R verifying the following two conditions:
(i) for u,ve [0,00),if ¥ (u) < ¢p(v), then u <v;

(ii) for {u,}, {v,} C [0, 00) with lim,_, o 1, = lim,_, oo v, = w, if ¥ (11,,) < ¢p(v,,) for all

neN, then w=0.

Pairs of functions in F are intimately related with the class F,; of pairs of shifting dis-
tance functions, but they are different. On the one hand, pairs in Fg; can take values in R,
but pairs in F take values in [0, 00). On the other hand, if a pair (¥, ¢) verifies (F7) and
(F2), then the pair (¥, ¢ = ¥ — @) satisfies (i). Furthermore, if ({,¢ = ¢ — ¢) satisfies (ii),
then (v, @) satisfies (F3).

5 A fixed point theorem without an underlying metric structure

The main aim of this section is to show sufficient conditions in order to ensure that 7" and
g (given in Section 3) have a coincidence point. To set the framework, throughout this
section, let (X, <) be a preordered space, andletd : X x X — Rand T,g: X — X be three
mappings. The following definitions are usually considered when X has a metric structure.
However, we do not suppose, a priori, any condition on the mapping d. Indeed, we will
only be able to prove that d takes nonnegative values as a consequence of a particular
version of the triangular inequality. However, in general, we do not consider necessary to

assume this sign constraint.

Definition 5.1 We will say that a sequence {x,,} C X:
« d-converges to xy € X (and we will write {x,,} 4 xo or simply {x,,} — xo) if for all
& > 0 there exists mq € N such that d(x,,,x9) < ¢ for all m > my;
« is d-Cauchy if for all & > 0 there exists m( € N such that d(x,,,x,,) < ¢ for all
m' > m > my.

We will say that (X, d) is complete if every d-Cauchy sequence in X is d-convergent in X.
With respect to the previous notions, the following remarks must be done.

Remark 5.1

+ When the distance measure d is not symmetric (that is, it does not verify axiom
(Ms3)), the definition of convergence or Cauchyness of sequences usually depends on
the side, because d(x,, x,,) and d(x,,,x,) can be different. This is the case, for instance,
of quasi-metric spaces. In such cases, the previous definitions correspond to the idea
of right-convergence and right-Cauchyness (see Jleli and Samet [37]) because the more
advanced term (which is nearer to the limit) is placed at the right argument of d.
Similarly, it can be defined the notions of left-convergence (using d(xo,%,,)) and
left-Cauchyness (using d(x,,,x,,)) of sequences. Notice that some of the concepts we
will present can also be introduced by the right side or by the left side. However, in
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order not to complicate the notation, we prefer avoiding the term right- in all
definitions and theorems.

« In [38, Section 3], the authors did a complete study (completion, topology and
powerdomains) of spaces verifying axioms (M;) and (M), which they called
generalized metric spaces. They solved the previous discussion using the terms
forward convergent sequences (for right-convergent sequences) and backward
convergent sequences (for left-convergent sequences). However, as we will not assume
(My) nor (My), we also prefer avoiding these prefixes.

« Notice that if d does not verify (M), then the limit of a sequence, if there exists, might
not be unique.

« And if d only takes nonpositive values, then all sequences converge to all points.

Definition 5.2 We will say that a subset A C X is (d, x)-nondecreasing-closed if any d-

limit of any <-nondecreasing sequence of points of A is also in A.
[{xm} gA’{xm}_d)xEX)xm ﬁxmﬂjvm] = x € A.

Similarly can be defined the concepts of (d, <)-nonincreasing-closed set and (d,<)-
monotone-closed set, and, more generally, a d-closed set, when any d-limit of any conver-
gent sequence of points of A is also in A.

Definition 5.3 A mapping T : X — X is (d, X)-nondecreasing-continuous at x, € X if we
have that {Tx,,} d-converges to Tx, for all -nondecreasing sequence {x,,} d-convergent
to xg.

In a similar way, the concepts of (d, <)-nonincreasing-continuous mapping and (d, <)-
monotone-continuous mapping may be considered and, more generally, a d-continuous
mapping, when {Tx,,} d-converges to Tx, for all sequence {x,,} d-convergent to x.

Definition 5.4 We will say that a point x € X is a d-precoincidence point of T and g if
d(Tx,gx) = d(gx, Tx) = 0.

In the following results, we will assume some of the following conditions.
() T(X) < g(X).

(b) T is (g, <)-nondecreasing.

(c) There exists xg € X such that gxy < Txo.

(d) There exists (¥, @) € F such that

1//(d(Tx, Ty)) <W- (p)(d(gx,gy)) for all x,y € X for which gx < gy. (3)

(e) d(x,z) <d(x,y) +d(y,z) forallx,y,z € X such thatx < y < z.

(f) dx,y) <d(x,z) +d(y,z) forallx,7,z € X such thatx < y < z.

(g) Every <-nondecreasing, d-Cauchy sequence in X is d-convergent in X.

(h) If {x,,} is a nondecreasing sequence and {x,,} d-converges to x € X, then x,, < x for
all m.

(i) d(x,z) <d(y,x) +d(y,z) forall x,y,z € X such that y<xand y < z.
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(j) Every d-precoincidence point of T and g is a coincidence point of T' and g (that is, if
d(Tx, gx) = d(gx, Tx) = 0, then Tx = gx).
As we have shown in Section 3, notice that a mapping d verifying (a)-(i) does not have
to verify any of the conditions that define a metric on X.

Remark 5.2 A priori, d can take negative values in R. However, condition (f) lets us prove
some constraints about the sign of d. Indeed, if we take x = ¥ = z in condition (f), we deduce
that d(x,x) > 0 for all x € X. Furthermore, if y = x in (f), it follows that d(x,z) > 0 for all
x,z € X such that x < z. This does not mean that d is nonnegative because d could take
negative values when z < x or x and z are not <-comparable.

Remark 5.3 As we shall show in the proofs, the mapping d could only be considered on
the set Q = {(x,y) € X2 : x < y}, that is, we will only use d|g : 2 — R. In this case, the
previous remark shows that, as usual, d(2) C [0, co[.

Theorem 5.1 Let (X, X) be a preordered space and let T, g : X — X be two mappings ver-
ifying (a)-(c). Then there exists a sequence {X,} >0 such that gx,,.1 = Txy < Txpe1 = e
forallm > 0. In particular,

oS g0 Sl S Sl 000 -

Proof Since Txy € T(X) € g(X), there exists x; € X such that Txo = gx;. Then gxo < Tx =
gx;. Since T is (g, <)-nondecreasing, Txo < Tx;. Now Tx; € T(X) C g(X), so there exists
% € X such that Tx; = gp. Then gy = Txo < Tx1 = gx,. Since T is (g, <)-nondecreasing,
Tx; < Tx,. Repeating this argument, there exists a sequence {x,,},,>0 such that gx,,,; =
Txp < Txppi1 = §Xmyo for all m > 0. a

Theorem 5.2 Let (X, <) be a preordered space and let d: X x X - Rand T,g: X — X
be three mappings verifying (a)-(e). Then any sequence {gx,,} >0 such that Tx,, = gx,,.1 for
all m > 0, is d-Cauchy ({x,,} is given as in Theorem 5.1).

Proof Since gx,;.1 < gxmy2 for all m > 0, it follows from (d) that, for all m > 1,

w(d(gxmﬂrgxmﬂ)) = 1;Zf(d(Tb‘:m’ Txm+1)) <~ (p)(d(gxm’gxmﬂ)) = w(d(gxm:gxmﬂ))
By item 4 of Lemma 4.6, the sequence {d(gx,,,1,8%m+2)} d-converges to zero. Using the

same reasoning, since gx,,,1 < gxm41 for all m > 0, it follows that {d(gx,,.1,g%m+1)} also
d-converges to zero. Therefore

{d(gxm,gxm)}mzo — 0 and {d(gxm,gxmﬂ)}mzo — 0. (4)

Let us show that {gx,,} is d-Cauchy reasoning by contradiction. Suppose that {gx,,} is not
d-Cauchy. Then there exist ¢y > 0 and partial subsequences {gx, )} and {gx,,)} verifying

k<n(k) <m(k)<nlk+1) and d(@nw) gXmE)-1) < €0 < A(GXn)r EXm(k))
forallk>1 (5)


http://www.fixedpointtheoryandapplications.com/content/2014/1/218

Roldén-Lépez-de-Hierro and Shahzad Fixed Point Theory and Applications 2014, 2014:218 Page 11 of 24
http://www.fixedpointtheoryandapplications.com/content/2014/1/218

(m(k) is the least integer number, greater than n(k), such that d(gx,«), g¥m)) > €o0). Since
n(k) < m(k) — 1 < m(k), we have gx, k) < @m)-1 < E%m(k)- BY (),

80 < A(@Xn(k) mik)) < A(GXn(k) §Xmik)-1) + A(GXm(t)-1, Fm(k)) = €0 + A(GXm(k)-1, §¥m(k))-
Therefore, the sequence {by = d(gxu(t), @Xmx)) }k>1 satisfies
k]im bir=¢y and ¢&g<by forallk. (6)
— 00

Now, let us apply condition (e) and (5) to gxu)-1 < k) < E¥m(k)-1, and we deduce, for
all &,

A(GX ()1, 8Xmt)-1) < A(GXn)-1, 85n(k)) + A(€Xn(k)» §Xmi-1) < A(@Xn(t)-1,Z%nk)) + €0. (7)

By (d), we also have, for all k,

U (A(@nr &mi))) = V(A Txn(i)-1, Tmiir-1)) < (W — 0)(d(@n(i)-1, §5mi)-1))- (8)

By item 1 of Lemma 4.6, it follows that

A(gXnk) 8Xm(t)) < A(GXnk)-1,&5m(ty-1) for all k.

Joining this inequality and (7), we deduce that, for all k,

A(ZXn(t) EXm(t) < A@Xnt)-1, EXm(-1) < A(@Xn(i)-1, &¥n(i)) + €o-

Letting kK — oo and using (4) and (6), we deduce that the sequence {ax = d(gx,g)-1,
ZXm(i)-1) k=1 also verifies {ax} — &¢, and by (8), we have that ¥ (bx) < (¥ — ¢)(ax) for all k.
Since (¥, ¢) € F, axiom (F3) guarantees that &y = 0, which is a contradiction with the fact
that &y > 0. This contradiction shows that {gx,,} is a d-Cauchy sequence. g

After the previous technical results, we give the main results of this manuscript.

Theorem 5.3 Let (X, <) be a preordered space and letd : X x X — Rand T,g: X — X be
three mappings which fulfil conditions (a)-(h). Assume that the following condition holds.
(p) g(X) is (d, <)-nondecreasing-closed.
Then there exists z € X such that the sequence {gx,,} (defined in Theorem 5.2) d-converges
to gz and to Tz. Furthermore, if (i) holds, then z is a d-precoincidence point of T and g.

Notice that, in the previous result, g and T need not be continuous.

Proof Theorem 5.2 guarantees that {gx,,} is d-Cauchy. Since it is <-nondecreasing, con-
dition (g) implies that there exists y € X such that {gx,,} d-converges to y (that is,
{d(gxu,y)} — 0). Moreover, since g(X) is (d, <)-nondecreasing-closed, y € g(X), so there
exists z € X such that y = gz. Applying (h), gx,.1 < ¥ = gz for all m and, hence,

w(d(gxnﬁb TZ)) = w(d(Txmﬂy TZ)) < (W - (p)(d(gxmﬂ!gz)) = (1ﬁ - q))(d(gxmﬂ:y))
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Since {d(gx,,,y)} — 0, item 3 of Lemma 4.6 guarantees that {d(gx,,.2, Tz)} — 0, that is,
{gxms2} d-converges to Tz.

Now suppose that (i) holds. By (h), gx,,.2 < 7% for all m and (i) implies that

d(gz, Tz) < d(gxms2, 12) + d(gxms2,82) and

d(Tz,gz) < d(gxm+2,82) + d(@xm2, T2).

)

Therefore d(gz, Tz) = d(1z,gz) = 0. O

Theorem 5.4 Let (X, <) be a preordered space and letd : X x X - Rand T,g: X — X be
three mappings which fulfil conditions (a)-(h). Suppose also:

(p") T and g are (d, X)-nondecreasing-continuous and commuting and, at least, one of the
Sollowing conditions holds:

(p}) T is a <-nondecreasing mapping.

(p5) g is a <-nondecreasing mapping.

(p3) If zw € X and {z,,} C X is a <-nondecreasing sequence such that {gz,,} d-
converges to z and to w at the same time, then d(z,w) = d(w,z) = 0.

Then there existsy € X such that the sequence {gy,,} (defined in Theorem 5.2) d-converges
to gy and to Ty at the same time. Furthermore, if (i) holds, then y is a d-precoincidence point
of Tand g.

In any case, T and g have, at least, a d-precoincidence point.

Proof Theorem 5.2 guarantees that {gx,,,1} is d-Cauchy. Since it is <-nondecreasing, con-
dition (g) implies that there exists y € X such that {gx,,} d-converges to y. Thus, taking into
account that g and T are (d, <)-nondecreasing-continuous, {ggx,,} d-converges to gy and
{Tgx,,} d-converges to Ty. Furthermore, since T and g are commuting, 7gx,,,1 = g1%41 =
g9x,,41 for all m, which means that {ggx,,} d-converges, at the same time, to gy and to Ty.

Next, assume that (i) holds, and we claim that y is a d-precoincidence point of T and g.
Firstly, if T (or g) is a -nondecreasing mapping, then the sequence {ggx,,} = {Tgx,,_1} is
<-nondecreasing. Since it d-converges to gy and to Ty, property (h) implies that ggx,,, < gy
and ggx,,, < Ty for all m. Reasoning as in (9), we conclude that y is a d-precoincidence point
of T and g. Secondly, if T and g are not necessarily <-nondecreasing mappings, we could
apply (p3) to the sequence {gx,,} in order to deduce that d(gy, Ty) = d(Ty,gy) = 0, that is, y
is a d-precoincidence point of T and g. 0

We summarize and improve all previous results in the following theorem.
Theorem 5.5 Let (X, X) be a preordered space and letd: X x X — Rand T,g: X — X be

three mappings verifying the following properties.

(@) T(X) < g(X).
(b) T is (g, <)-nondecreasing.
(c) There exists xg € X such that gxo < Txo.
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(d) There exist (W, ) € F such that

Y (d(Tx, Ty)) < (¥ — @) (d(gr.gy)) forall x,y € X for which gx < gy.

(e) dx,z) <d(x,y)+d(y,z) forall x,y,z € X such thatx <y < z.

(f) dx,y) <dx,z)+d(y,z) forall x,y,z € X such thatx <y < z.

(g) Every X-nondecreasing, d-Cauchy sequence in X is d-convergent in X.

(h) If {xw} is a <X-nondecreasing sequence and {x,,} d-converges to x € X, then x,, < x for
all m.

(i) dx,z) <d(y,x)+dy,z) forall x,y,z € X such that y < x and y < z.

(j) Every d-precoincidence point of T and g is a coincidence point of T and g.

Assume also either

(p) g(X) is (d, x)-nondecreasing-closed, or
(p") T and g are (d, <X)-nondecreasing-continuous and commuting and, at least, one of the

following conditions holds:

(p1) T is a <X-nondecreasing mapping.
(p5) g is a X-nondecreasing mapping.
(p3) If z0 € X and {z,} C X is a <-nondecreasing sequence such that {gz,} d-

converges to z and to w at the same time, then d(z,w) = d(w, z) = 0.

Then T and g have, at least, a coincidence point.
Notice that condition (j) does not mean that d(x,y) = 0 implies x = y.

Remark 5.4 If g is the identity mapping on the ambient space, then the quadruple (X, <,
d, T) introduced in Section 3 verifies all conditions (a)-(j) and (p)-(p’) (see more details in

Appendix 2).

Remark 5.5 Obviously, similar results can be stated changing the following hypothesis.

(Z) T is (g, <)-nonincreasing.

(¢) There exists xg € X such that gxg = Txo.

(8) Every nonincreasing, d-Cauchy sequence in X is d-convergent in X.

(Z) If {x,,} is a nonincreasing sequence and {x,,} d-converges to x € X, then x,, = x for
all m.

(p) g(X) is (d, <)-nonincreasing-closed.

(p') T and g are (d, <)-nonincreasing-continuous and commuting and, at least, one of the

following conditions holds:

(p}) T is a <-nonincreasing mapping.

(p3) gisa <-nonincreasing mapping.

@) If z,w € X and {z,,} € X is a <-nonincreasing sequence such that {gz,,} d-
converges to z and to w at the same time, then d(z, w) = d(w,z) = 0.

The unicity of the coincidence point cannot be guaranteed unless additional conditions

are imposed. A result in this direction is the following.
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Theorem 5.6 Under the hypothesis of Theorem 5.5, let x,y € X be two coincidence points
of T and g verifying that there exists u € X such that gu < gx and gu < gy. Then d(Tx, Ty) =
d(Ty, Tx) = d(gx, gy) = d(gy,gx) = 0.

Proof Define ug = u. Since Tug € T(X) C g(X), there exists uy € X such that gu; = Tu,. Re-
peating this process, there exists a sequence {u,,},,>0 such that gu,,,,; = Tu,, for all m > 0.
We claim that {gu,, } 4 gx and {gu,,} 4 gy. Firstly, we reason using x, but the same argu-
ment is valid for y.

Indeed, notice that gug = gu < gx. As T is (g, <)-nondecreasing, then Tu, < Tx = gx,
which means that gu; < g. Again, guy < grimplies Tu; < Tx = gx, which means that gu, <
gx. By induction, it is possible to prove that gu,, < gx for all m > 0. Using condition (d), it
follows that ¥ (d(gum1,8x)) = ¥ (d(Tu,, Tx)) < (Y — @)(d(gum, gx)) for all m > 0. Thus, by
item 4 of Lemma 4.6, {d(gu,,,gx)} — 0. The same argument proves that gu,, < gy for all
m > 0 and {d(gu,,,gy)} — 0. As a consequence, by (i), d(Tx, Ty) = d(gx, gy) < d(gutn, gx) +
d(gu,,, gy) for all m, which lets us conclude that d(Tx, Ty) = d(gx, gy) = 0. g

Corollary 5.1 Under the hypothesis of Theorem 5.5, assume the following conditions.
« For all coincidence points x,y € X of T and g, there exists u € X such that gu < gx and
gu<gy.
« g is injective on the set of all coincidence points of T and g.
e Ifz,w € T(X) verify d(z,w) = d(w,z) = 0, then z = w.
Then T and g have a unique coincidence point. Furthermore, if T and g are commuting,
it is a common fixed point of T and g.

Proof Let x,y € X be two coincidence points of T and g. Then gx = Tx € T(X) and gy =
Ty € T(X). By Theorem 5.6, d(gx, gy) = d(gy,gx) = 0. Therefore gx = gy. As g is injective on
the set of all coincidence points of T and g, we conclude that x = y.

Now let x € X be a coincidence point of T and g, and let z = Tx. By Remark 2.2, z is also
a coincidence point of T and g. Then x = z = Tx = gx, so x is a common fixed point of T
and g. O

Taking ¥ (t) = t and ¢(£) = (1 — k)¢ for all £ > 0 in the previous results, we obtain the
following particular case.

Corollary 5.2 Theorems5.1,5.2,5.3,5.4,5.5,5.6 and Corollary 5.1 also hold if we replace
condition (d) by the following one.

(d') There exists k € [0,1) such thatd(Tx, Ty) < k d(gx,gy)for all x,y € X for which gx < gy.

6 Consequences

This section is devoted to show how to apply Theorem 5.5 in many different contexts, and
how to deduce unidimensional, coupled, tripled, quadruple and multidimensional fixed
point theorems (for completeness, they are included in Appendix 1).

6.1 Fixed/coincidence point theorems in partially ordered metric spaces

In this subsection we show that different results in partially ordered metric spaces, includ-
ing unidimensional, coupled, tripled, quadruple and multidimensional fixed point theo-
rems, can be seen as simple consequences of Theorem 5.5.
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Corollary 6.1 Theorems A1, A.2 and A.3 follow from Theorem 5.5.
However, Theorems A.1 and A.2 cannot be applied to the example of Section 3.
Corollary 6.2 Theorem A.4 follows from Theorem 5.5.

Proof Let Y = X? provided with the partial order (x,y) = (u,v) if and only if x = u and
¥y < v, and the metric § : Y x Y — Ry given by 8((x,y), (4, v)) = max(d(x, u), d(y,v)) for all
(,9), (u,v) € Y. Define Tr: Y — Y by Tr(x,y) = (F(x,7), F(y,x)) for all (x,y) € Y, and let G
be the identity mapping on Y. Let Xy = (x0,%0) € Y. Then the hypothesis of Theorem A.4
implies the hypothesis of Theorem 5.5 (for instance, T is (C, G)-nondecreasing because
F has the mixed <-monotone property). The contractivity condition holds since, if (x,y) T

(u,v),

8(Tr (), Tr(u,v))
=8((F(x,9), E»,%)), (F(u,v), F(v,u)))
= max(d(F(x, ), F(u,v)),d(F(y,x), F(v,u)))
= max (d(F(x,y), F(u,v)),d(F(v, u), F(y,%)))

< max(/%(d(x, u) +d(y, V)), g(d(v,y) + d(u,x))) < /2—<2 max(d(x, u),d(y, v))

=ké ((x,y), (u, V)).

Theorem 5.5 assures us that Tr and G have a coincidence point, that is, F has a coupled
fixed point. O

Tripled, quadruple and multidimensional theorems can be proved similarly using X3,

X* and X", obtaining the following result.
Corollary 6.3 Theorems A.5, A.6 and A.7 follow from Theorem 5.5.

We remark that the techniques used in this paper might be applied in order to prove
other coupled, tripled, quadruple, n-tupled fixed point theorems in the framework of var-
ious abstract spaces, e.g., partial metric spaces, cone metric spaces, fuzzy metric spaces,

b-metric spaces, etc.

6.2 Fixed/coincidence point theorems in quasi-metric spaces
Recall that a mapping g : X x X — [0,00) is a quasi-metric on X if it satisfies (M;), (M)
and (M,), that is, if it verifies, for all x, 7,z € X:

(q1) gq(x,y) =0 ifand onlyif, x =y,
(q2) qx,y) <qx,2) + q(z,y).

In such a case, the pair (X, q) is called a quasi-metric space. Some preliminaries about
convergence, Cauchy sequences and completeness in quasi-metric spaces can be found in
(29, 37].
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Theorem 6.1 Let (X,q) be a complete quasi-metric space and let T,g : X — X be given
mappings. Suppose that T(X) C g(X) and that there exists (, ) € F such that

v (q(Tx, Ty)) < ¥ (qlgr.gy)) - 0(q(gr.gy)) forallx,y € X.
Then T and g have a unique coincidence point.

Proof Assume that < is the preorder in X given by x < y for all x,y € X, that is, all points
are <-comparable. Then all conditions of Theorem 5.5 hold. Moreover, as g(X) is (4, <)-
nondecreasing-closed, we deduce that 7 and g have, at least, a coincidence point. Further-
more, if # and v are two distinct coincidence points of T and g, then

v (a(gu.gv)) = ¥ (a(Tu, Tv)) < ¥ (a(gu.gv)) - ¢(a(gy.gv)) < ¥ (q(gu-gv)),
which is a contradiction. 0
If g is the identity mapping on X, we have the following statement.

Corollary 6.4 Let (X,q) be a complete quasi-metric space and let T : X — X be a given
mapping. Suppose that there exists (\, ) € F such that

v (q(Tx, Ty)) < ¥ (q(xp)) - (qx,y)) forallx,y € X.
Then T has a unique fixed point.
If (¢) = t for all t > 0, we have the following particular case.

Corollary 6.5 (Jleli and Samet [37], Theorem 3.2) Let (X,q) be a complete quasi-metric
space and let T : X — X be a mapping satisfying

q(Tx, Ty) < q(x,y) — go(q(x,y)) forallx,y € X,
where ¢ : [0,00) — [0, 00) is continuous with ¢~(0) = {0}. Then T has a unique fixed point.

6.3 Fixed/coincidence point theorems in G-metric spaces
Following [7, 39], recall that a generalized metric on X (or, more specifically, a G-metric on
X) is a mapping G: X x X x X — [0, 0o) verifying the following properties.

Definition 6.1

(G1) Gx,9,2)=0ifx=y=z;

(G2) 0<G(x,x,y) forall x,y € X with x # y;

(G3) Gx,x,9) <G(x,y,2) forall x,7,z € X with y # z;

(Gs) G(x,y,2) = G(x,2,9) = G(y,z,x) = - - - (symmetry in all three variables);
(Gs) G(x,9,2) < G(x,a,a) + G(a,y,z) (rectangle inequality) for all x,7,z,a € X.

In such a case, the pair (X, G) is called a G-metric space. Some preliminaries about con-
vergence, Cauchy sequences and completeness in quasi-metric spaces can be found in [7,
29,37, 39].
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Lemma 6.1 (see, e.g., [29, 37]) Let (X, G) be a G-metric space and let us define qg,qy :
X2 — [0,00) by

qgc(x,y) = G(x,5,y) and qg(x,9)=Gx,x,y) forallx,yeX.

Then the following properties hold.

1. qg and qg are quasi-metrics on X. Moreover,

qc(%,y) < 2q6(x,y) < 4qg(x,y) forallx,yeX. (10)

2. In(X,qc) and in (X,qg), a sequence is right-convergent (respectively, left-convergent)
if and only if it is convergent. In such a case, its right-limit, its left-limit and its limit
coincide.

3. In(X,qc) and in (X, qg), a sequence is right-Cauchy (respectively, left-Cauchy) if
and only if it is Cauchy.

4. In(X,q¢) and in (X, qg), every right-convergent (respectively, left-convergent)
sequence has a unique right-limit (respectively, left-limit).

G 4
5. If{xy} S X and x € X, then {x,} — x <> {x,} E) x <= {x,} = x.
If {x,} € X, then {x,} is G-Cauchy <=> {x,} is qg-Cauchy <= {x,} is q;-Cauchy.
(X, G) is complete <= (X, qg) is complete <= (X, q;;) is complete.

Theorem 6.2 Let (X, G) be a complete G-metric space and let T,g : X — X be given map-
pings. Suppose that T(X) C g(X) and that there exists (V, ) € F such that

v (G(Tx, Ty, Ty)) < ¥ (Glgx. g0, 29)) — 0 (Glgx.g9,y)) forall x,y € X.

Then T and g have a unique coincidence point.

Proof It follows from Theorem 6.1 applied to the quasi-metric gg(x,y) = G(x,y,y) for all
%,y € X (as in Lemma 6.1). O

To conclude the paper, we include two appendices: in the first one, we recall some cel-
ebrated theorems that can be seem as particular cases of our main results; in the second

one, we prove the statements announced in Section 3 and why our results can be applied.

Appendix 1: Some recent results we generalize
The following statements are well-known fixed point theorems in partially ordered metric
spaces.

Theorem A.1 (Ran and Reurings [17]) Let (X, X) be an ordered set endowed with a metric
dand T : X — X be a given mapping. Suppose that the following conditions hold:
(a) (X,d) is complete.
(b)
(¢) T is continuous.
()

T is nondecreasing (w.rt. X).

There exists xo € X such that xo < Txg.
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(e) There exists a constant k € (0,1) such that d(Tx, Ty) < kd(x,y) for all x,y € X with
X =Y.
Then T has a fixed point. Moreover, if for all (x,y) € X* there exists z € X such that x < z
and y < z, we obtain uniqueness of the fixed point.

Nieto and Rodriguez-Lépez [18] slightly modified the hypothesis of the previous result
obtaining the following theorem.

Theorem A.2 (Nieto and Rodriguez-Lépez [18]) Let (X, <) be an ordered set endowed
with a metric d and T : X — X be a given mapping. Suppose that the following conditions
hold:
(a) (X,d) is complete.
(b) T is nondecreasing (w.r.t. <).
(¢) If a nondecreasing sequence {x,,} in X converges to some point x € X, then x,, < x for
all m.
(d) There exists xq € X such that xy < Txg.
(e) There exists a constant k € (0,1) such that d(Tx, Ty) < kd(x,y) for all x,y € X with
X =Y.
Then T has a fixed point. Moreover, if for all (x,y) € X? there exists z € X such that x < z
and y < z, we obtain uniqueness of the fixed point.

Theorem A.3 (Harjani and Sadarangani [40]) Let (X, <) be a partially ordered set and
suppose that there exists a metric d in X such that (X,d) is a complete metric space. Let
T : X — X be a nondecreasing mapping such that

Y (d(Tx, Ty)) < ¥ (d(x,9)) — ¢(d(x,y)) forallx =y,

where r and ¢ are altering distance functions. Also assume that, at least, one of the follow-
ing conditions holds.
(i) T is continuous, or
(ii) if a nondecreasing sequence {x,} in X converges to some point x € X, then x,, < x for
all n.
If there exists xy € X with xo < Txo, then T has a fixed point.

Theorem A.4 (Bhaskar and Lakshmikantham [19]) Let (X, <) be a partially ordered set
endowed with a metricd. Let F : X x X — X be a given mapping. Suppose that the following
conditions hold:
(i) (X,d) is complete;
(i) F has the mixed monotone property;
(iii) F is continuous or X has the following properties:

(X1) ifa nondecreasing sequence {x,} in X converges to some point x € X, then x,, < x
for all n,

(Xp) ifa decreasing sequence {y,} in X converges to some pointy € X, then y, =y for
all n;

(iv) there exist xg,yo € X such that xy < F(xo,Y0) and yo = F(¥0,%0);
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(v) there exists a constant k € (0,1) such that for all (x,y), (u,v) € X x X with x = u and
Yy,

N | X

d(F(x,y),F(u, V)) < [d(x, u) +d(y, v)].

Then F has a coupled fixed point (x*,y*) € X x X. Moreover, if for all (x,y), (u,v) € X x X
there exists (z1,2;) € X x X such that (x,y) <2 (21, 22) and (u,v) <2 (21,22), we have unique-
ness of the coupled fixed point and x* = y*.

Theorem A.5 (Berinde and Borcut [22]) Let (X, x) be a partially ordered set and suppose
that there is a metric d on X such that (X, d) is a complete metric space. Let F: X x X x X —
X be a mapping having the mixed g-monotone property. Assume that there exist constants
J,k, € €[0,1) withj+ k + £ <1 such that

d(F(x,y, z), F(u,v, w)) <jd(x,u) + kd(y,v) + £d(z,w)
for all x,y,z,u,v,w € X with x < u, y = v, z X w. Suppose that either F is continuous or
(X, d, X) has the following properties:
(@) ifa nondecreasing sequence {x,,} — x, then x,, < x _for all m;

(b) if a nondecreasing sequence {y,,} — y, then y,, < y for all m.
If there exist xo, yo,2z0 € X such that

%o < F(%0,%0,20), %07 F(yo,x0,%0) and  zo < F(20,0,%0),
then there exist x,y,z € X such that
x=F(x,9,2), y=F(y,x,9) and z=F(zy,x).
A quadruple version was obtained by Karapinar and Luong in [23].

Theorem A.6 (Karapinar and Luong [23]) Let (X, X) be a partially ordered set and (X, d)
be a complete metric space. Let F : X x X x X x X — X be a mapping having the mixed
monotone property. Assume that there exists a constant k € [0,1) such that

d(F@x,y,2,w), E(u,v,1,)) < —[d(x,u) + d(y,v) + d(z,7) + d(w, )]

AN

for all x,y,z,u,v,w € X with x = u, y <V, z 3= r and w < t. Suppose that there exist
X0, 90,20, Wo € X such that

%o < F(x0,%0,20,W0), Yo = F(¥0,20, W0, %0), zo0 < F(z0,wo,%0,0) and
wo = F(wo, %0, Y0, 20)-
Suppose that either F is continuous or (X, d, X) has the following properties:

(a) ifa nondecreasing sequence {x,,} — x, then x,, < x for all m;
(b) if a nondecreasing sequence {y,,} — y, then y,, < y for all m.
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Then there exist x,y,z,w € X such that
F(x,y,z,w) = x, F(y,z,w,x) =, F(z,w,x,y) =z and F(w,x,y,2)=w.

Later, Berzig and Samet extended the previous result to the multidimensional case in
the following way.

Theorem A.7 (Berzig and Samet [24]) Let (X, <) be a partially ordered set and suppose
that there is a metric d on X such that (X,d) is a complete metric space. For N, m positive
integers, N > 2,1 <m < N, let F: XN — X be a continuous mapping having the m-mixed

monotone property. Assume that there exist the constants §; € [0,1) with Zﬁl 8; <1 for
which

N
d(F(U),E(V)) <) 8id(x, 1)
i=1

forall U = (x1,...,xx), V = (1, ..., yn) € XN such that

X1 4)’1: ey X = VYo KXm+l #ymﬂ; ooy XN 7= YN-
If there exists U = (x\"), ... ,xl(\(;)) e XN such that

A0 < PO (L )] #0gaom + 1:N)]),

xﬁg) < F(x(o) [(pm(l : m)],x(o)[t//m(m +1: N)]),
0

xgn)ﬂ = F(x(()) [(pm+1(1 : m)]’x(O) [wmﬂ(m +1 IN)]),

0 E o0} o 1.0,

where ¢1,...,0m : {1,...,m} > {1,....,m}, ¥1,..., ¥, : {m + 1,...,N} > {m +1,...,N},
OmitsreoroN L., my = {m+1,...,N}, and ¥pi1,..., 98 {m+1,...,N} = {1,...,m},
then there exists (x1,%,,...,%x) € XN satisfying

x1 = F(x[e1(1: m)],x[yr(m +1:N)]),

Ky = F(x[gom(l : m)],x[t/fm(m +1 :N)]),

KXm+l = F(x[(pmﬂ(l : m)]»x[wmﬂ(m +1: N)]):

xn = F(x[on(1:m)],x[yn(m +1:N)]).
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Theorem A.8 (Dutta and Choudhury [41]) Let (X,d) be a complete metric space and let
T : X — X be a self-mapping satisfying the inequality

¥ (d(Tx, Ty)) < ¥ (d(x,y)) — ¢(d(x,9))

forallx,y € X, where , ¢ : [0,00[— 00 are both continuous and monotone nondecreasing
Sfunctions with W (t) = ¢(t) = 0 if and only if t = 0. Then T has a unique fixed point.

Theorem A.9 (Luong and Thuan [42]) Let (X, <) be a partially ordered set and suppose
that there is a metric d on X such that (X, d) is a complete metric space. Let F: X x X — X
be a mapping having the mixed monotone property on X such that there exist two elements

%0, 90 € X with xo < F(x0,y0) and yy = F(yo,%o). Suppose that there exist € WV and ¢ € ®
such that

¥ (d(FGey), F@,v)) <

¥ (dle,u) + dy,)) _w(w)

1
2 2
forall x,y,u,v> X with x = u and y X v. Suppose either
(a) Fis continuous, or
(b) X has the following properties:
(i) if a nondecreasing sequence {x,,} — x, then x,, < x _for all m,
(i) if a nonincreasing sequence {y,,} — y, then y,, =y for all m.
Then there exist x,y € X such that x = F(x,y) and y = F(y, x), that is, F has a coupled fixed
point in X.

Appendix 2: Proof of statements of Section 3 and Remark 5.4
Recall that 1=]-2,1],X=1U{2,3,4,5,6,7},

either x=y,
x<y & or {x,9} ={2,3},
or (x,yeland x <y),

and d: X x X — [0,00[ and T : X — X are defined by

0, if {x,y} ={2,3} or {x,y} = {4,5}, el
L e 0 if {,2367}
dx,y) =11, if (x,y) = (6,7), Teo 10 2€(23,67)
’ ? -1, ifx=4
2, if (x,) = (7,6), ' =%
)= (7,6 1, ifx=5.

|[x—y|, otherwise.

We firstly prove some properties of this space.

(P1) Thebinary relation < is a preorder on X (reflexive and transitive), but it is not a partial
order since 2 < 3,3 < 2 and 2 # 3. Furthermore, if x,y € X and x < y, then

xel & yel; xe€{2,3} & ye{2,3} x€{4,5,6,7} = y=x.

If x <y <z theneitherx,y,z€lorx,y,z€ {2,3} orx =y =z € {4,5,6,7}. The same
istrueifygxandy < z.
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(Py)
(P3)
(Py)
(Ps)
(Ps)

(P7)

(Py)

d does not verify (M) because d(5,5) = 0.5.

d does not verify (M,) since d(2,3) =0 but 2 # 3.

d does not verify (Ms) since d(6,7) =1 and d(7,6) = 2.

d does not verify (My):ifx =2,y =4 and z = 3, then d(x,y) = 2 and d(z,x) + d(z,y) = 1.
(X, d) is not complete. Since [ =]1-2,1] C X and d|1«1 is the Euclidean metric on I, then
the sequence {x,, = -2 + 1/m},,en is d-Cauchy but it is not d-convergent in X.

If {x,,} is a <-nondecreasing sequence in X, then one, and only one, of the following

cases holds.

> %, €1 for all m.
> %, € {2,3} for all m.
> There exists zy € {4,5,6,7}such that x,, = zo for all m (that is, x,, is a constant

sequence).

It follows from that fact that points of I (respectively, {2,3}, {4,5,6,7}) are only <-
related with points of I (respectively, {2, 3}, themselves), and x; < «,, for all m € N.

If {x,,} is a <-nondecreasing, d-convergent sequence in X, then one, and only one, of
the following cases holds.

> %, €1 for all m. In this case, its d-limit is also in 1.
> %, € {2,3} for all m. In this case, its d-limit is also in {2,3}.
> There exists zg € {4,6,7} such that x,, = zo for all m. In this case, its d-limit is z.

It follows from (P;). Notice that zo # 5 since d(5,5) = 0.5 > 0.
T is not a d-contraction (that is, there is no k € [0,1) such that d(Tx, Ty) < kd(x,y) for
all x,y € X) because d(T4, T5) = d(-1,1) =2 but d(4,5) = 1.

Now we prove assertions (a)-(j), (p) and (p’) taking into account that g is the identity

mapping on X.

(a)
(b)

(©)

T(X) C X. It is obvious.

T is <-nondecreasing. Let x,y € X be such that x < y and x # y. By (P,), if x € [, then
yeland x <y. Then Tx = x/2 < y/2 = Ty, being Tx, Ty € [, so Tx < Ty. If x € {2,3},
then y € {2,3}, so Tx = Ty. The case x € {4,5, 6,7} is impossible since y # x.

There exists xq € X such that xo < Txg. If xg = -1, then xg = -1 < -1/2 = Txy.

There exists k € [0,1[ such that d(Tx, Ty) < kd(x,y) for all x,y € X for which x < y. Let
k =1/2 and assume that %,y € X are such that x < y. By (P), if x € [, then y, Tx, Ty € [
and d(Tx, Ty) = /2 — y/2| = |x — y|/2 = (1/2)d(x, ). If x € {2,3}, then y € {2,3} and
d(Tx, Ty) =0 =d(x,). If x € {4,5,6,7}, then y = x and Tx = Ty € {-1,0,1} C L. There-
fore d(Tx, Ty) = 0.

dx,z) <dx,y) + d(y,z) for all x,y,z € X such that x <X y <X z. By (P1), there are only
three cases. If x, y,z € I, the triangular inequality holds because it is true in R provided
with the Euclidean metric. If x,y,z € {2, 3}, then all distances are zero. Finally, ifx =y =
z € {4,5,6,7},all distances are either zero (ifx =y =z € {4,6,7}) or 0.5 (if x =y =z = 5).
dx,y) <d(x,z)+d(y,z) forall x,y,z € X such that x < y < z. Itis similar to the previous
one using (P).

Every d-Cauchy, <-nondecreasing sequence in X is d-convergent. It follows from (P7).
If {x} is a X-nondecreasing sequence and {x,,} d-converges to x € X, then x,, < x for

all m. It also follows from (P-).
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d(x,z) <d(y,x) +d(y,2) for all x,y,z € X such that y < x and y < z. It is similar to (e)
using (Py).

Every d-precoincidence point of T and g is a coincidence point of T and g. Assume
that d(Tx, gx) = d(gx, Tx) = 0. Since Tx € T(X) C I, it is impossible Tx,gx € {2,3} or
Tx,gx € {4,5} (the only cases, far from I, in which the distance between them can be
zero). Then d(Tx, gx) = 0 implies that Tx, gx € [and 0 = d(Tx, gx) = | Tx—gx|, so Tx = gx.
g(X) = X is <-nondecreasing d-closed. It is immediate: indeed, g(X) = X is d-closed.
T and g are (d,<)-nondecreasing-continuous and commuting, and g is <-nonde-
creasing. It is only necessary to prove that T is (d, <)-nondecreasing-continuous. Ac-
tually, it follows from (Pg) since there are only three cases: if x,, € I for all m, its d-limit
x¢ is also in I, and {Tx,, = —x,,/2} d-converges to Txy = x/2; if x,, € {2,3} for all m,
then %o € {2,3} and Tx,, = 0 = Tx, for all m; finally, if there exists zo € {4,6,7} such
that x,, = zo for all m, then xg = zy = x,,, for all m.

We point out that T is not d-continuous: if x,, = 4 and x¢ = 5, then {x,,} — x¢ but {Tx,, =

T4

= -1} does not d-converge to 75 = 1.
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